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Bifurcations of current transfer through a collisional sheath
and self-or ganization on glow cathodes

M.S. Benilov
Departamento de Fisica, Universidade da Madeiragioado Municipio, 9000 Funchal, Portugal

Bifurcation analysis is performed of a boundaryseaproblem describing the near-cathode region
of a high-pressure glow discharge. The mechaniakentinto account are drift of the ions and the
electrons, volume ionization and losses, and semgnelectron emission. Calculation results are
given for parallel-plate geometry and for a neadhade space-charge sheath adjacent to a uniform
plasma column. In both configurations, bifurcaticare detected on the growing section of the
current density-voltage characteristic, correspogdd the abnormal discharge, and the bifurcating
solutions describe patterns with many spots. Thesmilts conform to recently published
observations of self-organization on molybdenuntumgsten cathodes of DC microdischarges in
high-pressure xenon plasmas.

1. Introduction describing current transfer to cathodes of high-
Existence of different modes of current transfgpressure  glow discharges. Two discharge
to electrodes in DC gas discharges seems to @enfigurations are treated, a discharge between
rather a rule than exception. As far as cathodes drallel plates and a collision-dominated sheath
glow discharges are concerned, it has been knowdjacent to a uniform positive plasma column.
for many decades that current transfer occurseén talculations are performed for a high-pressure Xe
abnormal mode or in the mode with a normal sp@lasma. In both discharge configurations,
(e.g., [1]); recently, also modes with multiple &po bifurcations have been detected in the abnormal
have been observed [2,3]. Diffuse and spot modewde of glow discharge. As the current density is
can occur on cathodes of high-pressure adecreased in the abnormal mode, the first
discharges; e.g., [4] and references therein. Béfu bifurcation point to be encountered is associated
constricted, and multiple-spot modes can occur awmith a pattern with many spots, in accord to wisat i
anodes of high-pressure arc discharges; e.g., [5,6] observed in the experiment [2,3].
The ultimate goal of a theory of multiple modes
of steady-state current transfer is the capabdity 2. The approach
predicting what modes are possible for a given Let us consider a high-pressure DC glow
discharge current and which of these modes adéscharge in a discharge vessel in the form oflat ri
stable. At present, this goal has been achieveg omlylinder, not necessarily circular; see figure beT
in the theory of cathodes of high-pressure amrigin of Cartesian coordinateg,y,z is on the

discharges; see [7] and references therein. Thgthode surface and the-axis is perpendicular to
theory is much less advanced for cathodes of glae cathode surface, i.e., parallel to the lateral

discharges; the only aspect that is developegrface of the discharge vessel.
relatively well is numerical modelling of normal

spots; e.g., [8,9]. As far as multiple-spot modas o
glow cathodes are concerned, opinions diverge even ©
on such basic question as what mechanisms are
responsible for formation of multiple spots [2,3,10
The development of a theory of multiple modes
of current transfer to cathodes of high-pressuce ar
discharges was initiated by an application of the
bifurcation analysis [11]. Bifurcation analysis is cathode
useful also in the theory of multiple modes on glow y

cathodes [12]. In the present paper, a bifurcation X
analysis is performed of a fluid system of equagion

Figure 1. Geometry of the problem.
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In the abnormal mode, where the dischargehich should be solved in the cross section of the
current is high enough, it is distributed over thdischarge vessel with the homogeneous Neumann
cathode surface more or less uniformly and thsoundary conditions. Note that the eigenvalie
distribution of discharge parameters in the neamay be interpreted as a wave number characterizing
cathode region is 1Df = f(z). Modes with spots variation of the bifurcating spot mode along the

are associated with multidimensional distribution§athode. _ _
of parameters,f = f(x, y, Z)_ Hence, an adequate The Neumann elgenv_alue problfam for equation
theoretical model must admit different kinds o 1) may be solved analytically for discharge vessel

. ith cross sections of many simple shapes, in
steady-state  solutions, a 1D one y P P

2 i n articular, for a vessel with a circular cross ®ect
multidimensional ones. Furthermore, the 1

solution should exist at all current values, altjiou

at low currents it is unstable and does not realize
Hence, an adequate theoretical model must admit
multiple steady-state solutions to exist for theea Here (r,8,2) are cylindrical coordinates with the
discharge current, at Ieas‘_[ In a certain C‘.‘”G"@e"’? origin at the center of the cathodé,,(x) is the

It happens frequently in problems with multiple ) _ )

solutions of different symmetries that two solugionBessel function of the first kind of ordev,
become exactly identical at a certain value of &= 012,..., |, . is a s-th zero of the derivative
control parameter; a phenomenon called branchn&g JV(X)1 s=123.... andR is the radius of the

of solutions, or bifurcation. There are reasons to ]
believe that this occurs also in the problenf€SSel- As an example, two of functions (2) are

considered here, i.e., multidimensional solutiondustrated in figure 2. One can see that distitmg
describing spot modes branch off from the 1escribed by these functions are not qualitatively
solution describing the abnormal mode (or mordifferent from patterns observed in the experiments

precisely, the abnormal mode and the unstable modeS]: Noté that some of the observed patterns
corresponding to the falling section of the currerfOMPrise a spot at the center, which is not desdrib
density-voltage characteristic, or CDVC). Values gfy the functions (2). Such patterns can appear
the current density at which this branching occuf8rough a bifurcation from axially symmetric spot
(bifurcation points) represent points of neutral0des; see, e.g., figure 9in [13]. _
stability of the 1D solution against multidimensipn  Calculation of bifurcation points requires a
perturbations, and can be determined by means nygmerical solution of a 1D eigenvalue problem. In
the well-known formalism of the linear theory oft'€ Present work, this was done by means of a
stability. Thus, in order to answer the questiofpurth-order finite difference scheme [14]. The
whether a theoretical model of a glow dischargdMPlest self-consistent model of a glow discharge
describes steady-state patterns of a given kind, offas used, which comprises equations of continuity
can try to find bifurcation points at WhichOf,the ions of one species 'and of the electrons
multidimensional solutions branch off from the 1DVMtén with account of drift of the charged
solution. The answer is positive if such pointssexi Particles, ionization, recombination and volume
and the multidimensional solutions in the vicinity losses due to diffusion, and the Poisson equation.

