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Near-Cathode Plasma Layer on CuCr
Contacts of Vacuum Arcs

Nelson A. Almeida, Mikhail S. Benilov, Larissa G. Benilova, Werner Hartmann, and Norbert Wenzel

Abstract— A model of near-cathode layers in vacuum arcs
is developed. The model relies on a numerical solution of the
problem of near-cathode space-charge sheath with ionization
of atoms emitted by the cathode surface, and allows the self-
consistent determination of all parameters of the near-cathode
layer, including the ion backflow coefficient. The dependence
of the density of energy flux from the plasma to the cathode
surface on the local surface temperature is nonmonotonic with a
maximum, a feature that plays an important role in the physics of
plasma–cathode interaction. The developed model may be used
for a variety of purposes, including as a module of complex
nonstationary multidimensional numerical models of plasma–
cathode interaction in vacuum arcs. As a simple example, an
analytical evaluation of parameters of stationary spots on copper
and chromium is given. In the case of composite CuCr contacts
with large grains, spots with current of several tens of amperes
burning on the copper matrix coexist with spots with currents
of the order of 1 A burning on the chromium grains.

Index Terms— Cathode spots, circuit breakers, composite
cathodes, near-cathode plasma layers, vacuum arcs.

I. INTRODUCTION

MAGNETOHYDRODYNAMIC (MHD) modeling of
high-current arc discharges, both in ambient gas and

in vacuum (or, more precisely, in cathode vapor), is an
important research topic, which, in addition to being of
scientific interest, is important due to numerous industrial
applications of arc discharges. As far as arcs in ambient
gas are concerned, such modeling has become a matter
of routine (e.g., [1]–[11]), although a universally accepted
model of plasma–cathode interaction in such discharges is still
lacking (see discussion in [10]). Significant advances have
been achieved also in the MHD modeling of vacuum arcs
(e.g., [12]–[19] and references therein). However, the plasma–
cathode interaction remains the element least understood, once
again. One of the questions that remains open is the effect
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produced over plasma–cathode interaction in vacuum arcs by
a granular structure of the cathode, an effect which is of
significant interest since contacts of high-power vacuum circuit
breakers are usually made of a composite material comprising
different metals.

Some models of plasma–cathode interaction do not take into
account specific phenomena localized near the cathode surface,
such as separation of charges. As far as arcs in ambient gas
are concerned, examples can be found in [1], [2], and [5]–[9],
which employ the assumption of quasi-neutrality, or even the
stronger assumption of local thermodynamic equilibrium, in
the whole arc volume down to the cathode surface. As far
as vacuum arcs are concerned, examples include [20]–[22],
where a continuous metal–plasma transition without an inter-
face is assumed. However, in most models of plasma–cathode
interaction, specific phenomena localized near the cathode sur-
face are of central importance, and in the first place separation
of charges occurring in a very thin sheath adjacent to the
cathode surface; see, review [23] and references therein and
works [4], [10], [11], [24], [25] as far as arcs in ambient gas are
concerned and [26]–[40] as far as vacuum arcs are concerned.

A direct 1-D modeling of near-cathode plasma layers has
been performed with the use of diffusion equations [41] in
the case of arcs in ambient gas and by means of Monte
Carlo [42] and particle-in-cell [43]–[45] methods in the case
of vacuum arcs. Neither of these approaches requires the near-
cathode layer to be divided into subzones such as the space-
charge sheath, the ionization layer, etc. However, these direct
approaches are not suitable yet for serving as a module in self-
consistent multidimensional calculation of arc attachments.
Therefore, works dedicated to calculation of arc attachments
employ less sophisticated models of near-cathode layers which
are based on dividing the layer into subzones with the
assumptions that there is no ionization in the near-cathode
space-charge sheath and that the ion flux is formed in the
quasi-neutral plasma beyond the sheath. The latter assumption
is justified for arcs in ambient gas unless the gas pressure is
very high [41]. As far as vacuum arcs are concerned, this
assumption seems to be artificial [46, p. 106] and is disproved
by estimates of characteristic length scales [47, Fig. 7.6], [48].
In other words, an accurate model of near-cathode layers
in vacuum arcs should take into account the fact that the
ionization of atoms emitted by the cathode surface occurs
in the space-charge sheath. A qualitative treatment of such
sheaths was given in [49], [50], and a self-consistent numerical
solution was obtained in [51].

The aim of this paper is to develop, with the use of
numerical results [51], a model of near-cathode layers in
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vacuum arcs with cathodes made of a copper–chromium
composite (chromium grains with characteristic dimensions
from 10 to 50 μm, in a copper matrix). Since the characteristic
thickness of the space-charge sheath, being far below 1 μm,
is much smaller than the grain dimensions, it is legitimate to
treat near-cathode layers on Cu and Cr separately and in the
1-D approximation. In the framework of this approach, all
parameters of the near-cathode plasma should be determined
as functions of the local surface temperature Tw and the near-
cathode voltage drop U , similar to the way it is done for arcs
in ambient gas, e.g., [23] and references therein.

A very important quantity to be delivered by a model
of near-cathode layer of an arc discharge is the density of
the net energy flux from the plasma to the cathode surface,
q = q (Tw,U). A characteristic feature of this quantity in the
case of arcs in ambient gas is that its dependence on Tw for
fixed U is nonmonotonic with a maximum (or two maxima),
e.g., [23], fig. 6(a). It is this feature that, on one hand, gives
rise to the instability leading to appearance of cathode spots
and, on the other, makes possible the existence of stationary
spots [52]. A similar character of the dependence of q on
Tw for vacuum arcs was established in [31]. However, the
model of near-cathode layers of vacuum arcs employed in [31]
was elementary. On the other hand, a nonmonotonic with a
maximum dependence q (Tw) for fixed U has not apparently
been reported in other works. This is one of the questions dealt
with in this paper.

