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Resumo

A estabilidade de diferentes modos estacionários de transferência de corrente para cáto-
dos de arco a alta pressão e de diferentes modos estacionários axialmente simétricos de
transferência de corrente em descargas luminescentes em relação a pequenas perturbações
é investigada no âmbito da teoria da estabilidade linear. O problema de valores próprios
para as perturbações é resolvido através do software COMSOL Multiphysics. Na descarga
de arco, verificou-se que apenas o modo difuso e o primeiro modo mancha 3D podem ser
estáveis. A transição entre os dois modos é não-estacionária e acompanhada por histerese.
Na descarga luminescente, as variações dos incrementos das perturbações com a corrente
são investigadas para o caso 1D e para diferentes modos axialmente simétricos. Incrementos
reais e complexos foram detectados, o que significa que as perturbações podem variar com
o tempo tanto monotonicamente como com oscilações. Em geral, os resultados fornecidos
pela teoria da estabilidade linear confirmam os conceitos intuitivos desenvolvidos na liter-
atura e estão em conformidade com as experiências. A teoria também fornece sugestões
para trabalhos teóricos e experimentais. As bifurcações encontradas durante a modulação
numérica da transferência de corrente para os cátodos de arco a alta pressão e em descar-
gas luminescentes são analisadas. Todos os tipos básicos de bifurcações estacionárias foram
identificados e analisados. A análise fornece explicações para muitos dos resultados obtidos
na modulação numérica. Em particular, é mostrado que mudanças dramáticas dos padrões
de transferência de corrente para ambos os cátodos das descargas luminescente e de arco
ocorrem por meio de perturbações de bifurcações transcríticas de contato de primeira e
segunda ordem. No caso da descarga de arco, o efeito da geometria do cátodo e da temper-
atura de arrefecimento sobre a estabilidade foi estudado. Verificou-se que as mudanças dos
padrões dos modos estacionários ocorrem devido a uma interação entre auto-organização e
fatores geométricos.
Palavras-chave: descarga de arco a alta pressão, descarga luminescente, manchas catódicas,

auto-organização, estabilidade, bifurcações.
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Abstract

Stability of different steady-state modes of current transfer to cathodes of DC high-
pressure arcs and of different axially symmetric modes of current transfer of DC glow dis-
charges against small perturbations is investigated in the framework of the linear stability
theory. The eigenvalue problem for perturbations is solved with the use of software COM-
SOL Multiphysics. For the arc discharge, it was found that only the diffuse mode and the
first 3D spot mode can be stable. The transition between the two modes is non-stationary
and accompanied by hysteresis. For the glow discharge, variations of the increments of per-
turbations with discharge current are investigated for the 1D glow discharge and different
modes of axially symmetric glow discharge. Both real and complex increments have been
detected, meaning that perturbations can vary with time both monotonically and with
oscillations. In general, results given by the linear stability theory confirm intuitive con-
cepts developed in the literature and conform to the experiment. On the other hand, the
theory provides suggestions for further experimental and theoretical work. Bifurcations
encountered in numerical modelling of current transfer to cathodes of DC high-pressure
arcs and of DC glow discharges are analyzed. All basic types of steady-state bifurcations
(fold, transcritical, pitchfork) have been identified and analyzed. The analysis provides
explanations to many results obtained in numerical modelling. In particular, it is shown
that dramatic changes of patterns of current transfer to cathodes of both glow and arc
discharges, described by numerical modelling, occur through perturbed transcritical bi-
furcations of first and second order contact. For the case of the arc discharge, effect over
stability of cathode geometry and temperature of cooling was studied. It was found that
changes of patterns of the steady-state modes occur due to interplay of self-organization
and geometric factors.
Keywords: high-pressure arc discharge, glow discharge, cathode spots, self-organization,

stability, bifurcations.
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Chapter 1

Introduction

1.1 Concept of self-organization in complex dissipa-

tive systems

Spontaneous formation of well organized structures in complex systems (systems in-

volving a large number of interactions between its various subunits) is a fascinating phe-

nomenon. These structures are found in a wide spectrum of disciplines ranging from math-

ematics to physics to computer science to sociology. As examples of these phenomena one

can mention the formation of stars, the evolution of species to more complex levels, the

evolution of financial markets and the emergence of new words.

According to Haken [1], a system is self-organized if it acquired a spatial, temporal or

functional structure without specific correlation to the environment, i.e., if the structure is

not imposed from outside. In order to explain the meaning of the last words, let us turn

to an example from gas discharge physics which is relevant to this work: cathodes of high-

pressure arc discharges can operate in the diffuse mode, where the current is more or less

uniformly distributed over the front surface of the cathode, and in the spot mode, where

the most of the current is collected by a small area (cathode spot). Cathode spots can

be provoked by non-uniformities of geometrical and/or physical properties of the current-

collecting surface, such as the presence of protrusions or areas with a reduced work function.

However, they can occur also on uniform cathodes, and such cases should be treated as

self-organization.

Let us consider, following Nicolis and Prigogine [2], an example of a pan with liquid

being heated from below. While the temperature gradient remains low, the heat spreads

through the liquid by conduction. As the temperature of the bottom of the pan increases,

convection cells arise spontaneously at a certain value of the temperature gradient. One

could say that the mode without convection is unstable and the system jumped to another

mode. Note that the mode without convection includes the state where the pan is cold,

i.e., the equilibrium state which occurs when the system (the pan) is isolated. In [2], this
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mode is called the thermodynamic branch. The mode with convection cells results from a

self-organization of the system as a response to a change in its environment; a self-organized

mode, or a mode with dissipative structures.

Let us analyze the previous example from another perspective. One can think that

there are always small convection currents (fluctuations or spontaneous perturbations) in

the system considered. Below a certain value of the temperature gradient, these fluctuations

are damped and disappear. On the contrary, above the critical value of the temperature

gradient the fluctuations are amplified and give rise to macroscopic currents, i.e., the system

self-organizes itself.

Nicolis and Prigogine [2] generalize this example as follows. Let us suppose that an

external force takes a system away from the equilibrium state. Two situations can occur:

the thermodynamic branch may either persist or, if appropriate feedback conditions appear,

become unstable. In the latter case, the system evolves to a new structure radically different

from the structure of the thermodynamic branch: a self-organized mode.

Note, however, that self-organization can occur when the external force is low enough,

instead of high enough. In the above-mentioned example of cathodes of high-pressure arc

discharges the diffuse mode occurs at high values of the discharge current and the spot mode

occurs at low values. It is natural to consider the spot mode as self-organized, however one

would not term the diffuse mode the thermodynamic branch since it does not include the

zero-current state, which represents the equilibrium state of an isolated discharge system.

In fact, the term “thermodynamic branch”, introduced by Nicolis and Prigogine, seems not

to have gained wide recognition. In this work, the terms “diffuse mode”or “fundamental

mode”are used.

Self-organization in complex systems can be studied by means of different tools. A

natural approach to solving the problem of the appearance of self-organization is to invoke

the bifurcation theory. This theory studies the appearance of new solutions of differential

equations when control parameters (parameters on which the system depends) vary. Points

where new solutions arise are called bifurcation points or critical points. The bifurcation

theory usually gives qualitative information on behavior of emerging solutions in the vicinity

of the bifurcation points. In some cases, the asymptotic behavior may be found analytically.

Concepts of bifurcation theory are extensively used in this dissertation. Since this theory

is not a tool of everyday use in the gas discharge physics, a brief summary of relevant

information from this theory for convenience is given in appendix B.

Stability theory is another common tool for investigation of self-organization in complex

systems. The formalism of stability theory is well-known and may be briefly described as

follows. Consider a set of differential equations describing temporal evolution of a system.

Assume that u(t) is a solution of this system of equations, where t is time, and that it is

uniquely determined by values at the initial instant. What happens to the trajectory u(t)

if the initial conditions are not exactly the same as considered? Intuitively we can say that
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the trajectory u(t) is stable if trajectories that are close to u(t) at the initial moment will

remain close to it at all subsequent moments. Otherwise, u(t) is unstable.

There are two different approaches in the stability theory: stability can be studied using

the local criterion (linear stability analysis) or the global criterion. In the first approach,

the study is done considering a new solution which represents the sum of the solution

under investigation and of a small perturbation dependent on time, which describes an

external perturbation or an internal fluctuation. This new solution is substituted into the

system of equations and initial and/or boundary conditions and the problem is linearized

with respect to the perturbation. After the (linear) problem for perturbations has been

solved, the evolution of perturbations with time is analyzed. Thus, times of relaxation or

development of perturbations are obtained. In the second approach, stability is analyzed

based on Lyapunov function.

