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Abstract

Numerical modelling of near-anode layers in arc discharges in several gases (Ar, Xe,
and Hg) is performed in a wide range of current densities, anode surface temperatures, and
plasma pressures. It is shown that the density of energy flux to the anode is only weakly
affected by the anode surface temperature and varies linearly with the current density.
This allows one to interpret the results in terms of anode heating voltage (volt equivalent
of the heat flux to the anode). The computed data may be useful in different ways. An
example considered in this work concerns the evaluation of thermal regime of anodes in the
shape of a thin rod operating in the diffuse mode. Invoking the model of nonlinear surface
heating for cathodes, one obtains a simple and free of empirical parameters model of thin
rod electrodes applicable to dc and ac high-pressure arcs provided that no anode spots
are present. The model is applied to a variety of experiments reported in the literature
and a good agreement with the experimental data found.
Keywords: high-pressure arcs, near-electrode phenomena, arc-electrode interaction

1 Introduction

The interest in the modelling of plasma-electrode interaction in high-pressure arc discharges has
significantly increased in the last couple of years [1—12]. Models of various levels of complexity
have been developed for the plasma-cathode interaction. A comparison [2] has shown that in
many situations one can use the so-called model of nonlinear surface heating, which is simple,
may be readily applied to electrodes of complex shapes, and is ready for use for a wide range of
plasma-producing gases and cathode materials. Plasma-anode interaction has been studied by
means of complex numerical modelling; e.g., [4, 5, 13—16]. On the other hand, it is desirable to
have also a simplified model of plasma-anode interaction, which could facilitate the development
of fast and robust simulation tools for applications.
In this connection, one of the objectives of this work is to theoretically validate the concept

of volt equivalent of the heat flux to the anode, which is also called anode heating voltage. This
quantity is derived from a modelling of near-anode layers in arc discharges in several gases in
a wide range of current densities, anode surface temperatures, and plasma pressures.
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The computed values of the anode heating voltage may be used in various ways. As an
example, in this work these values are employed in order to complete the approximate model
of thin rod anodes proposed in [17, 18] and to obtain, with the use of the model of nonlinear
surface heating for cathodes, a simple and free of empirical parameters model of rod electrodes
applicable to dc and ac high-pressure arcs in cases where no anode spots are present. The model
is applied to conditions of various experiments reported in the literature and a good agreement
found. The latter may be considered as an experimental validation of both the approach and
the computed values of the anode heating voltage. This allows one to employ these values
for analysis of interaction of high-pressure plasmas with anodes in other situations, e.g., for
simulation of interaction of an LTE arc plasma with a planar water-cooled anode as was done
in [19].
The outline of the paper is as follows. In section 2, results of calculation of the energy flux

to anodes are reported for plasmas of high-pressure arc discharges in Ar, Xe, and Hg arc in
a wide range of current densities, anode surface temperatures, and plasma pressures, and are
interpreted in terms of anode heating voltage. Application to rod electrodes of high-pressure
arcs is considered in section 3. Conclusions are summarized in section 4.

2 Volt equivalent of the heat flux to the anodes of high-
pressure arc discharges

The concept of volt equivalent of the heat flux to electrode is a popular tool for approximate
analysis of plasma-electrode interaction in high-pressure arc discharges; e.g., [20] and references
therein and [21] as a more recent example. This concept is based on the assumption that the
power input Q from the plasma to the electrode is proportional to the arc current I:

Q = IUh, (1)

where the proportionality coeffi cient Uh (the electrode heating voltage, or volt equivalent of the
heat flux to the electrode) may depend on the plasma-producing gas and its pressure and on
the electrode material. Assuming that Uh is known, one can estimate the integral power input
from the plasma to the electrode for any given arc current.
A straightforward way to theoretically validate the concept of electrode heating voltage