The model developed in this paper can be used for self-
consistent 2-D or 3-D modeling of spots on CuCr vacuum
arc cathodes. As the first step, results on stationary spots on
large grains obtained by means of a simple analytical model
[53], [54] are reported in this paper. Results on stationary and
transient spots on grains of different sizes obtained by means
of 2-D modeling are reported in [55] and in a forthcoming
paper.

The outline of the paper is as follows: A model of
near-cathode plasma layer in vacuum arcs is formulated in
Section II. Results of evaluation of this model for copper
and chromium cathodes are given in Section III. In Section
IV, these results are integrated into an analytical model of
stationary cathode spots and this model is used to qualitatively
analyze spots on composite CuCr cathodes with large grains.
Conclusions are summarized in Section V.

II. EQUATIONS OF NEAR-CATHODE PLASMA LAYER IN

VACUUM ARCS

The distribution of electrostatic potential in a near-cathode
space-charge sheath with ionization of atoms emitted by
the cathode surface possesses a maximum inside the sheath
[49]–[51], as sketched in Fig. 1. The mechanism of formation
of this potential hump may be described in brief as follows
(see [51] for details): Since the ions coming to the cathode
have been generated at rest inside the sheath, the electrostatic
shielding is stronger than in a similar sheath with the ions
having entered the sheath from the quasi-neutral plasma with
the Bohm velocity. The electric field decays faster and van-
ishes at a finite distance from the cathode, which means a
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Fig. 1. Schematic of double sheath with ionization of emitted atoms.
Reprinted from [51] with permission of IOP Publishing.

maximum of potential with subsequent reversal of the field. As
the atoms emitted by the cathode move across the sheath, some
of them get ionized before the potential maximum and others
get ionized after the maximum. The ions produced before the
maximum return to the cathode, and those produced after the
maximum escape into the plasma. In either case, the ions suffer
no collisions in the sheath, in particular, no charge exchange
and no recombination. The physics of such sheaths is governed
by two dimensionless parameters. One of these parameters is
the dimensionless sheath voltage χ = eU/kTe (here Te is the
temperature of thermalized electrons in the sheath, which is
assumed to be constant across the sheath, and U is the sheath
voltage). The other governing parameter characterizes the ratio
of Debye and ionization lengths. In [51], this parameter is
defined as

αw = va

vs

ε0kTe

nawe2

(
kinaw

va

)2

. (1)

Here, vs = √
kTe/mi is the Bohm speed, va is the average

normal velocity of atoms emitted by the cathode surface,
naw is the value of the density of the emitted atoms at the
cathode surface, ki is the rate constant of ionization of neutral
atoms by electron impact (a function of Te), and mi is the
mass of an atom.

The integral characteristics of the sheath relevant for calcu-
lation of plasma–cathode interaction that have been defined
and computed in [51] are the following: τ is the ratio of
characteristic fluxes of the atoms and the ions; �∞ is the
dimensionless potential difference between the sheath edge
and the maximum; Naw is the ratio of the atomic density
at the cathode surface to the atomic density at the potential
maximum; and �iw , �i∞ are the dimensionless average
potential energies with which ions are produced before and
after the potential maximum, respectively. These parameters
have been defined in a way that their dependence on the
dimensionless sheath voltage χ is weak under conditions of
practical interest, so one can consider these parameters as
functions of a single control parameter αw . In this paper, these
functions are evaluated by means of the following fit formulas,
which have been constructed on the basis of the numerical data
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shown in [51, Fig. 6] converted to the argument αw:

τ = 0.48, �∞ = −0.84 − 0.42α3/2
w

(αw + 5)
(√
αw + 3

) (2)

Naw = 4

1 + 0.8
√
αw

− 2 + 3.8α1/3
w (3)

�iw = −0.5 + 0.3
√
αw

1 + 0.3
√
αw

, �i∞ = − 0.3

1 + (αw + 1)1/3
.

(4)

With the use of these dependences, equations governing
near-cathode layers in vacuum arcs may be written as follows.
The density of electric current at the cathode surface is
evaluated as j = jiw + jem − jpl , where the terms on the
rhs represent densities of, respectively, current of ions coming
to the cathode surface (or, in other words, current of ions
generated before the potential maximum), current of electrons
emitted by the cathode surface, and current of thermalized
electrons that come to the cathode from the sheath after having
overcome the potential barrier.

The density of ion current may be evaluated as [51]

jiw =
(

1 − N−1
aw

)
eJv (5)

where Jv = nawva is the number density of flux of the emitted
atoms and the factor

(
1 − N−1

aw

)
has the meaning of the so-

called ion backflow coefficient.
The electric field at the cathode surface, involved in the

evaluation of the electron emission current density jem , is
governed by [51, Eq. (20)], which in dimensional form may
be written as

Ew = kTe

e

ki naw

vs

√
2

Nawαw{
(Naw − 1)

√
2 (χ −�∞)

[
1 + �iw

2 (χ −�∞)

]
− 1

τ

}1/2

.

(6)

Since the sheath voltage constitutes at least several kTe/e,
only a small fraction of thermalized electrons reach the
cathode surface, and the density of thermalized electrons
inside the sheath is related to the electrostatic potential
through the Boltzmann distribution. The current density of
thermalized electrons reaching the cathode surface may be
written as

jpl = e

4

Jv exp�∞
Nawτvs

√
8kTe

πme
exp

(
− eU

kTe

)
. (7)

Note that the second multiplier on the rhs has the meaning of
the density of charged particles at the sheath edge.