The catastrophe theory is based on calculation of potential functions associated with

forces acting in the system under consideration. An analysis of the points where the first

derivative of the potential function is zero is made. Depending on the sign of the second

derivative, these points can be stable (minimum of the potential function), unstable (max-

imum) or neutrally stable (inflection point). If (some of) the parameters of the potential

function change, it may happen that the number of minima changes. If this change occurs,

it is said that there was a catastrophic change, i.e., a bifurcation occurs.

Both the stability theory based on the global criterion and the catastrophe theory only

provide qualitative information. The linear stability theory is extensively used in this work.

There are cases where the above-described deterministic methods are not adequate.

This means that even if the initial condition (starting point) is known, there are many

possibilities for where the system can evolve. Nevertheless, some of these possibilities are

more probable than others. In such situations, the evolution of the system must be analyzed

in probabilistic terms, by means of stochastic methods.

Another concept important for this dissertation is the coexistence of phases, i.e., simul-

taneous occurrence of different modes in different domains inside the system. (Inevitably,

coexistence of phases is found in systems that are in phase transition.) It is necessary that

some control parameters take specific values for a coexistence of phases be possible. A

typical example is found in the coexistence of a liquid and its vapor: for a given temperat-

ure, coexistence is possible only for one pressure value (value of the saturated vapor for the

temperature being considered). A condition that defines values of the control parameter for

which coexistence is possible (in this example, the pressure value) is referred to as Maxwell

construction; e.g., [2, 3]. A classic example of this construction is the pressure-volume dia-

gram of a van der Waals gas, where the pressure at which the coexistence occurs is chosen

from a geometric rule of equal area, which follows from the second law of thermodynamics.
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1.2 Self-organization near electrodes of gas discharges

Self-organized patterns in gas discharges are well-known and represent an important

particular case of self-organization phenomena; see, e.g., the recent review [4] and references

therein. Of interest for this work is self-organization occurring in the vicinity of electrodes.

This section is devoted to a review of relevant experimental and theoretical results. Note

that self-organization phenomena occurring in the discharge column, which are unrelated

to electrodes, are left beyond the scope of this work and are not reviewed here; this includes

such classic examples as striations and filaments appearing under certain conditions in the

column of a glow discharge (e.g., [5, 6]) and a recent example of plasma bullets [7—14], which,

according to the experiments [15], also are likely to represent self-organized patterns.

1.2.1 Experiment

The occurrence of self-organization in near-electrode regions of gas discharges is a very

frequent phenomenon. Being of considerable scientific interest by itself, the understanding

of this phenomenon is of vital importance for the design of a number of technical devices.

It has been known for many decades that the steady-state current transfer to cathodes

of glow discharges can occur in the so-called abnormal mode, where most of the discharge

cross section near the cathode is bright, or in a mode called normal, in which only part of

the cross section near the cathode is bright (e.g., books [5, 6, 16]). Modes with more than

one spot have been observed on cathodes of non-self sustained DC glow discharges [17—19]

and of DC glow microdischarges [20—24]. One should note that usually the bright areas in

the discharge volume are called “filaments”in works related to the glow discharge, and this

term is used also in [20—23]. However, lateral photographs [19, 22] show that the maximum

brightness is observed in the near-cathode region (i.e., in a region between the cathode and

the positive column). For this reason, the term “spots”will be used in this dissertation to

designate the bright areas.

Patterns with several spots were also observed on anodes of DC glow discharge; e.g.

[25—29].

Alternating periodic-chaotic sequences were observed in [30] on a DC glow discharge.

Observations of different modes of current transfer from high-pressure arc plasmas to

thermionic cathodes were reported many years ago for arcs with both low currents [31] and

with currents of several hundred amperes [32]. These observations were also reported in

more recent works, e.g., [33—38]. In these works, a variety of modes is observed, being often

called diffuse and spot (or constricted) modes.

Patterns with several spots were observed in cathodes of vacuum arcs; e.g., [39—41].

Diffuse, constricted and multiple spots modes may occur on anodes of high-pressure arc

discharges [42, 43].
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A variety of different patterns was observed in DC planar discharges in which an elec-

trode is made of a semiconductor material (e.g., [4, 44—47]) and in dielectric barrier dis-

charges (DBD’s) (e.g., [48—60]).

Structures were also observed on cathodes of a glow discharge generated by pulses [61].

Single and multiple spots in a DC planar glow discharge were observed in [62]. The

authors [63] brought to attention the fact that parameter pd, where p is the gas pressure

and d is the distance between the electrodes, takes values that correspond to the left-

hand side (lhs) of the Paschen curve under conditions of experiments [62]; the so-called

obstructed discharge. This is of considerable interest for the following reason. It is general

understanding that instabilities occur and self-organization arises in nonlinear bi-stable dis-

sipative systems. In particular, in the case of gas discharges it is believed that instabilities

occur and self-organization arises in discharges with an N -shaped current density-voltage

characteristic (CDVC). (The latter means that the CDVC, U(j), consists of two rising sec-

tions, which are supposedly stable, separated by a decreasing section, which is supposedly

unstable.) The CDVC of a DC glow discharge is monotonically increasing if the pd takes

values that correspond to the lhs of the Paschen curve and is N -shaped if pd takes values

that corresponding to the right-hand side (rhs) of the Paschen curve; e.g., [6]. (Note that

the derivation [6] has been put in question in [64], but these doubts were subsequently

clarified [65].) Self-organization observed in [62] in an obstructed planar glow discharge

seems to contradict the above-described understanding.

Experiments [63] confirmed the patterns detected in [62], when observed on the same

time scale. However, the patterns show a more complex intrinsic dynamics when observed

on a shorter time scale: the appearance of spots is accompanied by peaks of currents.

Each cycle includes a phase of rapid change with duration of approximately 1µs and a

phase of slower variation with duration of tens of microseconds. There is no more than one

spot burning at any given moment. A conclusion was drawn that the mechanism of self-

organization in this case has to do with gas heating, not only with the electronic avalanche

mechanism described by the Paschen curve. Then, the results [62] are not in contradiction

with the above understanding, but are rather beyond its scope.

It is interesting to note that spot patterns have been observed on the rising section of

the current-voltage characteristic (CVC), U(I), of non-self sustained DC glow discharges

[19].

It has been known for many years that spots can occur on electrodes of corona discharge

[66]. In [67], macroscopic structures of other types were observed on corona cathodes of

a spiral shape in an electrostatic precipitator: a part of the cathode was dark with light

spots, the other part was bright with dark longitudinal stripes.
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1.2.2 Theory

Modelling of different modes

Many authors have tried to explain the existence of different modes of current transfer

as a manifestation of different physical mechanisms. For example, the authors of [20, 22,

23] believe that the basic mechanisms of glow discharge are insuffi cient to describe the

modes with multiple spots and that additional mechanisms are needed, such an increasing

dependence of the coeffi cient of secondary emission on the reduced electric field or the

heating of the gas. An alternative point of view is that multiple modes of current transfer

to the electrodes of gas discharges do not necessarily involve different physical mechanisms

but rather represent a self-organization phenomenon. Therefore, an adequate theoretical

description of multiple modes is a mathematical problem of finding non-unique solutions: an

appropriate theoretical model that describes current transfer to electrodes of gas discharges

in some cases must allow the existence of different solutions for the same conditions, with

different solutions describing different modes of current transfer. It should be noted that

according to this point of view, different modes can involve, or not, different physical

mechanisms, but mechanisms that characterize each mode arise as a result of the treatment

performed and not by an a priori imposition.

Authors who adopt this latter point of view use two approaches to theoretical description

of the different modes. One approach, which can be called phenomenological, is based

on similarities between patterns observed on electrodes of gas discharge and patterns that

appear in nonlinear dissipative systems in other fields such as biology, chemistry, and optics.

In the framework of this approach, it is assumed that the distribution of parameters along

the electrode surface is governed by a reaction-diffusion equation (a model equation that

describes variation of the concentration of a substance distributed in space under the effect

of two processes: chemical reactions in which the substance is produced and/or consumed,

and propagation of the substance over the space available) or by a system of two or three

coupled reaction-diffusion equations, e.g., [28, 68—70]. In some special cases, equations of

reaction-diffusion type can be derived by means of application of asymptotic techniques to

basic equations that govern the discharge under study, such as the conservation equations

of ions and electrons and the Poisson equation; [71—73]. In most cases, however, reaction-

diffusion equations for the distribution of parameters along the surface of the electrode are

just postulated on the basis of the similarities mentioned above.