is to analyze results of the unified numerical modelling, where the whole near-electrode layer
is described by the single set of equations, including the Poisson equation, without apriori
dividing the layer into quasi-neutral plasma and space-charge sheath. Such modelling has been
performed in two dimensions in space in the recent work [22] for a low-current gliding arc.
For strongly ionized plasmas of high-current arcs, such modelling has been performed in one
dimension in space up to now [4, 12, 13, 23], which is justified by the near-electrode layer
being thin. An example of results of such modelling for the case of cathode is depicted by the
solid line in figure 1. The modelling in this example includes solving the equations describing
the near-cathode layer jointly with the thermal-conduction equation in the cathode body as
described in section 3 of [2]. The lateral surface of the cathode is assumed to be electrically
and thermally insulated in these simulations, therefore the temperature distribution inside the
cathode varies only in the axial direction and all parameters are constant along the cathode
surface. The assumption (1) in this example is equivalent to

q = jUh, (2)
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where q and j are the densities of energy flux and electric current from the plasma to the
electrode. However, figure 1 clearly shows that there is no proportionality between q and j in
any meaningful sense. Hence, the concept of volt equivalent of the heat flux to the electrode is
not applicable to the case of cathode.
Results of the unified numerical modelling of near-anode layers of atmospheric-pressure

arc discharges are shown in figure 2 for three plasma-producing gases (Ar, Xe, and Hg). In
contrast to the modelling shown in figure 1, the one shown in figure 2 did not include solving the
thermal-conduction equation inside the electrode body, therefore the anode surface temperature
Tw needed to be specified as an input parameter and was varied in a wide range. One can see
that the approximation (2) is quite reasonable in the case of anodes. The energy flux density
and, therefore, the value of Uh are virtually independent of the anode temperature.
Beyond the 1D case, the temperature of the anode surface differs substantially from one

point of arc attachment to the other (in contrast to the case of the cathode). Furthermore, the
anode temperature varies strongly with the arc current, again in contrast to the case of the
cathode. Since, however, the computed anode heating is independent of the anode temperature
as mentioned above, equation (2) gives rise to equation (1) and the concept of volt equivalent
of the heat flux to the electrode is theoretically justified in the case of anode.
Values of the anode heating voltage Uh for Ar, Xe, and Hg under atmospheric pressure are

close to each other and equal to approximately 6.1. Results of similar simulations for different
plasma pressures p are summarized in table 1. (We note for accuracy that the values of Uh for
p = 10 and 100 bar have been derived from simulations performed for Th = 1500, 2500, 3500K,
since pressures above 1 bar are of interest primarily in connection with high-intensity discharge
lamps, which usually operate with hot electrodes.) One can see that Uh is virtually independent
of plasma pressure for Xe in the whole range p = 1−100 bar. The anode heating voltage for Ar
is virtually independent of p in the range p = 1− 10 bar and weakly increases with an increase
in p in the range p = 10 − 100 bar. For Hg, Uh weakly increases with an increase in p in the
range p = 1−10 bar; the increase of Uh with p in the range p = 10−100 bar is more appreciable,
although still not very strong.
Note that the data given in table 1 have been derived from simulations performed in the

range of current densities j up to 107Am−2, as seen in figure 2. This range is appropriate
for most applications; for example, the computed maximum value of current density at the
surface of a planar copper anode of a 200A atmospheric-pressure Ar arc is about (1.25− 1.6)×
106Am−2 depending on the model [6, 19]. On the other hand, the current density on anodes of
very-high pressure high-intensity discharge lamps may reach values of several times 107Am−2

[13]. In this connection, the energy flux densities in the current density range of up to 108Am−2

are shown in figure 3 for Xe and Hg, which are the usual buffer gases in high-intensity discharge
lamps, at p = 100 bar. One can see that the approximation (2) remains applicable with the
values of Uh which are virtually independent of Tw and equal 5.7V for Xe and 7.1V for Hg.
Note that the latter values are different from those obtained for the current density range
j ≤ 107Am−2, which are given in the last column of table 1.
A similar unified modelling of near-anode layers of very high-pressure xenon and mercury

arcs, reported in [13] for the electrode temperature range 2000 − 3500K, the plasma pressure
range 50 − 200 bar, and the current densities of 107 and 108Am−2, gave Uh in the range
5.6 − 5.8V for xenon and and 6.7 − 9.4V for mercury. (Note that the anode heating voltage
was determined in [13] for each value of j as the value of the ratio q/j, rather than by fitting the
dependence q (j) in a wide range of j as in this work. Therefore, the values of Uh of this work
are not exactly the same as the corresponding values reported in [13].) A model of ablating
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graphite anode of a 79 kPa helium arc, developed in [5], has shown that the anode heating
voltage is virtually independent of the ablation rate, provided that this rate is not high, and is
about 6V.
The assumption (1) for the case of anode is supported also by experimental data. In