Let us proceed to the equation of balance of electron energy
in the sheath. Sources of the electron energy in the sheath are
W1, which is the energy brought in the sheath by emitted
electrons, and W2, which is the work of the electric field
over the electrons inside the sheath. The energy brought in
the sheath by the emitted electrons may be estimated as
W1 = 2kTw jem/e, where Tw is the local temperature of
the cathode surface. (Note that the factor 2kTw appears in

place of 3kTw/2, which is what one would intuitively expect,
because of the difference between the average value of the
product of the kinetic energy of motion of electrons times the
electron particle velocity, and the product of average values.)
Work done by the electric field over the electrons inside the
sheath is given by

W2 = −
∫ ∞

0
je

dϕ

dx
dx (8)

where the coordinate x is measured from the cathode surface
to the plasma, je is the projection along x-axis of the density of
net electron current, and ϕ is the potential. Integrating by parts,
setting ϕ|x=∞ = 0, and taking into account that ϕ|x=0 = −U ,
one finds

W2 = − je|x=0 U +
∫ ∞

0
ϕ

d je
dx

dx . (9)

Taking into account the electron conservation equation
d je/dx = −ew, where w is the ionization rate, and the
equality je|x=0 = − jem + jpl , one obtains

W2 = (
jem − jpl

)
U −

∫ ∞

−d
weϕ dx . (10)

The integral on the rhs may be expressed in terms of
the dimensionless coefficients �iw and �i∞. One finds
finally

W2 = (
jem − jpl

)
U + kTe[

jiw
e
(�i∞ −�iw)− Jv (�i∞ −�∞)

]
. (11)

Sinks of the electron energy in the sheath are W3, which
is the energy carried away by thermalized electrons leaving
the sheath for the cathode; W4, which is the energy carried
away by electrons leaving the sheath for the quasi-neutral
plasma; and W5, which is the electron energy lost inside the
sheath for ionization. Applying Griem’s criterion (e.g., [56]
and references therein), one finds, for Te = 1 eV, values
of the electron density equal to 2 × 1021 m−3 for Cu and
9 × 1020 m−3 for Cr. Both values are by several orders of
magnitude lower than characteristic electron densities in near-
cathode layers of vacuum arcs. Hence, the rate of spontaneous
radiative decay of excited states is by several orders of
magnitude lower than the rates of collisional processes. For
this reason, the electron energy lost inside the sheath for
radiation is neglected.

The energy carried away by thermalized electrons going
to the cathode is estimated as W3 = 2kTe

jpl
e . The energy

carried away by electrons leaving the sheath for the plasma is
estimated as

W4 = 3.2kTe

(
j

e
+ Jv − jiw

e

)
(12)

where the quantity in the parentheses on the rhs represents
the flux of electrons leaving the sheath for the bulk plasma
(note that Jv − jiw/e has the meaning of the density of the
flux of ions leaving the sheath for the bulk plasma), and the
factor 3.2 represents the sum of the coefficient 5/2 accounting
for enthalpy transport due to the electric current and of a
thermal diffusion coefficient equal to 0.703. (The latter value
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corresponds to the limiting case of a strongly to fully ionized
plasma (e.g., [57, p. 410]). Finally, the losses of electron
energy for ionization inside the sheath are W5 = Jv Ai , where
Ai is the ionization potential.

The resulting equation of balance of electron energy is
written as

jem
2kTw

e
+ (

jem − jpl
)

U

+
[

jiw (�i∞ −�iw)− eJv (�i∞ −�∞)
]

kTe

e

= jpl
2kTe

e
+ ( j + eJv − jiw)

3.2kTe

e
+ Jv Ai . (13)

Two comments should be made on this equation. First, the
term W4 is written under the assumption that the emitted
electrons are thermalized in the sheath. In order to verify
this assumption, one should compare δ, which is the scale
of thickness of the sheath, with λbt , which is the length of
relaxation of the beam of the emitted electrons. The scale of
thickness of a collisionless near-cathode space charge may be
estimated as [58]

δ = λD

(
eU

kTe

)3/4

, λD =
√
ε0kTe

nee2 (14)

where ne is the density of thermalized electrons, and λD has
the meaning of the Debye length. Assuming as representative
values 20 bar for the pressure of thermalized electrons and
15 V for the sheath voltage U , one finds that δ increases from
0.016 μm for Te = 1 eV to 0.029 μm for Te = 10 eV.

The length of relaxation of the beam may be estimated as
λbt = 1/ne Qbt , where Qbt is the cross section of elastic
collisions of the beam and thermalized electrons. The latter
may be evaluated as (e.g., [57])

Qbt = 9π

2
b2

0 ln�, b0 = e2

3πε0ε
(15)

where ε is the energy of beam electrons and ln� = ln (λD/b0)
is the Coulomb logarithm. Setting Te = 4 eV, ne = 3 ×
1024 m−3 (which corresponds to the pressure of thermalized
electrons of 20 bar), and ε = 15 eV, one finds Qbt = 6 ×
10−19 m2 and λbt = 0.6 μm. It follows that δ � λbt and the
emitted electrons are thermalized in the quasi-neutral plasma
beyond the sheath. Hence, (12) needs to be corrected: the
energy carried away by electrons leaving the sheath for the
bulk plasma should be evaluated separately for the thermalized
electrons and the beam electrons, i.e., instead of (12) one
should write

W4 = ( j + eJv − jiw − jem)
3.2 kTe

e
+ jem

(
2kTw

e
+ U

)
.

(16)
However, this is not the only correction that needs to be

introduced into (12). Roughly speaking, the energy balance
of electron gas in the near-cathode layers of vacuum arcs is
as follows: the energy of emitted electrons accelerated in the
space-charge sheath is transferred to thermalized electrons and
subsequently spent for ionization of neutral atoms; and, if the
transfer occurs (i.e., the emitted electrons get thermalized)
in the quasi-neutral plasma beyond the sheath, i.e., beyond

the zone where ionization occurs, then this energy must be
transported by the thermalized electrons back into the sheath.
This energy transport occurs through electron heat conduction,
which is not taken into account in (16).