The other approach used for theoretical description of multiple modes of current transfer

to electrodes of gas discharges is based on a direct numerical solution of the basic equations

describing a particular discharge. There are works concerned with a two-dimensional nu-

merical simulation of the normal mode on glow cathodes (e.g., [74, 75]) and of the simplest

axially symmetrical patterns (a single spot, a central spot surrounded by a ring spot)

on glow anodes (e.g., [76]). The transition from a Townsend discharge to a normal glow
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Figure 1.1: CVC of the near-cathode region of the arc discharge and temperatures at the
center and the edge of the front surface of the cathode. Simulation by means of the Internet
tool [90] with the use of the built-in initial approximation. Ar plasma, p = 1 bar,W cathode
of 2 mm radius and 10 mm height.

discharge was investigated numerically in [74, 77, 78]. Temporal and spatiotemporal pat-

terns in a thin glow-discharge layer sandwiched with a semiconductor layer between planar

electrodes were studied in [79, 80] by non-stationary one- and two-dimensional numerical

simulations, respectively. Self-organized patterns in DBD’s were calculated by means of a

direct two- and three-dimensional numerical simulation of the discharge; [59, 60, 81] and

[51], respectively. Stationary modes with different patterns of spots on cathodes of high-

pressure arc discharges were described by solving the numerical equation of heat conduction

in the cathode [82—89].

The pattern of stationary modes of current transfer to high-pressure arc cathodes is

rather complex: a large number of modes with different patterns of spots may exist for

the same discharge current [89]. At present, this pattern is in general well understood.

However, there are important aspects that remain unclear. One of these aspects is as

follows. Figure 1.1 shows the CVC of the near-cathode region and temperatures Tc and

Te at the center and, respectively, edge of the front surface of a cylindrical arc cathode,

calculated by means of the free Internet tool for modelling axially symmetric modes of

current transfer to cathodes of high-pressure arc discharges [90]. The code starts from a 1D

initial approximation, describing the diffuse mode on a cathode with an insulated lateral

surface, and then gradually eliminates the insulation until a solution for a fully active lateral

surface has been found. Under the conditions considered, this approach works nicely at the

near-cathode voltages U below approximately 13.46 V. The obtained CVC is falling and

Tc < Te; typical features of the diffuse mode of operation of an arc cathode. There is no

convergence at U between 13.46 V and 14.04 V. The convergence re-appears at U & 14.04 V.
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Figure 1.2: CVC’s of the glow discharge. Xe plasma, p = 30 Torr, the discharge radius
1.5 mm and height 0.5 mm.

The CVC remains falling, however Tc > Te: it looks like a mode with a spot at the center

of the front surface of the cathode. Questions arise why simulations which start from the

diffuse mode on a cathode with the insulating lateral surface are unable to arrive at the

diffuse mode on a cathode with the active lateral surface and what significance has the

value U = 13.46 V at which the troubles start.

There is an important aspect which remains unclear also in results of numerical simula-

tion of the normal mode on glow cathodes. Figure 1.2 shows CVC’s of a DC glow discharge

calculated in the framework of a simple drift-diffusion model under different approxima-

tions: in one dimension (1D) without account of diffusion of the ions and the electrons; in

1D with account of (axial) diffusion; in two dimensions (2D) under the approximation of

axial symmetry with account of diffusion both in the axial direction and to the (absorbing)

wall.

The 1D solutions with and without diffusion are rather close to each other and represent

in essence the classic solution of von Engel and Steenbeck (e.g., [6]). The physical meaning

of this solution is well known: it describes the Townsend discharge at very low currents,

the abnormal discharge at relatively high currents, and a mode associated with the falling

section of the CVC at intermediate currents, which is unstable and is not realized. The

2D solution is close to the 1D solution with account of diffusion at low and high currents,

however at intermediate currents it describes the subnormal and normal modes rather than

the mode associated with the falling section of the CVC. Note that the ratio of the electron

current to the wall of the discharge tube to the discharge current, evaluated with the use of

the 2D solution, is of the order of 10−3 or lower at all discharge currents. In other words,

diffusion of the charged particles to the wall is a weak effect and a question arises why this
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weak effect originates such a large difference.

Normal modes as coexistence of phases

From the point of view of the theory of self-organization, the normal glow discharge is

an example of phase coexistence: a region that collects electric current (hot phase) coexists

with a region where almost no electric current flows (cold phase). From this point of view,

the fact that the CVC of the normal discharge is more or less horizontal, represents an

analog of the pressure-volume diagram during phase transitions. A necessary condition

for the appearance of phase coexistence on electrodes of gas discharges is that the cross

section of the electrode be large enough to accommodate more than one phase. That is,

the width of the electrodes should be much bigger than the characteristic length scale in

the normal direction. The latter scale is represented by the thickness of the layer near the

cathode in the case of the glow discharge and by the height of the cathode in the case of

the plasma-cathode interaction in the arc discharge.

A basis of the mathematical theory of the normal regime of a glow discharge was de-

veloped in [71]. However, the particular form of the Maxwell construction for glow dis-

charges has not been deduced. In [91], the particular form of the Maxwell construction was

deduced for cathodes of arc discharges and the normal voltage was determined.

The treatment [91] represents an interesting example where an accurate Maxwell con-

struction can be explicitly derived for a multidimensional problem. On the other hand,

the normal regime would occur on arc cathodes provided the spot radius were much larger

than the height of the cathode. In reality, however, the spot radius is usually smaller than

the height of the cathode, meaning that spots on arc cathodes are not normal in reality. In

vacuum arcs, the spot radius is typically much smaller than the radius of the cathode and

the spots can be considered as isolated. In this case one can again speak of phase coexist-

ence, with the difference that these phases are not 1D. In [92], the particular form of the

Maxwell construction for these spots was derived and the radius of the spot determined.

Self-organization vs. imposed non-uniformities

As discussed in section 1.1, not all structures observed on electrodes of gas discharges

originate in self-organization. As another example, one can indicate the work [93] where

an attempt was made to explain in terms of self-organization the appearance of bright

and dark stripes on the cathodes of a corona discharge that was observed in [67]. It was

found that there are no bifurcation points on the 1D stationary solution in the theory of a

negative corona. The conclusion was that the appearance of a pattern in this case is due

to geometry of the discharge. This example clearly shows that the appearance of patterns

on the surface of electrodes may be due, in addition to self-organization, to the specific

geometry of the discharge or, eventually, to variation of physical properties of the surface
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that collects electric current.

The interplay of self-organization and non-uniformities of geometrical or physical prop-

erties of the electrodes has not been studied. For example, three modes of current transfer

were observed in experiment [36]: the diffuse mode, the spot mode, and a new mode called

by the authors the super spot mode. The cathodes were manufactured as rods with a

flat tip. After operation in the spot mode, the edge of the front surface became rounded

due to local melting. After some hours of operation in the spot mode, structures of the

dimension of about 20− 200µm appeared, which were interpreted as attachment locations

for the super spot mode. An important question is to what extent is this spot a result of

self-organization or of geometric effects. This question remains unanswered.

Steady-state modes and their stability

This work is concerned with the case where all existing modes of current transfer to

the electrodes are stationary, non-DC discharges and DC discharges with non-stationary

patterns being set aside. In this case, a theory must have the capability of predicting all

the modes that are possible under the particular conditions of the discharge and indicating

which of these modes are stable. In mathematical terms, the task is to find multiple

stationary solutions of a strongly nonlinear multidimensional boundary-value problem that

describes a particular discharge, and to investigate stability of each of these solutions.

Obviously, this task cannot be solved without advanced numerical modelling. (It should

be noted that in order to find all the solutions allowed by the system, one should not use

the method of relaxation in time, in which stationary solutions are found as a result of

evolution of the system with time and which is widely used in gas discharge modelling.

The reason is that this approach only allows calculation of stationary solutions which are

stable with the particular external circuit.) On the other hand, this task can hardly be

solved by means of numerical modelling alone: qualitative information about characteristics

and range of existence of each of the solutions is needed in order to ensure the convergence

of iterations to a desired solution. (In particular, one should know in advance whether the

desired solution does exist under specific discharge conditions, a question that is diffi cult

to answer purely through numerical simulation. In fact, if iterations diverge or converge

to another solution, one can hardly know whether this is a numerical problem or whether

the solution sought simply does not exist under the specified conditions.) This information

was obtained using the ideas and methods of the theory of self-organization in nonlinear

dissipative systems described in section 1.1. The bifurcation theory was used in [84, 91]

and [94, 95] in order to locate points of junction of the one-dimensional mode with multi-

dimensional steady-state modes of current transfer to arc and glow cathodes, respectively.

In [96], bifurcation points were found where 3D steady-state modes of current transfer to

arc cathodes join the axially symmetric modes.

Investigation of stability of stationary states is very common in many areas of physics.
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However, studies on stability of gas discharges in low-temperature plasma physics are not

common and usually refer to the volume of the discharge (e.g., the books [6, 97]; one can

mention [73, 98—101] as further examples). The study of stability is particularly important

in cases where several stationary modes are possible for the same conditions, since it will

determine which of the modes will be realized.