particular, the experiments [24], performed with tungsten rod electrodes of different dimensions
in a 2.6 bar Ar arc, are well described by the relation (1) with Uh = 6.24V [25]. The latter
value is close to 6.1V, which is the value obtained by the linear interpolation over p of the
corresponding data in table 1. A similar linear behavior was found for a tungsten anode
operating in a xenon plasma under the pressure of about 100 bar [13], with Uh about 5.4V.
Again, this is close to the corresponding computed value given in table 1 (5.9V).
Thus, the concept of electrode heating in the case of anodes conforms to both experiment

and the modelling.
Note that current transfer across the near-anode layer of a high-pressure arc is a complex

phenomenon involving a number of different mechanisms. Contributions of different mecha-
nisms to the energy flux to the anode have been analyzed in [13]; cf. equations (8) and (10) of
[13]. The biggest single contribution is given by condensation of electrons at the anode surface.
The linear approximation (2), while being reasonable, is nevertheless only an approximation,
as is clearly seen from figure 2b and is attested by the above-mentioned difference in the values
of Uh obtained in the different current density ranges for Xe and Hg at p = 100 bar. Note
also that the concept of anode heating voltage may become inapplicable in cases where current
transfer to the anode is affected by a cathode jet; e.g., [26].
The modelling allows one to compute the anode heating voltage Uh in a self-consistent way

for a wide range of conditions without invoking empirical data. In particular, the computed
values of the anode heating voltage for Ar, Xe, and Hg may be taken from table 1 and figure 3.
The only parameter of the anode material used in the simulations is the work function, which
was set equal to 4.5 eV (work function of tungsten and copper; the metals most frequently
used). If there is a need to re-scale the heating voltage to an anode material with a different
(say, lower) work function, the natural first guess will be to subtract the difference of the work
functions from the value of Uh computed in this work.

3 Modelling rod electrodes of dc and ac arc discharges

Knowing the anode heating voltage, one can evaluate the power input from the plasma to the
anode for a given arc current. In the particular case of anodes having the shape of a thin rod,
which are used in high-intensity discharge lamps, and a diffuse current transfer, this information
is suffi cient to approximately determine the thermal regime of the anode. The procedure is as
follows. The distribution of temperature T inside the body of an electrode, anode or cathode,
and at its surface is governed by the thermal-conduction equation,

ρcp
∂T

∂t
= ∇ · (κ∇T ) . (3)

Here t is time, ρ, cp and κ are, respectively, mass density, specific heat, and thermal conductivity
of the electrode material. The Joule heating inside the electrode body is not essential in most
cases and is not taken into account.
The boundary condition for equation (3) at the base of the electrode is governed by the

particular experimental arrangement and should be specified case-by-case. The boundary con-
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dition at the top and lateral surfaces of the electrode is written as

κ
∂T

∂n
= q, (4)

where n is the external normal to the electrode surface and q is the density of net energy
flux from the plasma to the electrode (which describes all the mechanisms of energy exchange
between the plasma and the electrode, including cooling of the electrode by radiation and, in
the case of cathode, by electron emission).
If the electrode operates as an anode (anode of a dc arc or an electrode of an ac arc during

the anodic phase), one can evaluate, by means of equation (1), the total power input from the
plasma to the anode, i.e., the integral of function q over the anode surface for a given I. In the
general case, this information is not suffi cient to determine thermal regime of the anode: one
needs to know the power distribution over the anode surface (i.e., function q). However, an
exception exists: if the anode has the shape of a thin rod and operates in the diffuse mode, then
its thermal regime is not appreciably affected by the way in which the current is distributed
over the anode top. For example, one can assume, following [17], that the arc current and
the power input are localized at the front surface of the anode and distributed in a uniform
way over this surface. In other words, one can find thermal regime of the anode by solving
equation (3) with the boundary condition (4), assuming that the function q is constant at the
front surface of the anode and vanishes at the lateral surface.
In this way, one obtains a closed thermal model of thin rod anodes of high-pressure arcs,