Thus, in order for (13) to correctly describe balance of the
electron energy in the space-charge sheath, the second term
on the rhs of this equation should be replaced by the rhs
of (16) and supplemented by an account of heat conduction by
thermalized electrons. However, (13), as it is, does represent
a reasonable approximation for description of balance of
the electron energy in a layer, which comprises both the
space-charge sheath and the adjacent zone where the emitted
electrons are thermalized. With this understanding, (13) is
justified.

The second comment to be made on (13) is as follows:
A part of the sheath voltage is applied not in the plasma but
rather to the plasma/cathode interface, thus not contributing to
acceleration/deceleration of the emitted/thermalized electrons
but rather lowering the potential barrier between electrons
in the cathode and in the plasma. Therefore, U in (13)
should be replaced with Ueff = U − (A f − Aeff)/e, where
A f is the work function and Aeff is an “effective” work
function.

In the framework of the above description, the physics of
the near-cathode layer is governed by two control parameters,
one of them being the temperature of the cathode surface
at the point of the arc attachment being considered, and the
other being an electric parameter, i.e., the local current density
or the near-cathode voltage drop. It should be stressed that
the absence of parameters characterizing the plasma ball is
consistent with the physics considered: a significant power is
deposited into the near-cathode layer; a part of this power is
transported to the cathode and the rest is transported to the
plasma ball. In other words, it is the near-cathode layer that
heats the plasma ball and not the other way around.

Since the near-cathode voltage drop does not change much
from one point of arc attachment to the other, the voltage drop
makes a more convenient control parameter than the current
density. Thus, control parameters used in this paper are Tw
and U, similar to the usual procedure in the modeling of near-
cathode phenomena in arcs in ambient gas; see, review [23]
and references therein. If these parameters are specified, the
above equations constitute a complete system. By solving this
system for different values of Tw and U , one can determine
all characteristics of the near-cathode layer as functions of Tw
and U . (It should be emphasized that this is not equivalent to
finding the distribution of characteristics in the arc attachment
since Tw remains unknown until the arc attachment as a
whole has been computed as is done, e.g., in [55]. Equally,
one cannot establish a connection between U and the arc
attachment current until the arc attachment as a whole has been
computed.) In particular, the ion backflow coefficient (fraction
of atoms emitted by the cathode surface that do not escape into
the plasma but rather return to the cathode in the form of ions)
may be found as μ = 1 − N−1

aw . The rate of ion erosion (loss
of mass by the cathode due to emission of atoms per unit
surface area and unit time) may be found as G = N−1

awmi Jv .
The density of the energy flux coming from the plasma to the
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cathode surface may be found as

q = qi − qev + qe − qem (17)

qi = jiw
e

[
kTe (�iw −�∞)+ eUeff + Ai − Aeff

]
,

qev = N−1
aw Jv (Av + 2kTw) (18)

qe = jpl

e
(2kTe + Aeff) , qem = jem

e
(2kTw + Aeff) (19)

where Av is the vaporization energy per atom, and qi , qev ,
qe, and qem represent, respectively, the density of the energy
flux brought to the cathode surface by the incident ions, the
net losses of energy of the cathode surface due to emission of
atoms, heating of the cathode by thermalized electrons, and
cooling (or heating) of the cathode due to electron emission.
Heating of the cathode by radiation from the plasma is not
taken into account. Note that the first and second terms in the
square brackets on the rhs of the first equation in (18) represent
the average kinetic energy of an incident ion, and the third and
fourth terms represent the energy of neutralization.

It is useful to consider an alternative formula for the
energy flux to the cathode surface, which is obtained by
substituting (18) and (19) into (17) and subtracting (13) from
the relationship obtained

q = jU − j

e

(
A f + 3.2kTe

)

− G

mi

[
Av + Ai + (3.2 +�i∞ −�∞) kTe+ 2kTw

]
.

(20)

This formula has a clear physical meaning: it describes the
energy balance of the sheath (or, more precisely, of the layer
comprising the space-charge sheath and the adjacent zone
where the emitted electrons are thermalized). The first and
second terms on the right-hand side are the same as in the
corresponding expression for arcs in ambient gas [23, Eq. (11)]
and represent, respectively, the electrical power deposited per
unit area of the sheath and the energy transported from the
sheath into the bulk plasma by the electric current, calcu-
lated taking into account the energy necessary for extracting
electrons from the cathode. The third term represents the
energy transported from the sheath into the bulk plasma by
the flux of erosion products. The terms Av and Ai in the
square brackets describe the energy necessary for extracting
neutral atoms from the cathode and ionizing them. The product
(�i∞ −�∞) kTe in the square brackets describes the kinetic
energy of the ion jet leaving the sheath, and the term 2kTw
accounts for the thermal energy of the ion jet. Note that
the last term is at best only approximately correct, since
terms of the order of kTw have been neglected in comparison
with terms of the order of kTe in the analysis of the sheath
in [51].

The above model is based on the assumption that all the
atoms emitted by the cathode surface are ionized inside the
space-charge sheath, rather than in the quasi-neutral plasma
beyond the sheath. This assumption is justified at high values
of the electron temperatures Te in the near-cathode layer,
which are characteristic for the central part of the cathode spot;

see, the estimates [48]. On the other hand, this assumption is
hardly adequate for space-resolved modeling, which is aimed
at investigating the whole structure of the spot, including its
periphery: since Te is low at the periphery, only a fraction
of the atoms emitted by the cathode surface are ionized in
the sheath and the rest are ionized in the quasi-neutral plasma
beyond the sheath, where collisions may be essential.