This is the case, in particular, of current transfer from high-pressure arc plasmas to

thermionic cathodes, where a “zoo”of different steady-state modes was found [89]. How-

ever, this information is insuffi cient: one needs to know which of these modes are stable

and under what conditions. Results of investigation of stability of the diffuse mode on a

cathode of a cylindrical shape with an isolated lateral surface were given without derivation

in [84]. Stability of other modes was hypothesized in [84] on the basis of general trends of

self-organization in nonlinear dissipative systems. The authors [88] used arguments based

on Steenbeck’s principle of minimum voltage for discharges with fixed current in order

to find out stability of different branches of the spot mode. However, it was shown [89]

that general trends of self-organization in nonlinear dissipative systems predict stability

of different branches of the spot mode contrary to Steenbeck’s principle. On the other

hand, experimental information is insuffi cient to judge which branch of the spot mode oc-

curs in the experiment. In addition, it has been shown [102—104] that there are serious

problems with Steenbeck’s principle in gas discharges and that this principle should not be

used. Therefore, a consistent theory of stability of different modes of current transfer of

high-pressure arc plasma to thermionic cathodes is necessary.

Equally unexplored is stability of stationary modes of current transfer in glow dis-

charges. In part, this is explained by the fact that most researchers working in the field

compute steady-state solutions by means of simulating temporal evolution of the discharge

with the use of a non-stationary code: one could think that temporal evolution cannot lead

to an unstable steady state and therefore all stationary solutions obtained by means of a

non-stationary code are stable. However, the latter is only true with respect to perturb-

ations having the same symmetry to which the code is adjusted. For example, an axially

symmetric (2D) steady-state solution calculated by means of a non-stationary 2D code

is stable against 2D perturbations but is not necessarily stable against 3D perturbations,

which are frequently the most dangerous ones.

1.3 This dissertation: objectives, the method, organ-

ization

One of the aims of this dissertation is to numerically investigate stability of different

modes of steady-state current transfer to cathodes of high-pressure DC arc and glow dis-

charges in the framework of the linear stability theory. In particular, main features of
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1. Introduction

stability of DC arc and glow discharges will be found and compared with intuitive concepts

developed in the literature and with the experiment.

Another aim is to analyze bifurcations of steady-state modes encountered in numerical

modelling of current transfer to cathodes of high-pressure DC arc and glow discharges. This

study helps to understand results on stability, provides guidelines for numerical calculation

of different steady-state modes, and explains dramatic changes of patterns of steady-state

modes encountered in the numerical modelling which remained obscure (see figures 1.1 and

1.2 and their discussion in section 1.2.2).

A third objective is to investigate the interplay of self-organization and effects of non-

uniformities of geometrical or physical properties of the electrodes, considering as an ex-

ample changes of pattern of steady-state modes of current transfer to thermionic cathodes

induced by variations of control parameters. The treatment will heavily rely on results of

the previous task, since changes of patterns occur through bifurcations.

This work is focused on treating different steady-state modes of current transfer to

cathodes of DC arc and glow discharges as self-organization phenomena. Self-organization

in very different systems is governed by the same rules. One should expect therefore that

patterns of different modes on cathodes of DC arc and glow discharges follow the same

trends, although the physical mechanisms involved in each type of discharge are different.

One of the objectives of this work is to identify similarities and differences between the two

patterns and explain them.

This work represents a part of a larger project on investigation of multiple modes of

steady-state current transfer to cathodes of DC arc and glow discharges and their stabil-

ity ongoing at Universidade da Madeira. In the framework of this project, calculations of

multiple modes of steady-state current transfer to cathodes of high-pressure arc discharges

have been performed by Dr. Mário Cunha, calculations of multiple modes of steady-state

current transfer to cathodes of glow discharges have been performed by Pedro Almeida, and

investigation of stability and analysis of bifurcations in both cases have been performed by

the author of this thesis. Obviously, results on stability and bifurcations cannot be presen-

ted without connection to the steady-state modes to which these results refer. Therefore

relevant information on these modes has to be included in this thesis, however we stress

once again that what is studied are not the steady-state modes as such but rather their

stability and bifurcations.

The numerical investigation of stability of steady-state current transfer in this work

is performed with the use of commercial finite element software COMSOL Multiphysics

both in the case of arc and glow cathodes. This software includes, in addition to powerful

steady-state solvers, also an eigenvalue solver, which makes it fit for the task. Note that

its application is not straightforward, however the diffi culties can be overcome in a number

of ways, which are described in detail.

The main body of the thesis consist of four chapters. Chapter 2 is dedicated to study of
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stability of different modes of steady-state current transfer to cathodes of high-pressure arc

discharges. The eigenvalue problem describing stability is formulated. Two approaches to

its numerical solution by means of software COMSOL Multiphysics are discussed. Calcula-

tion results are compared with trends observed in the experiment. Related to this chapter

is appendix A, where an analytical study of stability of a model problem is given. Material

of this chapter is published in [105].

Stability of different modes of steady-state current transfer in glow discharges is studied

in chapter 3. The eigenvalue problem for the perturbations is formulated and an effi cient

approach to its numerical solution by means of COMSOLMultiphysics devised. Calculation

results for conditions of microdischarges in xenon are given. Results confirm intuitive

concepts developed in the literature, conform to the experiment, and provide suggestions

for further experimental and theoretical work. Material of this chapter has been submitted

for publication.

Chapter 4 is dedicated to identification and analysis of bifurcations encountered in

numerical modelling of steady-state current transfer to cathodes of DC glow and arc dis-

charges. All basic types of steady-state bifurcations (fold, transcritical, pitchfork) have

been identified and analyzed. Explanations to many results obtained in numerical model-

ling are given. Related to this chapter is appendix B, where a brief summary is given of

relevant information from the bifurcation theory. Material of this chapter is published in

[106].

Changes of patterns of steady-state modes of current transfer to cathodes of arc dis-

charge of complex shapes are studied in chapter 5. Variations of the pattern of current

transfer for different geometries and different temperatures of the cathode base are de-

scribed and analyzed. It is shown that these changes occur through perturbed transcritical

bifurcations. A comparison with experimental data is given. Material of this chapter is

published in [107, 108].

Conclusions of the work are summarized and considerations on future research given in

chapter 6.
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Chapter 2

Stability of current transfer to
cathodes of arc discharges

Spectra of perturbations of steady-state current transfer to cathodes of high-pressure

argon arcs are computed in the framework of the model of nonlinear surface heating. The

following pattern of stability has been established for a current-controlled arc on a cyl-

indrical cathode on the basis of the numerical results: the diffuse (fundamental) mode is

stable beyond the first bifurcation point and unstable at lower currents; steady-state modes

with more than one spot are unstable; the axially symmetric mode with a spot at the center

of the front surface of the cathode is unstable; the 3D steady-state mode with a spot at

the edge is unstable between the bifurcation point and the turning point and stable beyond

the turning point; the transition between the latter mode and the fundamental mode is

non-stationary and accompanied by hysteresis. Theoretical results are in agreement with

trends observed in the experiment.

2.1 Introduction

Interaction of high-pressure arc plasmas with thermionic cathodes is a challenging issue

of high scientific interest and technological importance. In spite of many decades of research,

a self-consistent theory and modelling methods have started to emerge only recently; see

[96, 109—117] and also references cited in section 1.2.2. Still, some important questions are

far from being answered. Stability of different modes of steady-state current transfer from

high-pressure arc plasmas to thermionic cathodes is one of such questions.

In addition to being highly important for science and applications of arc discharges,

understanding of trends of stability of DC current transfer to high-pressure arc cathodes is

also of a more general interest due to its contribution to understanding stability of different

modes under other conditions of interest for gas discharge physics as already discussed in

section 1.3.
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2. Stability of current transfer to cathodes of arc discharges

An analytical theory of stability of steady-state current transfer from high-pressure arc

plasmas to thermionic cathodes has been developed in [118]. A number of results of general

character have been obtained and a pattern of stability has been established of the diffuse

mode and of three-dimensional, or 3D, spot modes that branch off from the diffuse mode

on axially symmetric cathodes. (In the case of a cylindrical cathode, these are modes with

spots at the edge of the front surface of the cathode.) The present work is concerned

with a numerical investigation of stability, with the aim to supplement qualitative results

[118] with quantitative data and to investigate important questions outside the scope of

the treatment [118], in particular: stability of the axially symmetric mode with a spot at

the center of the front surface of a cylindrical cathode; stability of 3D modes with spots

both at the center and at the edge; bifurcations of other kinds than those treated in [118]

and their effect on stability. Besides, the present treatment does not rely on the specific

assumption on transfer functions made in [118]. One can hope that a combination of such

numerical results with the analytical results will elucidate a complete pattern of stability

of all steady-state modes.