operating in the diffuse mode. The model does not contain empirical parameters and is simple
and easy to implement.
In order to compute ac regimes, the above anode model should be combined with a simple

model for cathodes. The concept of volt equivalent of the heat flux to the electrode is not
applicable to the case of cathode. However, one can resort to the model of nonlinear surface
heating, which is computationally simple enough. (For example, the model of nonlinear surface
heating is implemented in the Internet tool [27] for rod cathodes of dc arcs, which simulates in
an automated way the diffuse mode of current transfer and modes with axially symmetric spots
for a wide range of plasma-producing gases and cathode materials.) This model does not rely on
arbitrary assumptions, is self-consistent, and has been validated by extensive comparison with
the experiment and more complex models; e.g., [2, 28, 29]. An example of such comparison
is seen in figure 1, where results of simulations by means of the model of nonlinear surface
heating are depicted by the dotted line. One can see that the dependence q (j) computed by
means of the model of nonlinear surface heating is in a good agreement with the one given by
the unified modelling; a conclusion which applies also to other integral characteristics of the
plasma-cathode interaction [2].
It is of interest to compare the above-described model for the anodes and the model of

nonlinear surface heating from the methodological point of view. The model of nonlinear
surface heating exploits the fact that a significant electric power is deposited by the arc power
supply into the near-cathode layer. Power deposited into the near-anode layer is not significant
and may be even negative, which is why the model of nonlinear surface heating is not applicable
to anodes. In the framework of the model of nonlinear surface heating, the rhs of the boundary
condition (4) is evaluated as a function not of the position on the electrode surface, as in the
case of anodes, but rather of the value of the local temperature Tw. More precisely, q and j
the density of electric current from the plasma to the cathode surface are computed by means
of a suitable model of near-cathode layer as functions of Tw and the near-cathode voltage drop
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U : q = q(Tw, U), j = j(Tw, U). It should be stressed that, although distributions of densities
of the energy flux and electric current over the cathode surface remain unknown at this stage,
knowing the function q = q(Tw, U) is suffi cient for solving the equation (3) with the boundary
condition (4) for U given. After this equation has been solved, one will be able to evaluate
the distributions of densities of the energy flux and electric current over the cathode surface
in terms of the functions q(Tw, U) and j(Tw, U) and the computed distribution of the cathode
surface temperature Tw. This is in contrast to the model for the anodes, where the current and
energy flux distribution over the electrode surface is assumed rather than computed.
Let us proceed to comparison with the available experimental data on rod electrodes operat-

ing in anode and ac regimes. Results for the cathode regime are also included for completeness.
The modelling has been performed for tungsten electrodes of argon, mercury, and xenon arcs.
Data on thermal conductivity and emissivity of tungsten have been taken from [30] and [31],
respectively; parameters of the near-cathode plasma layer have been computed by means of the
model summarized in [32].
Figure 4 shows the dependence of the anode tip temperature on the arc current in a dc

arc in the 2.6 bar-argon plasma under conditions of the experiment [24]. The temperature at
the base of the electrode was set equal to 300K and calculations have been performed with
Uh = 6.1V, which is the value obtained by the linear interpolation over p of the corresponding
data in table 1. Solid lines in figure 4 depict the simulations performed with the arc current
uniformly distributed over the front surface of the anode. Dashed lines refer to the modelling
with the arc current being uniformly distributed over the front surface and an adjacent part of
the lateral surface of height equal to the electrode radius. The solid and dashed lines are quite
close; a proof that thermal regime of thin rod anodes is not appreciably affected by the way in
which the current is distributed over the anode top.
Also shown in figure 4 are experimental data [24]. The agreement between the calculation

results and experimental data is reasonably good. Note that the accuracy of the model should
be approximately the same for all the electrodes that the figure refers to, which is proved by
the proximity of the solid and dashed lines. Hence, a better agreement seen in figure 4 for
electrodes of smaller diameters can hardly be attributed to a higher accuracy of the model for
such electrodes; it may be just a coincidence or maybe even an indication of a somewhat higher
error of the experiment for wider electrodes.
Figure 5 shows the computed tip temperature of a rod electrode of a dc 2.6 bar-argon arc