In this paper, this is taken into account in a qualitative
way. Let ω be the ionization degree evaluated according to the
formula ω = ne/ (na + ni ) taking into account the doubly and
triply charged ions for conditions of ionization equilibrium at
the heavy-particle temperature Tw , the electron temperature Te,
and the plasma pressure equal to nawkTw . (Here, na and ni

are atomic and ion densities. Note that ω defined in this way
represents the conventional ionization degree under conditions
where doubly and triply charged ions are absent; if the plasma
is fully ionized, ω represents the average charge number of the
ions.) If ω ≥ 1, it is assumed that all the atoms emitted by
the cathode surface are ionized inside the space-charge sheath
and the above model is used as it is. If ω < 1, it is assumed
that a part of atoms emitted by the cathode surface are ionized
inside the sheath and the other part leave the sheath without
being ionized and are ionized in the quasi-neutral plasma,
and fractions of these parts are, respectively, ω and 1 − ω.
In the framework of this approach, the following changes are
required in the above formulas in the case ω < 1: the density
of atoms emitted by the cathode, naw, is replaced by ωnaw; the
number density of the erosion flux, which in the above model
equals nawva/Naw , is now evaluated as the sum of flux of
atoms ionized inside the sheath but beyond the maximum of
potential, ωnawva/Naw , and of the flux of atoms ionized in
the quasi-neutral plasma, (1 − ω) nawva .

Finally, let us specify the material constants appearing in
the above equations for cathode material being Cu or Cr,
which is the case of concern for this paper. The flux of
atoms emitted by the cathode surface is estimated by means
of the Langmuir formula: Jv = pv/

√
2πmi kTw, where pv

is the pressure of the saturated vapor of the cathode material
at the temperature Tw . The pressure of the saturated vapor
of Cu and Cr is estimated with the use of [59] and [60],
respectively. The average normal velocity of atoms emitted
by the cathode surface and the density of the emitted atoms
at the cathode surface are estimated as va = √

2kTw/πmi

and naw = Jv/va .
The electron emission current density jem is evaluated in

the framework of the Murphy and Good theory [61]. It is
known that a computationally efficient and accurate evaluation
of the Murphy and Good formulas is not trivial. Indeed, it was
found that a straightforward numerical implementation of the
Murphy and Good formulas results in significant errors in
characteristics of the near-cathode layer and/or makes the code
unreasonably slow. In this connection, a new method [62] was
developed which relies on Padé approximants and is as simple
and computationally efficient as possible while being accurate
in the full range of conditions of validity of the Murphy and
Good theory.

The effective work function Aeff is evaluated by means of
fit formulas which have been derived in [63] on the basis of



ALMEIDA et al.: NEAR-CATHODE PLASMA LAYER ON CUCR CONTACTS OF VACUUM ARCS 1943

the Murphy–Good formalism. (Note that Aeff is related to the
average energy ε of an emitted electron, which was dealt with
in [63], by the formula ε = Aeff + 2kTw.)

The ionization rate constant is evaluated as the sum of the
rate constant of direct ionization of atoms from the ground
state and rate constant of stepwise ionization: ki = kidir + kist.
kidir is evaluated by means of the data [64] for chromium and
by means of the formula from [65] with the use of data on
the cross section of direct ionization of neutral atoms [66]
for copper. kist is evaluated by means of the formula from
[65]. Note that, under typical conditions of vacuum arcs, the
stepwise ionization of both copper and chromium atoms occurs
much faster than the direct ionization, i.e., kidir � kist, which
is a consequence of the presence of low-lying energy levels.

III. PARAMETERS OF NEAR-CATHODE PLASMA LAYERS

ON COPPER AND CHROMIUM CATHODES

Let us consider the results of evaluation of the system of
equations of near-cathode layers in vacuum arcs formulated
in the preceding section for the case of copper and chromium
cathodes. Because of the high electrical conductivity of the
plasma, variations of potential on the plasma side of the sheath
are much smaller than the near-cathode voltage U . Therefore,
one can assume that the near-cathode voltage takes the same
value at every point of the spot (the arc attachment). Then it is
appropriate to present parameters of the near-cathode layer as
functions of the local surface temperature Tw for fixed values
of U . As an example, dependences of characteristics of the
near-cathode layer on Tw calculated for a copper cathode and
the near-cathode voltage of 20 V are shown in Fig. 2.

As the local surface temperature decreases, a transition to
a regime without the plasma occurs. This transition mani-
fests itself through not only a decrease in the evaporation
flux but also a decrease in the electron temperature Te and,
consequently, the ionization degree ω of the plasma; for
example, under conditions of Fig. 2, Te and ω are equal to,
respectively, 5479 K and 5.19 × 10−3 for Tw = 3000 K,
and they continue to decrease for Tw still lower. Eventually
the numerical calculations break down since in the course of
iterations Te becomes too low or even negative. It is natural to
interpret this breakdown as an indication that a transition to a
regime without the plasma has been completed and to switch
to a no-plasma solution: the current density j is set equal to the
electron thermionic emission current density and evaluated by
means of the Richardson equation; the energy flux density q is
set equal to the sum of thermionic and evaporation cooling; the
erosion rate G is assumed to be governed by the evaporation
(no return of ions, i.e., the ion backflow coefficient μ is
set equal to zero) and evaluated by means of the Langmuir
formula. Under conditions of Fig. 2, the switching from the
plasma-present to no-plasma solutions occurs at Tw between
2370 and 2360 K (note that these data have been calculated
with the step in Tw equal to 10 K). A magnification of
Fig. 2(a) in the vicinity of the switching is shown in Fig. 3.
The electron temperature, the ionization degree, and the ion
backflow coefficient for Tw = 2370 K are already very low:
Te = 3821 K, ω = 5.4 × 10−4, and μ = 2.7 × 10−4, which
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Fig. 2. Characteristics of near-cathode plasma layer versus cathode surface
temperature. (a) Density of the energy flux from the plasma to the cathode
surface, the erosion rate, and the electron temperature. (b) Density of the
electric current, the ion backflow coefficient, and the ionization degree. Cu
cathode, U = 20 V.

is why discontinuities in the energy flux from the plasma and
the erosion rate, q (Tw) and G (Tw), are small and cannot be
seen in Fig. 3. The discontinuity in the current density, j (Tw),
is visible in Fig. 2(b); however, the absolute values of j are
very low here. Therefore, this discontinuity is irrelevant from
the point of view of physics and does not pose a problem for
computation of spots.