Another goal of the present dissertation is to obtain quantitative data on spectrum

of perturbations under conditions of experimental interest. Apart from being of interest

by itself, such data will allow one to independently verify conclusions drawn for these

conditions in [118]. Note that the necessity of such verification stems from a contradiction

between the conclusions [118] and the pattern of stability of the diffuse and first spot

modes that has been proposed in the preceding work [88] and is seemingly supported by

the experiment.

The outline of the chapter is as follows. A mathematical model is introduced in section

2.2. Relevant aspects of numerical solution of the eigenvalue problem for perturbations

with the use of software COMSOL Multiphysics are discussed in section 2.3. Numerical

data on spectra of perturbations of various steady-state modes on a cylindrical cathode are

given and analyzed in section 2.4. Results of the chapter are summarized and compared

with trends observed in the experiment in section 2.5. In appendix A, an exact analytical

solution is given of the problem of stability of the diffuse mode on a cylindrical cathode

with an insulating lateral surface, which provides data for validation of the numerical code

and reference points for analysis of numerical results.

2.2 Model

2.2.1 Physical basis of the model of nonlinear surface heating

Processes governing current transfer from high-pressure arc plasmas to thermionic cath-

odes are many and of different nature and occur on strongly different time scales; e.g., review

[119] and references therein. Processes governing distributions of the ions, electrons, and
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2. Stability of current transfer to cathodes of arc discharges

the electric field in the near-cathode plasma are the fastest. The relevant time scale is

represented by the time of motion of the ions across the near-cathode layer where the en-

ergy flux to the cathode is generated. (This layer includes the space-charge sheath and the

ionization layer; [119] and references therein.) This time is comparable to the ionization

time and, if estimated with the use of characteristic parameters of near-cathode region of

the atmospheric-pressure argon arc taken from [120], is of the order of 1µs or lower.

Formation of diffuse and spot modes of current transfer, as well as switching between the

modes, is governed by the process of conduction of heat in the body of the cathode. Since

the temperature distribution inside the cathode is characterized by a variety of length

scales, this process comprises several phases characterized by different time scales. The

smallest and, respectively, biggest time scales are represented by the times of diffusion of

heat over distances of the order of the radius of the cathode spot and, respectively, of the

order of the cathode height. Taking 10−5 m2/ s as a typical value of thermal diffusivity of

electrode materials and assuming 50µm as a lower estimate of the radius of the cathode

spot and 10 mm as a characteristic height of the cathode, one finds that the time scales of

heat conduction in the cathode body are comprised between 0.25 ms and 10 s.

It happens frequently that cathodes of high-pressure arc discharges change their shape

due to melting and/or evaporation of the cathode material with subsequent return of a part

of the evaporated metal to the cathode in the form of either neutral atoms (condensation

of the vapor) or ions (the so-called recycling). These changes usually take from several

minutes to several hours (e.g., sections 3.2 and 3.4 of [36] and section 2 of [37]).

Thus, heat propagates in the cathode body much slower than processes in the near-

cathode plasma occur, but much faster than the cathode changes its shape. It follows that,

while treating the formation of diffuse and spot modes of current transfer and switching

between the modes, one may assume that variations of distributions of the ions, electrons,

and the electric field in the near-cathode plasma, caused by variations of the potential

and the distribution of temperature of the cathode surface, occur instantaneously, while

variations of the cathode shape are frozen. A theoretical approach to description of diffuse

and spot modes on thermionic cathodes which is developed along these lines and makes

use of the thinness of a near-cathode plasma layer where the energy flux to the cathode

surface is generated is frequently termed the model of nonlinear surface heating.

The model of nonlinear surface heating does not account for the effect of convective

motion of the gas over the plasma-cathode interaction, on the grounds that the normal

component of the gas velocity can hardly be suffi ciently high in the above-mentioned very

thin near-cathode plasma layer where the energy flux to the cathode surface is generated.

It is diffi cult to estimate the effect of convective motion of the gas theoretically, since the

distribution of the gas velocity in the immediate vicinity of the cathode surface is unknown.

The experiment seems to indicate that a convective motion of the gas is necessary for the

formation of the so-called blue-core mode [121], which can occur on cathodes of low-current
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2. Stability of current transfer to cathodes of arc discharges

free-burning arcs, especially on those made of thoriated tungsten. However, there are no

indications that a convective motion plays a role in the formation of the diffuse or spot

modes. (It is interesting to note that the situation is different as far as modes of anode

attachment are concerned: it is believed [122] that in the diffuse mode the power is supplied

to the anode by a plasma flow from the bulk.) Therefore, the model of nonlinear surface

heating represents an adequate tool for investigation of the diffuse and spot modes.

The model of nonlinear surface heating was proposed long ago [123], however its power

has been universally appreciated only during the last decade; see review [119]. By now,

this model has been widely recognized as an adequate tool of simulation of interaction

of high-pressure arc plasmas with thermionic cathodes [85—89, 91, 96, 109, 110, 112—115],

including under non-steady state conditions [112, 113, 115]. The most important feature

of this model is the existence, under the same conditions, of multiple solutions describing

the diffuse mode of current transfer and different spot modes. This feature has made a

self-consistent modelling of the diffuse and spot modes on cathodes of a given shape a

matter of routine. One can mention, as an example, a free Internet tool [90] for simulation

of diffuse and axially symmetric spot modes on cylindrical cathodes in a wide range of arc

currents, plasma compositions, and cathode materials and dimensions, which serves also as

a tutorial on finding multiple solutions describing diffuse and spot modes.

In this work, the model of nonlinear surface heating is used for investigation of stability

of current transfer to cathodes of high-pressure arc discharges, similarly to how it was done

in [118]. In the framework of this model, the (in)stability of steady-state modes of current

transfer to thermionic cathodes of high-pressure arc discharges originates in a competition

of a positive feedback which is present on the growing section of the dependence of the

density of energy flux from the plasma on the local temperature of the cathode surface,

and of thermal conduction, which represents a stabilizing mechanism.

2.2.2 System of equations and boundary conditions

The model of nonlinear surface heating is mathematically formulated as follows. Let us

consider a cathode (see figure 2.1) that is made of a substance of thermal conductivity κ,

density ρ and specific heat cp which are known function of the temperature T : κ = κ(T ),

ρ = ρ (T ), cp = cp (T ). Joule heat production inside the cathode is neglected; see e.g.,

estimates in [119]. The temperature distribution inside the cathode is governed by the

non-stationary equation of heat conduction:

ρ (T ) cp (T )
∂T

∂t
= ∇ · [κ (T ) ∇T ] , (2.1)

where t is time.

The base of the cathode, Γc, is maintained at a fixed temperature Tc by external cooling.

The rest of the cathode surface, Γh, is in contact with the plasma or the cold gas and
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cΓ

cathode

arc

y

z
hΓ

ϕ

x

Figure 2.1: Geometry of the problem.

exchanges energy with it. The corresponding boundary conditions read

Γc : T = Tc, Γh : κ
∂T

∂n
= q (T, U) . (2.2)

Here n is the direction locally orthogonal to the cathode surface and oriented outward,

q = q (T, U) is the density of the energy flux to the cathode surface from the arc plasma

or the cold gas, and U is the voltage drop across the near-cathode layer (which is constant

along the current-collecting surface).

The total electric current I to the cathode surface (the arc current) may be evaluated in

terms of a distribution of the cathode surface temperature and of the value of U by means

of the formula

I =

∫
Γh

j (T, U) dS, (2.3)

where j = j (T, U) is the density of electric current to the current-collecting part of the

cathode surface. A relation between U and I is given by an equation modelling the external

circuit

U + IΩ = ε, (2.4)

where Ω represents the external resistance (ballast) and the resistance of the arc column,

and ε is the electromotive force.

Densities of the energy flux and of the electric current to the cathode surface, q and

j, are governed by equations describing the near-cathode layer in a high-pressure plasma

that are summarized in [124] and in the present analysis are treated as known functions

of the local surface temperature and of the voltage drop across the near-cathode layer:

q = q (T, U) and j = j(T, U). (A module realizing calculation of these functions is written

in Fortran and the produced data are transferred to COMSOL Multiphysics in the form of
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2. Stability of current transfer to cathodes of arc discharges

tables.) It should be stressed that what is specified is not a distribution of q and j over the

cathode surface, but rather a dependence of q and j on the local surface temperature and

voltage drop across the near-cathode layer, being this temperature and voltage unknown a

priori. After the problem (2.1)-(2.4) has been solved, one will have complete information

on a temperature distribution in the cathode and also on a distribution of the energy flux

and electric current over the cathode surface. It should be emphasized that functions q

and j depend on time only through T and U . This approach is justified by the fact that

processes in the near-cathode plasma layer are much faster than propagation of temperature

perturbations in the cathode body as discussed in the latter section.