under conditions of the experiments [24, 33], operating in the anode and cathode regimes. Also
shown are experimental data. The agreement between the modelling and the experiment is
good.
Results of simulations of electrodes of a 2.6 bar-argon arc powered by switched dc (square-

wave) current under conditions of the experiment [34] are shown in figure 6. The temperature
at the base of the electrode was set equal to 300K and calculations of the anodic phase have
been performed with Uh = 6.1V as above. The anode voltage drop, which has to be specified
in order to evaluate the electrode sheath voltage, was set equal to 4V according to [24]. (We
remind that the model computes the cathode voltage drop, but not the anode one.) Also shown
are the experimental data. The agreement between the modelling and the experiment is good.
The above-mentioned value of 4V for the anode fall was reported in [24] for dc arcs with

anodes of radii of 0.3, 0.5, and 0.75mm in the arc current range 2−4A. On the other hand, the
measurements [34] have shown that the anode fall for ac arcs under comparable conditions varies
only marginally during the half-cycle and is almost independent of the arc current; however
the quantitative result was different: 2V. If the latter value is used, the absolute values of the
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computed electrode sheath voltage in figure 6 will be reduced by 2V and the agreement with
the experiment will be more or less the same.
Results of simulations of electrodes of a 17 bar-mercury arc powered by a switched dc current

under conditions of the experiment [18] are shown in figure 7. There is not enough information
on the electrode cooling arrangement in [18], so a fixed temperature of 1000K was assumed
at 10mm from the electrode tip. Calculations of the anodic phase have been performed with
Uh = 7V, which is the value obtained by the linear interpolation over p of the corresponding
data in table 1. The agreement between the modelling and the experiment is good.
Figure 8 shows the calculated power input from a 100 bar-xenon dc arc into the electrodes

operating in the anode and cathode regimes under conditions of the experiment [13]. The
geometry of the electrode in the modelling was the one shown in figure 4 of [13]; roughly
speaking, the electrode was a rod of radius of 0.2mm and height of 2mm with a hemispherical
tip. Thermal measurements reported in [13] indicated that the temperature and energy flux at
the base of the electrode obey the relation T = 300πR2κ ∂T/∂z + 800 (in SI units; the z-axis
is directed along the electrode axis from the base to the tip, R is the radius of the base of the
electrode). This relation was used as a boundary condition in the modelling. While simulating
the anode regime, it was assumed that Uh = 5.9V, which is the corresponding value from table
1, and that the current is collected by, and uniformly distributed over, the hemispherical tip.
Two axially symmetric solutions have been found in the calculations performed for the

cathode regime. One of these solutions describes the diffuse mode and exists for all currents.
The other solution describes the spot mode, exists for I . 0.8A, and comprises two branches
separated by a turning point: the high- and low-voltage branches, with the high-voltage branch
being associated with a slightly higher voltage and a hotter spot. Note that the power input from
the power supply into the near-cathode region is higher on the high-voltage branch, however,
a part of this power transported by the electron current into the bulk is higher as well, so the
power input into the cathode is lower as seen in figure 8b. The theory [35, 36] predicts that the
low-voltage branch is unstable, the high-voltage branch is stable and therefore should occur in
the experiment.
Also shown in figure 8 are experimental data [13]. When the electrode operated as anode,

the current transfer occurred in the diffuse mode in the whole current range investigated in
the experiment. When the electrode operated as cathode, current transfer occurred in the spot
mode for low currents, I . 0.8A, and the diffuse mode for higher currents, I & 0.9A.
The agreement between the modelling and the experiment is good in figure 8. In particular,

the measurements are in agreement with the theoretical prediction that it is the high-voltage
branch that occurs in the experiment. The switching from the spot mode to the diffuse mode
on the cathode is accompanied by a noticeable increase in the power input; a feature well known
from both experiment and modelling (e.g., [17, 28]).

