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Continuum Mechanics
Series of exercises 1 - Indicial notation

Note: Exercises marked with z will be solved in classes.

1. z Given

[Sij] =

 1 0 2

0 1 2

3 0 3


Evaluate

Sii, SijSij, SjkSjk, SmnSnm

Solution:
Sii = 5, SijSij = 28, SjkSjk = 28, SmnSnm = 23.

2. Write the full form of the expression
Tij = AimAjm

Solution:

T11 = A1mA1m = A11A11 + A12A12 + A13A13

T12 = A1mA2m = A11A21 + A12A22 + A13A23

. . .

T33 = A3mA3m = A31A31 + A32A32 + A33A33

3. z Determine which of the following equations have the same meaning as ai = Qija
′
j

al = Qlma
′
m

ap = Qqpa
′
q

am = a′nQmn

Solution: al = Qlma
′
m (yes), ap = Qqpa

′
q (no), am = a′nQmn (yes)

4. Consider the equation
ai + bj = 0

What can one say about the quantities a1, a2, a3 e b1, b2, b3?

Solution: b1 = b2 = b3 = −a1 = −a2 = −a3.

5. Given

a = [ai] =

 a1

a2

a3

 , [
B̂
]
= [Bij] =

 B11 B12 B13

B21 B22 B23

B31 B32 B33

 , [
Ĉ
]
= [Cij] =

 C11 C12 C13

C21 C22 C23

C31 C32 C33


Write the following expressions in indicial notation:
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(a) D̂ =
˜̂
B︸︷︷︸
=B̂T

(b) b = B̂a

(c) D̂ = B̂Ĉ

(d) D̂ = B̂
˜̂
C

Solution: a) (Dij = Bji); b) (bi = Bijaj); c) (Dij = BimCmj); d) (Dij = BimCjm)

6. Write the complete form of the equation ai = UimVmkck.

Solution:

ai = Ui1 (V11c1 + V12c2 + V13c3) + Ui2 (V21c1 + V22c2 + V23c3) + Ui3 (V31c1 + V32c2 + V33c3)

That is, our equation actually represents a system of three equations, each of which has the sum
of nine terms.

7. Given
Tij = 2µEij + λEkkδij

Find
W =

1

2
TijEij

p = TijTij

Solution:

W = µEijEij +
λ

2
(Ekk)

2

p = 4µ2EijEij + (Ekk)
2 (4µλ+ 3λ2)

8. z Given

a =

 12
0

 ,b =
 02
3

 , Ŝ =
 0 1 2

1 2 3

4 0 1


Find

T̂ , with Tij = εijkak

c, with ci = εijkSjk

d, with dk = εijkaibj

Solution:

T̂ =

 0 0 −2
0 0 1

2 −1 0



c =

 32
0



d =

 6

−3
2

 .
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9. z Given

a =

 a1

a2

a3

 , b =
 b1

b2

b3

 , d =
 d1

d2

d3


where

dk = εijkaibj.

Prove that
d = a× b

10. z Prove that conditions
εijkTjk = 0 and Tij = Tji

are equivalent.

11. z Show that
δijεijk = 0

12. Write all contractions of EijFkm such that the result is a quantity with two indices.

Solution:

EijFim = Gjm EijFki = Hjk EijFjm = Qim EijFkj = Rik EiiFkm = Kkm EijFkk = Pij

13. z Prove that
εijmεklm = δikδjl − δilδjk (1)

14. z By contraction of the formula:

εijmεklm = δikδjl − δilδjk

show that
εilmεjlm = 2δij

and determine εijkεijk.

Solution:
εijkεijk = 2δii = 6

15. Write the formula
a× (b× c) = (a · c)b− (a · b) c (2)

in indicial notation and prove the result directly.

Solution:
εlknεijkalbicj = aicibn − aibicn

16. Prove that if
Tij = −Tji,

then
Tijaiaj = 0

17. Prove that if
Tij = −Tji e Sij = Sji,

then
TijSij = 0
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18. z Represent a matrix Sij as the sum of a symmetric matrix with an antisymmetric matrix.

Solution:

Tij =
Sij + Sji

2
, Rij =

Sij − Sji
2

19. z Given a function f (x1, x2, x3), write the differential of this function in indicial notation.

Solution:

df =
∂f

∂xi
dxi

20. Prove the formula
det [Aij] = εijkAi1Aj2Ak3
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