As far as steady-state solutions are concerned, there is in principle no need to introduce

the equation of external circuit (2.4): a natural control parameter is the voltage drop

in the near-cathode plasma layer U . However, this parameter is clearly inappropriate in

the vicinity of extreme points of the CVC of the mode being computed. Another possible

control parameter is the discharge current I. (It should be stressed that stationary solvers of

COMSOLMultiphysics allow specifying I as a control parameter without invoking equation

of external circuit.) However it is inappropriate in the vicinity of turning points. On the

other hand, one can calculate all steady-state modes by switch between U and I.

The situation turns different as far as bifurcations and stability are concerned: for

example, an extreme point of the CVC of a given mode, while being a regular point if the

control parameter is I, becomes a turning point if the control parameter is U ; conditions of

stability of current- and voltage-controlled DC gas discharges are not the same as will be

shown below. Therefore, equation (2.4) with Ω and ε considered as fixed parameters must

be used in investigation of stability.

2.2.3 Eigenvalue problem for perturbations

To investigate stability of a steady state, a solution to the problem (2.1)-(2.4) is sought

as sum of a steady-state solution and a small perturbation with the exponential time

dependence

T (r, t) = T0 (r) + eλtT1 (r) + . . . , (2.5)

U (t) = U0 + eλtU1 + . . . , (2.6)

I (t) = I0 + eλtI1 + . . . . (2.7)

Here r is the space vector, index 0 is attributed to the steady-state solution, index 1

is attributed to the amplitude (time-independent factor) of perturbations, and λ is the

growth increment of the perturbations. Substituting these expansions into equations (2.1)-
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(2.4), linearizing and equating linear terms, one obtains

ρ(T0) cp (T0) λT1 = ∇ ·
[
dκ

dT
(T0) T1∇T0 + κ (T0) ∇T1

]
, (2.8)

Γc : T1 = 0, Γh : T1
dκ

dT
(T0)

∂T0

∂n
+ κ

∂T1

∂n
=
∂q

∂T
(T0, U0) T1 +

∂q

∂U
(T0, U0) U1, (2.9)

I1 =

∫
Γh

∂j

∂T
(T0, U0) T1 dS + U1

∫
Γh

∂j

∂U
(T0, U0) dS, (2.10)

U1 + I1Ω = 0. (2.11)

Here ρ (T0), ∂q
∂T

(T0, U0) etc are evaluated in terms of the temperature distribution of the

steady state, T0, and of the near-cathode voltage drop U0 corresponding to the steady state.

Equation (2.8) with the boundary conditions (2.9), and equations (2.10) and (2.11)

represent a closed linear eigenvalue problem for the function T1 and the eigenvalue λ. By

means of solving this problem, one will determine a set of eigenvalues λ (spectrum) for

every stationary state of interest. If real parts of all eigenvalues of a state are non-positive,

this state is stable; if at least one eigenvalue has a positive real part, the state is unstable.

Gas discharges are operated usually with a high external resistance. In this case equa-

tion (2.11) is reduced to I1 = 0; a current-controlled arc. The most of analysis of this

work has been performed for this case. In order to gain physical insight, some spectra in

this chapter have been calculated for the case where the external resistance is absent and

equation (2.11) is reduced to U1 = 0; a near-cathode region with a fixed voltage.

High-pressure arc cathodes in most cases possess axial symmetry; in particular, mod-

eling results presented in this chapter refer to cathodes in the form of a right circular

cylinder. It is convenient at this point to discuss some properties of the eigenvalue problem

(2.8)-(2.11) originating in this symmetry. Steady-state temperature distributions on axi-

ally symmetric cathodes may be axially symmetric or 3D. Axially symmetric distributions

correspond to the diffuse mode and to modes with axially symmetric spot systems, 3D dis-

tributions correspond to modes with 3D spot systems. Let us restrict the consideration to

steady-state temperature distributions that are either axially symmetric or 3D with planar

symmetry. Let us introduce Cartesian coordinates (x, y, z) with the origin at the center of

the front surface of the cathode and the z-axis directed along the axis inside the cathode,

in such a way that the steady-state temperature distribution be even with respect to y.

Every 3D perturbation of an even steady-state distribution may be treated without

losing generality as either even or odd. Indeed, let us consider an eigenfunction T1 (x, y, z)

associated with an eigenvalue λ. The eigenvalue problem (2.8)-(2.11) is invariant with

respect to the symmetry (x, y, z) → (x,−y, z), therefore T1 (x,−y, z) also is an eigen-
function associated with the same λ. The functions T (1)

1 = T1 (x, y, z) + T1 (x,−y, z) and
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T
(2)
1 = T1 (x, y, z)− T1 (x,−y, z) also represent eigenfunctions associated with the same λ.
If this eigenvalue λ is non-degenerate, then the functions T (1)

1 and T (2)
1 must be linearly

dependent. If both these functions were non-zero, then T (1)
1 would be even with respect to

y while T (2)
1 would be odd, therefore these functions would be linearly independent. Hence,

T
(1)
1 or T (2)

1 must be zero, which means that T1 (x, y, z) must be either odd or, respectively,

even with respect to y. Thus, eigenfunctions associated with non-degenerate eigenvalues

are necessarily even or odd. Eigenfunctions associated with degenerate eigenvalues are not

necessarily even or odd, however each of them can be chosen as even or odd.

The 3D eigenvalue problem (2.8)-(2.11) for an axially symmetric steady-state temperat-

ure distribution, if written in cylindrical coordinates (r, φ, z), allows separation of variables

and admits solutions of the form

T1 (r, φ, z) = wm (r, z)

{
cosmφ

sinmφ

}
. (2.12)

Here m = 0, 1, 2, . . . . If m = 0, the perturbation being considered is axially symmetric.

If m = 1, 2, . . . , the perturbation is 3D with period in φ equal to 2π/m. Function wm =

wm (r, z) satisfies the axially symmetric problem

ρ(T0)cp(T0)λwm = ∇ ·
[
dκ

dT
(T0)wm∇T0 + κ(T0)∇wm

]
−
(m
r

)2

κ(T0)wm (2.13)

γc : wm = 0, γh : wm
dκ

dT
(T0)

∂T0

∂n1

+ κ
∂wm
∂n1

=
∂q

∂T
(T0, U0) wm +

∂q

∂U
(T0, U0) U1,

(2.14)

I1 = 2πδm0

∫
γh

∂j

∂T
(T0, U0)wmr dl + 2πU1

∫
γh

∂j

∂U
(T0, U0)r dl (2.15)

and, additionally, equation (2.11). Here γh and γc are generatrices of the revolution surfaces

Γh and Γc, respectively [lines in the plane (r, z) which produce, on being rotated around

the z-axis, surfaces Γh and Γc]; n1 is a direction in the plane (r, z) locally orthogonal to γh
and directed outside the cathode. It should be stressed that although equation (2.13) is

written in terms of ∇, there are no azimuthal derivatives in this equation since T0 and wm
are functions only of r and z. Kronecker delta δm0 on the rhs of the first term of equation

(2.15) originates in integration over φ.

In the case m 6= 0, the first term on the rhs of equation (2.15) vanishes and one gets

from this equation and equation (2.11): I1 = 0 and U1 = 0. This means that perturbations

which are harmonic in φ are not affected by the external resistance. In this case, second

term in the rhs on the second boundary condition of equation (2.14) vanishes, too.

The linear homogeneous problem (2.13)-(2.15) and equation (2.11) represent a linear

eigenvalue problem, λ being the eigenvalue. By means of solving this problem for a given
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m, one will determine a set of eigenvalues λ (spectrum) associated with this m. By means

of repeating this procedure for each m and joining the obtained spectra, one will find the

whole spectrum of the stationary state being treated.

2.3 Numerical solution of the eigenvalue problemwith

COMSOL Multiphysics

Commercial software COMSOL Multiphysics provides, in addition to stationary and

non-stationary solvers, also a powerful eigenvalue solver, which may be used for investiga-

tion of stability of stationary solutions. However, its application is not straightforward, as

is seen from the following.

A straightforward approach is to introduce the non-stationary problem of section 2.2.2

in the 3D geometry in the heat transfer application mode (or in the PDE mode) and then

invoke for each value of the discharge current first the stationary solver, thus finding a

solution describing the steady state being considered, and then the eigenvalue solver, thus

finding spectrum of perturbations of this steady state. The weak point of this approach

originates in the fact that COMSOL Multiphysics does not allow imposing different bound-

ary conditions on a steady-state solution and on its perturbations. This diffi culty may be

explained as follows.