4 Concluding remarks

Two simple approaches to simulation of electrodes of high-pressure arc discharges are described
in the literature: the so-called model of nonlinear surface heating and the approximate model
based on the concept of electrode heating voltage (volt equivalent of heat flux). The model of
nonlinear surface heating exploits the fact that a significant electric power is deposited by the
arc power supply into the near-cathode layer. Power deposited into the near-anode layer is not
significant and may be even negative, therefore the model of nonlinear surface heating, while
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being applicable to cathodes, does not apply to anodes. In contrast, the concept of electrode
heating voltage is not applicable to cathodes (there is no proportionality between the energy
flux from the arc to a cathode and the arc current in any meaningful sense), however represents
a good approximation for anodes.
In this work, unified modelling of near-anode layers of high-pressure arc discharges is per-

formed for three plasma-producing gases (Ar, Xe, and Hg) in a wide range of current densities,
anode surface temperatures, and plasma pressures. It is shown that the density of energy flux
to the anode is virtually independent of the anode surface temperature and varies linearly with
the current density; a result that represents a theoretical justification of the concept of anode
heating voltage. The computed values of the anode heating voltage are summarized in table 1.
The computed data may be useful in different ways. In particular, these data allow one to

evaluate thermal regime of the anode in the shape of a thin rod operating in the diffuse mode.
Invoking the model of nonlinear surface heating for cathodes, one obtains a simple and free of
empirical parameters model of thin rod electrodes applicable to dc and ac high-pressure arcs
in cases where no anode spots are present.
A model obtained in this way gives results in agreement with the available experimental

data. This agreement may be considered as an experimental validation of both the model
and the computed values of the anode heating voltage for conditions of thin rod electrodes
of low-currents arcs, which are typical of high-intensity discharge lamps and to which the
available experimental data, treated in this work, refer. On the other hand, the anode heating
voltage does not depend on the shape of the anode being considered. Therefore, the computed
values of the anode heating voltage may be used for analysis of arc plasma-anode interaction
in other situations. In particular, in [19] these data are used for simulation of interaction of
an atmospheric-pressure argon arc with the arc current 20 to 200A, described in the LTE
approximation, with a planar water-cooled copper anode.
Acknowledgments The work was supported by FCT - Fundação para a Ciência e a Tec-
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Hg 6.1 6.8 9.5

Table 1. Computed anode heating voltage.
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Figure 1. Density of energy flux from the plasma to the cathode of atmospheric-pressure arc
discharge in argon. Cylindrical tungsten cathode with an insulating lateral surface, height of
10mm, and the room temperature at the base. Solid: the unified modelling (the code [23]).
Dotted: the model of nonlinear surface heating (the Internet tool [27]).
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Figure 2. Density of energy flux from the plasma to the anode of arc discharges in atmospheric-
pressure gases for different values of the anode surface temperature. Points: the unified mod-
elling of near-anode layers (the code [13]). Line: dependence q = jUh with Uh = 6.1V.
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Figure 3. Density of energy flux from the plasma to the anode of arc discharge in 100 bar Xe
and Hg in a wide range of current densities. Points: the unified modelling of near-anode layers
(the code [13]). Line: dependence q = jUh with Uh equal to 5.7V (a) and 7.1V (b).
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Figure 4. Tip temperature of rod tungsten anodes of height of 20mm and variable radii R.
Dc 2.6 bar-argon arc with a diffuse anode attachment. Solid, dashed: modelling. Points:
experiment [24].
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Figure 5. Tip temperature of a rod tungsten electrode of radius of 0.5mm and height of
20mm. Dc 2.6 bar-argon arc with diffuse electrode attachments. Solid: anode, modelling.
Circles: anode, experiment [24]. Dashed: cathode, modelling. Triangles: cathode, experiment
[33].
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Figure 6. Solid: electrode sheath voltage, modelling. Dotted: electrode sheath voltage, exper-
iment [34]. Dashed: tip temperature, modelling. Tungsten electrode of radius of 0.5mm and
height of 20mm, 2.6 bar-argon arc, switched dc current of amplitude of 4.24A and frequency
of 50Hz.
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Figure 7. Tip temperature of a rod tungsten electrode of radius of 0.18mm and height of
10mm. 17 bar-mercury arc, switched dc current of different amplitudes and frequency of 100Hz.
Dashed: modelling. Solid: experiment [18].
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Figure 8. Power input to the rod anode (a) and cathode (b) of a dc 100 bar-xenon arc. Solid:
diffuse mode, modelling. Circles: diffuse mode, experiment [13]. Dashed: modelling, the high-
voltage branch of the spot mode. Dotted: modelling, the low-voltage branch of the spot mode.
Triangles: spot mode, experiment [13].
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