There is another discontinuity in the data shown in Fig. 2,
which occurs at Tw between 3940 and 3930 K, i.e., slightly
lower than the temperature corresponding to the maximum of
the dependence q (Tw), and is quite strong. This discontinuity
is illustrated by Fig. 4. The calculations shown in this figure
have been performed in two ways: in the direction from higher
values of Tw to lower values, similar to the way it was done
while calculating the data plotted in Figs. 2 and 3, and in
the reverse direction. In both sets of calculations, the results
obtained for the previous value of Tw have been used as an
initial approximation for the current value. The step in Tw
was 1 K. The calculation results are depicted by the solid
lines and represent two disconnected branches; the switching
from one branch to the other occurs as shown by arrows and
is accompanied by hysteresis.

It is natural to assume that the two computed branches are
in reality connected by a retrograde section, as schematically
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shown in Fig. 4 by the dashed line. It would be interesting
to compute this retrograde section and analyze the underlying
physics. However, this section is localized in a narrow range
of Tw and does not seem to be very important for the
calculation of spots on the whole. Therefore, calculation of
the retrograde section is left beyond the scope of this paper
and the results are used that have been obtained by calculations
in the direction of decreasing Tw , with the discontinuity in the
dependence q (Tw) being smoothed numerically.

One can see from Fig. 2(a) that the dependence of q on Tw
is nonmonotonic with a maximum, which is in agreement with
a similar result [31] obtained on the basis of an elementary
model. This feature is characteristic also of near-cathode layers
in arcs in ambient gas, e.g., [23, Fig. 6(a)]. The reason of the
nonmonotonicity in the case of vacuum arcs is the same as
in the case of arcs in ambient gas: as Tw increases, the ion
heating of the cathode grows faster than the electron emission
cooling at Tw below approximately 4130 K and vice versa

at higher Tw. Note that heating of the cathode surface by
thermalized electrons is a minor effect; the evaporation cooling
prevails over all other mechanisms for lower temperatures
where q (Tw) is negative (Tw ≤ 3930 K in the above con-
ditions) and is insignificant for higher Tw.

The nonmonotonicity of the dependence of q on Tw plays
a very important role in the theory of cathode spots in arcs
in ambient gas [52]. The rising section of this dependence is
potentially unstable: a local increase of the surface temperature
will result in an increase of the local energy flux from the
plasma; the latter will cause a new increase of the local
temperature, etc, i.e., a thermal instability will develop, leading
to the appearance of a cathode spot. On the other hand,
stationary spots operate on the falling (i.e., stable) section of
the dependence q (Tw). Therefore, the nonmonotonicity of the
dependence of q on Tw in the case of vacuum arcs suggests
that spots on cathodes of vacuum arcs may appear as a result
of instability of nonlinear surface heating of the cathode by
the plasma and that stationary regimes of cathode spots in
vacuum arcs are possible, at least in cases where the Joule
heating inside the cathode is insignificant.

Although the dependences q (Tw) in the cases of vacuum
arcs and arcs in ambient gas are qualitatively similar, there
is a significant quantitative difference: the maximum in this
dependence in the case of vacuum arc is higher by more than
two orders of magnitude and by about a factor of two more
narrow.

While the function q (Tw) is nonmonotonous, the function
j (Tw) is monotonically increasing, as can be seen from
Fig. 2(b). The electron temperature Te [Fig. 2(a)] increases
with increasing Tw in the range Tw � 4500 K, which is
a consequence of increasing input of electron energy into
the sheath resulting from acceleration of emitted electrons
by the sheath electric field. For higher Tw, the dependence
Te (Tw) becomes saturated. The ion backflow coefficient μ
[Fig. 2(b)] is very low for Tw � 3930 K; the plasma density
is low, and virtually all vaporized atoms escape from the near-
cathode sheath into the plasma without being ionized. μ is
close to unity for higher Tw; most of the vaporized atoms
get ionized before the potential maximum and return to the
cathode. The erosion rate G [Fig. 2(a)] increases in the range
Tw � 3930 K, passes through a maximum, and then starts
decreasing. This is readily understandable if one takes into
account that G = (1 − μ)mi Jv . For Tw � 3930 K, the
escape factor 1 − μ is close to unity while the dependence
Jv (Tw) increases, and so does the erosion rate. The escape
factor rapidly decreases for Tw slightly above 3930 K, and so
does the erosion rate. For higher temperatures, the erosion rate
passes through a minimum and starts increasing once again.

Characteristics of the near-cathode layer on chromium
cathodes for the near-cathode voltage of 20 V are shown in
Fig. 5. The data shown in this figure are qualitatively similar
to those for copper shown in Fig. 2. A quantitative comparison
of the most important parameters, i.e., densities of energy
flux and electric current from the plasma to the cathode
surface, is shown in Fig. 6 for two values of the near-cathode
voltage drop. One can see that these parameters are not very
different quantitatively. The most important difference is that
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surface temperature. Cr cathode, U = 20 V.

the maximum in the dependence q (Tw) is somewhat wider in
the case of chromium.