While numerically calculating a steady-state 3D distribution on an axially symmetric

cathode, one must impose an additional condition in order to specify azimuthal position of

the 3D spot system, and thus to ensure convergence of iterations. (In mathematical terms:

each 3D steady-state solution on an axially symmetric cathode represents an element of

a continuous set of 3D solutions that are identical to the accuracy of a rotation about

the cathode axis; hence, one must impose an additional condition in order to single out

one solution from this set, otherwise the problem will be ill-stated and iterations will not

converge.) The simplest and most natural way to do so is the one used in [88, 89, 113, 115],

which consists in restricting the calculation domain to half of the cathode, y ≥ 0, and

imposing the symmetry condition at the plane y = 0: ∂T0/∂y = 0. Of course, this

approach allows one not only to fix the azimuthal position of a 3D spot system but also to

save RAM and CPU time.

There is in principle no problem in restricting the calculation domain to half of the

cathode also while stability of steady-state solutions is investigated. However, the use of

heat transfer application (or PDE) mode of COMSOL Multiphysics with the stationary

and eigenvalue solvers implies that the symmetry boundary condition is imposed also on

perturbations: ∂T1/∂y = 0 at y = 0. In other words, the straightforward application of

COMSOL Multiphysics allows one to study stability against axially symmetric perturba-

tions and 3D perturbations that are even with respect to y, but not against 3D perturba-
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tions that are odd with respect to y. This does not pose a problem while stability of axially

symmetric steady states is investigated: 3D even and odd perturbations of an axially sym-

metric steady state are identical to the accuracy of a rotation and are therefore associated

with the same eigenvalue (which is, consequently, doubly degenerated), hence an account of

3D odd perturbations will not change conclusions on stability. The situation is different as

far as stability of 3D steady states is concerned: odd and even perturbations of 3D steady

states are essentially different and are therefore associated with different eigenvalues, and

eigenvalues associated with odd perturbations cannot be computed.

Hence, while conclusions on instability of 3D steady states, reached with the use of

COMSOL Multiphysics, can be accepted without reservations, conclusions on stability of

3D steady states should be dealt with caution: a part of the spectrum that is associated

with odd eigenfunctions remains unknown, and if that part includes an eigenvalue with a

positive real part, then the steady state in question is unstable rather than stable.

Another approach to investigation of stability by means of COMSOL Multiphysics con-

sists in introducing the steady-state problem and the eigenvalue problem for perturbations

separately. Of course, this approach requires more effort, because it involves a manual

derivation and introduction of the perturbation problem instead of letting COMSOL to

generate it. However, this approach allows one to overcome the above diffi culty and a

modelling of a complete spectrum became possible. The procedure is as follows. First, the

steady-state problem is solved through the heat transfer application mode (or the PDE

mode) and function T0 and quantities U0, and I0 determined. After this, the eigenvalue

problem (2.8)-(2.11) for perturbations is solved by means of the (added) PDE mode with

the boundary condition ∂T1/∂y = 0 at the plane y = 0 for even perturbations and T1 = 0 at

the plane y = 0 for odd perturbations. Of course, the spectrum of even perturbations can

be calculated also by solving the system of equations (2.1)-(2.4) through the heat transfer

application mode using the stationary and eigenvalue solvers.

One of advantages of this approach is the possibility of treating cases where the station-

ary state and its perturbations possess different symmetries. Another advantage appears in

cases where the steady state is axially symmetric: it is natural to formulate the perturba-

tion problem in the form (2.13)-(2.15), (2.11) and solve both the stationary and eigenvalue

problems in the 2D geometry. In addition to a dramatic reduction in RAM and CPU time,

this results in the elimination of diffi culties originating in an extreme sensitivity of results

of 3D stability calculations with respect to details of the steady state in the vicinity of the

axis of symmetry.

The first above-described approach was used in work [105]. The problem that this

approach does not allow one to find a part of the spectrum of perturbations of 3D stationary

states associated with odd eigenfunctions was realized and got round by means of qualitative

considerations based on the analytical theory [118]. The second above-described approach

was employed and the whole of the spectrum was computed in [125].
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2. Stability of current transfer to cathodes of arc discharges

Results reported in this section have been obtained with the use of versions 3.3 and 3.4

of COMSOL Multiphysics.

2.4 Spectra of different modes of steady-state current

transfer

Before proceeding to particular results on stability, it is worth to stress the following.

For a given steady state, the COMSOL Multiphysics software allows one to compute all

the eigenvalues λ in the whole complex plane. In all the simulations performed for the arc

cathodes, all the spectra turned out to be real, i.e., included only real values of λ. This

result confirms a conclusion on the growth increment being real drawn in [118] on the basis

of an approximate analytical treatment and conforms to the well-known experimental fact

that transitions between the diffuse and spots modes are monotonic, i.e., occur without

oscillations of the surface temperature and luminosity.

Numerical calculations reported in this work have been performed for a tungsten cath-

ode and an argon plasma. Data on thermal conductivity and heat capacity of tungsten have

been taken from [126] and [127], respectively. The density of tungsten equals 19250 kg m−3

and the value of 4.55 eV was assumed for the work function of tungsten. Note that data

used for ρ and cp affect values of the increment of perturbations, but they do not affect the

sign of the increment and, therefore, conclusions on stability. The cooling temperature Tc
was set equal to 293 K.

Results given in this section refer to a cathode in the form of a right cylinder as shown

in figure 2.2. The cathode radius R is assumed equal to 2 mm and the cathode height h

to 10 mm; a kind of standard geometry convenient for illustrative purposes. The plasma

pressure is set equal to 1 bar. Note that not all results obtained for such geometry are

quantitatively correct. For example, the first 3D spot mode branches off from the diffuse

mode (see the next section) at relatively high currents where the temperature of the front

surface of the cathode is above the melting point of tungsten, while melting is disregarded

in the present model. However, the mere fact that 3D spot modes do branch off from

the diffuse mode is critical for understanding stability. Therefore, the above geometry is

more suitable for demonstration of general trends than slimmer cathodes typical for HID

lamps, for which branching occurs at very low currents and very high voltages and cannot

be conveniently represented on graphs.

2.4.1 Modes of steady-state current transfer

CVC’s of different steady-state modes of current transfer under the specified conditions

are shown in figure 2.3 that has been taken from the work [89]. Note that main features of

this pattern have been established theoretically [91] with the use of ideas from the theory

24



2. Stability of current transfer to cathodes of arc discharges

Γh
h

Γc

arc

cathode

R

Figure 2.2: Schematic of a cylindrical cathode.

of self-organization in nonlinear dissipative systems. In order to prevent a frequently oc-

curring doubt, it is helpful to stress that modern solvers for steady-state partial differential

equations, like those implemented in the software COMSOL Multiphysics employed in [89],

allow one to find stationary solutions regardless of their stability in time. Therefore, the

mere fact that a steady-state solution has been computed does not mean that this solution

is necessarily stable in time, and indeed most of the solutions plotted in the figure 2.3 will

be shown to be unstable.

The open circles in the figure 2.3 and the following represent points of minimum of

CVC’s of axially symmetric modes, namely, of the diffuse mode and of the first axially

symmetric spot mode. The corresponding values of the arc current will be designated

I0 = Imin. The full circles in the figure 2.3 represent bifurcation points, i.e., points at

which a 3D spot mode becomes exactly identical with an axially symmetric mode. The

number ν characterizing each bifurcation point represents the number of spots at the edge

of the front surface of the cathode in the 3D mode that branches off at this point. In the

following, value of the arc current corresponding to a bifurcation point with a given ν will

be designated Iν . Note that the same designation is used for bifurcation points positioned

on different axially symmetric modes; for example, I2 = 276 A for the diffuse mode and

I2 = 106 A for the first axially symmetric spot mode.

A detailed information on different steady-state modes of current transfer represented

in figure 2.3 can be found elsewhere [89]; here we note only the following. The first axially

symmetric spot mode corresponds to steady states with a spot at the center of the front

surface of the cathode. The 3D spot modes branching off from the diffuse mode at the

bifurcation point with numbers ν = 1, 2, 3, 4 correspond to steady states with one, two,

three or, respectively four spots at the edge. The 3D spot mode branching off from the first

axially symmetric spot mode at the bifurcation point with ν = 2 corresponds to steady
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Figure 2.3: CVC’s of different modes of steady-state current transfer. R = 2 mm, h =
10 mm. Solid line: diffuse (fundamental) mode. Dashed line: first axially symmetric spot
mode. Dotted lines: 3D spot modes branching off from the diffuse mode. Dash-and-dotted
line: 3D spot mode branching off from the first axially symmetric spot mode.

states with a spot at the center and two spots at the edge.

The first axially symmetric steady-state spot mode has two branches, a low-voltage

branch and a high-voltage branch, separated by a turning point.