these points are qualitatively similar to the paige DiSsociative recombination was treated as a
in question. dominating recombination mechanism, the

secondary electron emission coefficient was
3. Results assumed constant (independent of the electric field
' at the cathode surface).

It is found, similarly to how it has been done in Examples of the calculated relationshin between
[11,12], that the dependence of multidimensionz?]!.| xamp u tonship betw
e value of the current densityy and the

solutions onx and y is described in the vicinity of _
normalized wave number of the spot mode that

bifurcation pomts by eigenfunction® of the 2D branches off from the abnormal mode at this value
Helmholtz equation . - o
of ] is shown in figures 3 and 4. The normalization

®=J,(kr) cos8, k=j, IR (2)

°d 920 factor A is defined as the ratio of the discharge
—t— k*® =0, (1) voltage to the electric field on the cathode ansd ha
ox® oy the meaning of a scale of thickness of the near-
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cathode space-charge sheath. Also shown
CDVC's of the discharge.

byv=8,s=7.

Figure 2. Emerging patterns on a circular cathode,
equation (2).
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Figure 3. Points: the normalized wave number of
the spot mode as a function of the current density
at which this mode branches off from the abnormal
mode. Line: current density-voltage characteristic.
Discharge in xenon at the pressure of 150 Torr.
Plane-parallel geometry, the inter-electrode gap is
0.5 mm.

are

Both figures 3 and 4 refer to xenon. Calculations
shown in figure 3 have been performed for the
parallel-plane discharge configuration, figure 4
refers to a collision-dominated sheath adjacerd to
uniform positive plasma column. The secondary
electron emission in the calculations was assumed
equal to 0.03. The diffusion losses have been
neglected in the calculations shown in figure 3. In
the calculations shown in figure 4, the diffusion
losses have been estimated in terms of the ralius
of the discharge vessel as described in [1].
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Figure 4. Points: the normalized wave number of
the spot mode as a function of the current density
at which this mode branches off from the abnormal
mode. Line: current density-voltage characteristic.
Discharge in xenon at the pressure of 760 Torr,
R = 0.4 mm, collision-dominated near-cathode
space-charge sheath.

In the limiting case of long
wavelengthskA << 1, the bifurcation points tend to
the point of minimum of the CDVC as they should.
At very short wavelengthskA =10, the model of
mobility-dominated space-charge sheath looses its
validity. [This model is valid provided that themig
of drift of the electrons across the space-charge
sheath,&’ / U , is much smaller than the time of
diffusion in the direction along the cathode,

1/Dk?*, ~ and this conditon holds at

kA << U /T, 010, where y,, D,, and T, are

the mobility, diffusion coefficient, and temperagur
of the electrons.]
The point designated A in figure 3, which is the

right-most point of the curvé((j), is of particular
importance: the abnormal mode is stablej&t j,
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expect therefore that the mode that occur$ st] , Mepsaels(Z(liA()Z)S‘rJ\k Elmf(gog(%p:rg :ﬁlt?)?e' dia of
IS a one'W|th many spots, in accord to what IIE'ow—Temperature Plasmaedited by V. F. Fortov
observed in the experiment [2,3].
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second family occurs in the ran¢@ = 0.1. In this [7] M.S. Benilov (2007) J. Phys. D: Appl. Phys
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Bifurcation analysis is performed of a fluidTechnol.17, in press.

system of equations describing current transfer to [11] M.S. Benilov (1998) Phys. Rev.3B 6480.
cathodes of high-pressure glow discharges. Two [12] M.S. Benilov (1988) Sov. Phys. - Tech.
discharge configurations are treated, a discharggys.331267.

between parallel plates and a collision-dominated [13] M.S. Benilov, M. Carpaij, and M.D. Cunha
sheath adjacent to a uniform positive plasm@o6) J. Phys. D: Appl. Phy39 2124.

column. Calculations are performed for a high- [14] V. Petukhov (1964) inMethods of
pressure  Xe plasma. In  both dischargRumerical Solution of Differential and Integral
Configurations, bifurcations have been detected muations and Quadrature Formulas (Supplement
the abnormal mode of glow discharge. As thg Journal of Computational Mathematics and

current density is decreased in the abnormal mod@athematical PhysicgNauka, Moscow) 304.
the first bifurcation point to be encountered is

associated with a pattern with many spots, in atcor
to what is observed in the experiment [2,3].

The question of theoretical description of steady-
state spot modes on glow cathodes is far from
closed: a complete 3D simulation of different spot
modes in the whole range of existence of each mode
and an investigation of their stability are needed.
Bifurcation analysis performed in this work brings
important qualitative information and represents a
useful starting point for such simulations: it
indicates in which range of parameters each mode
should be sought.
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