IV. ANALYTICAL MODEL OF STATIONARY SPOTS ON

CATHODES OF VACUUM ARCS AND SPOTS ON COMPOSITE

CuCr CATHODES WITH LARGE GRAINS

The model of near-cathode layers in vacuum arcs developed
in Section II may be used for a variety of purposes, includ-
ing as a module of complex nonstationary multidimensional
numerical models of the plasma–cathode interaction. As a
simple example, let us apply this model to the analytical
investigation of stationary spots on copper and chromium with
the aim to qualitatively analyze the spots on composite CuCr
cathodes with large grains. Of course, an analytical approach
has its limitations; however, it provides a useful insight which,
as it will be shown in [55] and a forthcoming paper, is helpful
in understanding results of complex space-resolved numerical
modeling, both stationary and nonstationary.

Let us designate by T∗ the value of the cathode temperature
Tw at which the dependence q (Tw) for a given U attains the
maximum value. Let us designate by T1 and T2 values of Tw
at which the dependence q (Tw) vanishes, with T1 belonging
to the growing branch of the dependence q (Tw) and T2 to the
falling branch, so that T1 < T∗ < T2. For Tw > T2, the electron
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Fig. 6. Comparison of (a) the densities of energy flux and (b) electric current
for Cu and Cr cathodes. Solid: Cu cathode. Dashed: Cr cathode.

emission cooling exceeds the ion heating and the energy flux
is directed from the cathode into the plasma, q < 0.

If Joule heating in the cathode body is insignificant, then the
temperature at any point of the cathode inside a stationary arc
attachment cannot exceed the value T2 [52]. This is an exact
result that follows from the maximum principle for harmonic
functions and also from intuitive considerations: values of the
temperature exceeding T2 cannot be maintained since heat flux
originating in points of the surface where the energy flux from
the plasma is positive (and, consequently, Tw < T2) cannot
propagate from these points to a hotter point. Furthermore,
|q (Tw)| increases extremely rapidly for Tw > T2, hence the
temperature of the cathode surface cannot appreciably exceed
T2 even if Joule heating in the cathode body does play a role.

Stationary spots on large cathodes operate on the falling
section of the dependence q (Tw): the temperature inside the
spot varies from T∗ at the spot edge to a somewhat higher
value at the center of the spot, the latter value being close
to T2. This follows from numerical calculations [31], [52] and
is intuitively clear: a stationary spot cannot operate on the
rising section of the dependence q (Tw), which is prone to
thermal instability.

Let us designate by T∞ the temperature of the cathode far
away from the spot. The ratio (T2 − T1) / (T2 − T∞) repre-
sents the relative width of the maximum of the dependence
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q (Tw). Let us treat this ratio as a small parameter; one can
see from Figs. 2(a), 5(a), and 6(a) that this approximation
is not unreasonable. Furthermore, let us neglect values of
the function q (Tw) in the range Tw < T1 and limit the
consideration to conditions where Joule heating in the cathode
body is insignificant. Then one can use the analytical model
of the stationary cathode arc spot [53], [54]. It should be
stressed that this model does not involve empirical parameters
and/or arbitrary theoretical assumptions; rather, it represents
an asymptotic form of a detailed model of stationary arc spots
(which can be dealt with only numerically) and is in this
sense mathematically solid. In the framework of this model,
the radius of a spot may be estimated as [53]

R = ψ2∗
π

[∫ T2

T1

q (Tw,U) κ (Tw) dTw

]−1

. (21)

Here, κ is thermal conductivity of the cathode material (func-
tion of the local temperature) and ψ∗ is the heat flux potential,
ψ∗ = ∫ T∗

T∞ κ (Tw) dTw. The power coming from the plasma to
the spot is given by the formula Q p = 4Rψ∗, which follows
from a solution of the heat conduction equation in a half-space
heated by a circle with a constant temperature [67, Ch. VIII,
Sec. 2].

Integrating (20) over the spot, one obtains the following
expression for the so-called heating voltage Uh = Q p/I ,
where I is current per spot:

Uh = U − 1

e

(
A f + 3.2kT̄e

)

− ḡ

mi

[
Av + Ai + (

3.2 + �̄i∞ − �̄∞
)

kT̄e + 2kT̄w

]

(22)

where g = G/j is the so-called g-factor (the loss of mass of
the cathode per unit charge transported) and the bar designates
the weighted average values of the corresponding quantities
evaluated over the spot.

A simple approximation appropriate in the framework of the
analytical model being considered is to set the average values
equal to the corresponding values for Tw = T∗, i.e., at the
point of maximum of the dependence q (Tw) for given U . In
terms of the physics involved, this amounts to setting average
values equal to values of the corresponding quantities at the
edge of the spot.

Formulas (21) and (22) allow one to estimate all parameters
of a stationary cathode spot for a given near-cathode voltage
drop U provided that the characteristics of the near-cathode
plasma layer for this U have been computed. Current–voltage
characteristics of spots on copper cathodes for three values of
the temperature of the cathode surface outside spots are shown
in Fig. 7(a). Also shown are the g-factor and the parameter αw
(both evaluated for Tw = T∗). One can see that U decreases
with increasing I and T∞; however, both dependences are
weak. Roughly speaking, for the spot current of several tens
of amperes, U is around 15−20 V. (For example, for I = 50 A,
the voltage drop is 19.5 V for T∞ = 500 K, 16 V for
T∞ = 1000 K, and 14 V for T∞ = 1500 K). The g-factor
is within the range 12–32 μgC−1. (The g-factor in this paper

refers to the erosion due to the flux of ions leaving the near-
cathode layer for the bulk plasma; the erosion due to formation
of macroparticles is not considered. Note that experimen-
tal values of ion erosion rate for copper are in the range
33–39 μg/C [46, p. 157].) The temperature at the spot edge,
T∗, varies from 4180 to 4130 K; note that these values
correspond to U = 15 V and U = 20 V, respectively.
The maximum temperature at the center of the spot, T2, is
4420 K (for all U from the range considered). The spot radius
varies between approximately 25 and 70 μm for I in the
current range from 20 to 80 A, the electron temperature in
the near-cathode layer is between 2 and 4 eV, and the electric
field at the cathode surface is around 2.4 × 109 Vm−1. While
these values are not intended for a quantitative comparison
with the experiment, it is worth noting that they fit into the
usual range of parameters of macrospots, or group spots; e.g.,
review [68]. Parameter αw is much larger than unity, which
is an indication that ionization of evaporated atoms inside the
spot occurs mostly in the space-charge sheath.

Results of calculations of spots on chromium cathodes are
shown in Fig. 7(b). One can see that comparable values of
the near-cathode voltage drop occur on chromium cathodes
for significantly lower currents than those on copper cathodes.
The radius of spots on chromium is 3–11 μm, the g-factor is
4–7 μgC−1, the electron temperature in the near-cathode layer
and the electric field at the cathode surface are similar to those
for copper, and the parameter αw is still bigger than for copper.

The above-described significant difference in the spot cur-
rent and radius of spots on copper and chromium, which has
been found by means of an approximate analytical treatment,
is confirmed by an accurate 2-D modeling of stationary spots
[55]. A detailed analysis of this difference is given in [55]; here
we only note that it is due in the first place to a significantly
higher thermal conductivity of copper.

The above results on individual spots may be used for
qualitative analysis of spots on contacts made of composite
CuCr material in the case where the chromium grains are large,
say of characteristic dimensions of 20 μm or higher. Then
there are independent spots burning on the copper matrix and
the chromium grains, and these spots operate in parallel, i.e.,
at the same value of the near-cathode voltage. The current
per spot on copper is of several tens of amperes, and that
on chromium is of the order of one or a few amperes. If
one assumes that the distribution of spots over the electrode
surface (i.e., the number of spots per unit area of the surface
of the contact) does not vary much from copper to chromium,
then the ratio of ion erosion rates of chromium and copper
surfaces may be estimated as GCr/GCu = ICrgCr/ICugCu,
where ICr, gCr, and ICu, gCu are current per spot and g-factor
of spots on chromium and copper, respectively. One can see
from Fig. 7 that ICrgCr/ICugCu is of order of 10−2. Hence,
GCu, which is the rate of ion erosion of copper per unit surface
area and unit time, exceeds GCr, which is the rate of erosion
of chromium, by two orders of magnitude. Note that these
conclusions conform to results of space-resolved numerical
modeling [55].

It should be noted that, because of the low current, small
diameter, and low erosion rate, spots on chromium should be
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Fig. 7. Current–voltage characteristics (solid), g-factor (dashed), and
parameter αw (dotted). (a) Cu cathodes. (b) Cr cathodes.

much dimmer than those on copper. Hence, it is likely that
the spots on chromium are overlooked in many experiments
on composite cathodes. On the other hand, high-resolution
photographs of high-current arcs between copper-chromium
contacts taken at exposure times of 2 μs [69]–[71] revealed
cathode spots with the average current of 45 A similar to those
on pure copper cathodes, as well as very small and dim spots.
It is legitimate to identify the small spots with the spots on
chromium, as predicted by the above theoretical treatment.

V. CONCLUSION

A model of near-cathode layers in vacuum arcs has been
developed. The model relies on a numerical solution of the
problem of near-cathode space-charge sheath with ionization
of atoms emitted by the cathode surface. It allows the self-
consistent determination of all parameters of the near-cathode
layer, including the ion backflow coefficient, as functions
of the local surface temperature Tw and the near-cathode
voltage drop U . Evaluation results were given for copper and
chromium cathodes.

The dependence of the density of energy flux from the
plasma to the cathode surface on Tw was shown to be non-
monotonic with a maximum, in agreement with the previous
result [31]. This feature stems from the fact that the ion heating
of the cathode grows faster than the electron emission cooling

at lower Tw , and vice versa at higher Tw. It is characteristic
also of near-cathode layers in arcs in ambient gas. This feature
is very important theoretically and suggests that spots on
cathodes of vacuum arcs may appear as a result of thermal
instability developing in the cathode body and that stationary
regimes of cathode spots in vacuum arcs are possible as far
as thermal instability is concerned, similar to what happens in
the theory of cathode spots in arcs in ambient gas.

The developed model of near-cathode layers in vacuum
arcs may be used for a variety of purposes, including as
a module of complex nonstationary 2-D and 3-D numerical
models of plasma–cathode interactions. As a simple example,
an analytical evaluation of parameters of stationary spots on
copper and chromium was performed in this paper. Of course,
the analytical approach has its limitations and is not intended
for a quantitative comparison with the experiment; however,
it provides a useful insight which, as it will be shown in [55]
and a forthcoming paper, is helpful in understanding results
of complex 2D numerical modeling, both stationary and non-
stationary. Spot parameters given by this model fit in the range
of parameters of macrospots available in the literature.

Results of investigation of individual spots on copper and
chromium may be used for qualitative analysis of spots on
contacts made of composite CuCr material in the case where
the chromium grains are large. There are spots with currents of
several tens of amperes burning on the copper matrix, which
coexist with spots with currents of the order of one or a few
amperes burning on the chromium grains. The rate of ion
erosion of copper per unit area and unit time exceeds the rate
of erosion of chromium by two orders of magnitude. It should
be emphasized that these conclusions conform to results of
space-resolved numerical modeling [55].
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