The 3D steady-state mode with a spot at the edge of the front surface of the cathode

bifurcates from the diffuse mode into the range of higher currents, I0 > I1, then turns

back and moves into the direction of lower currents. The 3D steady-state mode with two

spots at the edge behaves in a similar way, although this behavior is less pronounced and

is hardly visible on the graph. The 3D steady-state mode with a spot at the center and

two spots at the edge bifurcates from the first axially symmetric spot mode into the range

of lower currents, I0 < I2, then it turns back and starts moving into the direction of higher

currents, then it turns back once again and moves into the direction of lower currents.

The above-described turning points are represented in the figure 2.3 by squares.

The above discussion is based on the (usual) concepts of diffuse and spot modes. How-

ever, a question arises: if multiple regimes have been found in a certain current range, are

there any reasons to associate one (or several) of them with diffuse mode(s) and others

with spot modes? This question was addressed in previous works [87, 112]. The following

simple definition was proposed in [87]: a mode which exists in a wide current range, in-

cluding high currents, is a diffuse mode; modes which cease to exist as current grows are

spot modes. However, this definition is not quite adequate for the purposes of this work.

First, it is not general enough, which is seen from the following example: in the case of

glow discharge in a cylindrical tube with an absorbing wall, the mode which exists in a

wide current range, including high currents, is the one shown by the solid line in figure
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1.2, however this mode includes a section with a normal current spot. Second, in the case

of bifurcating modes this definition may be ambiguous; for example, in the case shown in

figure 2.3 the term “mode which exists in a wide current range, including high currents”

may, strictly speaking, refer not only to the mode represented by the solid line, but also to

a “composed”mode represented by the solid line at high currents down to the bifurcation

point marked with ν = 1 and by the dotted line which starts at this point.

A definition used in this work is as follows: the mode of the highest symmetry admitted

by the discharge which exists at all discharge currents is termed “fundamental mode”, and

the other modes are termed non-fundamental, or spot, modes. We stress once again that

the fundamental mode looks diffuse in some situations but is clearly non-diffuse in others.

In other words, the concept of fundamental mode does not coincide with the concept of

diffuse mode, but rather represents the only meaningful generalization of the latter concept.

The importance of the concept of fundamental mode stems from the fact that this is

the only mode that exists at currents high and (in the case of glow discharge) low enough.

Since a steady-state discharge at these currents is observed in the experiment, it must

operate in the fundamental mode, which, therefore, should be stable. With decrease or

increase of current the fundamental mode may turn, or not, unstable and give way to other

(non-fundamental) modes.

2.4.2 Spectrum of the fundamental (diffuse) mode on a cathode
with an insulating lateral surface

If a cathode has the form of a right cylinder with a thermally and electrically insulat-

ing lateral surface, the second boundary conditions in equations (2.2), (2.9), and (2.14)

are valid only at the front surface of the cathode. At the lateral surface, the boundary

conditions are ∂T0/∂n = ∂T1/∂n = 0 and the contribution of the lateral surface to the

integrals (2.3), (2.10), and (2.15), governing discharge current, is discarded. The steady-

state solution describing the fundamental mode is one-dimensional (1D): T0 = T0 (z). If,

additionally, thermal diffusivity of the cathode material, χ = κ/ρcp, is constant, then the

eigenvalue problem describing stability of the fundamental mode admits an analytic solu-

tion; see appendix A. Results of numerical calculations for this particular case are given

and compared with the analytical results in the present section, with the aim of validating

the code and providing reference points for analysis of subsequent numerical results.

Results given in this section have been calculated for the (constant) thermal conductivity

equal to 100 W m−1 K−1 and the specific heat equal to 200 J kg−1 K−1; these values may be

assumed as characteristic for tungsten in the range of temperatures between 1000 K and

3000 K. The pattern of CVC’s of different steady-state modes of current transfer to the

cathode under these conditions will be discussed in some detail below (see figure 4.2); for

now, it is suffi cient to say that it is similar to the one shown in figure 2.3, except that the
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Figure 2.4: Increments of different modes of perturbations of the fundamental mode on a
cathode with an insulating lateral surface. R = 2 mm, h = 10 mm, near-cathode region
with a fixed voltage. Lines: analytical spectra. Triangles: numerical spectra. a, b: first
and second modes of 1D perturbations. c: first mode of axially symmetric perturbations.
d, e, f : first, second and third modes of 3D perturbations.

first axially symmetric spot mode on the cathode with an insulating lateral surface joins

the fundamental mode [87, 91].

Figure 2.4 shows the analytical and numerical spectra of several perturbation modes

for the case of a near-cathode region with a fixed voltage, U1 = 0. (As usual in the linear

stability theory, a value of the increment λ of each perturbation mode may be interpreted

as an inverse time of development of the instability against perturbations of this mode, if

λ > 0, or an inverse time of decay of perturbations of this mode, if λ < 0.) Modes chosen for

representation in this figure and in similar figures below are those with the biggest values

of the increment. Full circles in this and similar figures designate values of the arc current

corresponding to the bifurcation points. Bifurcation points positioned on the fundamental

mode are ordered: · · · < I3 < I2 < I1 < Imin, so the right-most full circle represents I1, the

next one represents I2 etc. The analytical data represented by the lines have been obtained

by means of equations (A.7) and (A.20) of appendix A in accord to table A.1 of appendix

A. The numerically calculated distributions of perturbations of these modes are shown in

figure 2.5 for the state with U0 = 12 V on the falling section of the CVC.

One can see from figure 2.4 that the numerical data on increments of perturbations

coincide with the analytical results. The numerical data on distributions of perturbations,

such as those shown in figure 2.5, conform to the analytical formulas (A.8), (A.21) and

(A.22) of appendix A. This agreement attests to accurate operation of the code.

All modes of perturbations have negative increments on the rising section of the CVC

of the fundamental mode, i.e., in the current range I0 > Imin. Hence, this section is stable.
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Figure 2.5: Different modes of perturbations of the state with U0 = 12 V on the falling
section of the CVC of the fundamental mode. R = 2 mm, h = 10 mm, cathode with an
insulating lateral surface, near-cathode region with a fixed voltage. (a), (b): first and
second modes of 1D perturbations. (c): first mode of axially symmetric perturbations. (d),
(e), (f): first, second and third modes of 3D perturbations.
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This conclusion is consistent with the fact that there is no positive feedback on this section:

the rising section of the CVC of the fundamental mode on a cathode with an insulating

lateral surface is associated with a falling dependence q(T, U) on T [91].

On the falling section of the CVC, i.e., in the range I0 < Imin, there is a mode of 1D

perturbations with a positive increment. The increment of this mode is depicted by the

line a in figure 2.4 and the distribution of temperature perturbations associated with this

mode is shown in figure 2.5a. Taking into account an analytical solution for the spectrum

given in the appendix A (see table A.1), this mode can be termed the first 1D mode. The

second 1D mode (line b in figure 2.4 and figure 2.5b) and all the higher 1D modes (which

are not shown on the graph) are decaying at all currents.

At I0 < I1, another mode of perturbations becomes growing. The increment of this mode

is depicted by the line d in figure 2.4 and the distribution of temperature perturbations

associated with this mode is shown in figure 2.5d. The perturbations of this mode are 3D

and their dependence on the azimuthal angle φ is described by the factor cosφ; the first

3D mode.

The perturbation mode that becomes growing next, at I0 < I2 (line e in figure 2.4 and

figure 2.5e), is proportional to cos 2φ; the second 3D mode. The next perturbation mode

to become growing, at I0 < I3, is the first axially symmetric mode; line c in figure 2.4 and

figure 2.5c. The next perturbation mode to become growing, at I0 < I4, is the third 3D

mode; line f in figure 2.4 and figure 2.5f, etc.

Thus, states belonging to the growing section, I0 > Imin, of the CVC of a voltage-

controlled fundamental mode on a cathode with an insulating lateral surface are stable.

States belonging to the falling section of the CVC, I0 < Imin, are unstable against 1D per-

turbations. With decreasing current, one more perturbation mode, 3D or axially symmetric

one, turns growing at each bifurcation point.

The above results refer to a near-cathode region with a fixed voltage, Ω = 0. The

analytical solution given in the appendix A as well as the numerical modelling show that

axially symmetric and 3D perturbations in this case are not affected by external resistance.

1D perturbations are affected by external resistance; in particular, if the arc is powered by

a current source, i.e., if Ω is large enough, then the first 1D perturbation mode becomes

decaying at all currents while all the higher 1D modes remain decaying at all currents.

Thus, the current-controlled fundamental mode on a cathode with an insulating lateral

surface is stable in the current range I0 > I1, i.e., on the growing section of the CVC and

on a segment of the falling section beyond the first bifurcation point, and turns unstable

at I0 < I1.
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Figure 2.6: Increments of different modes of perturbations of the fundamental mode.
R = 2 mm, h = 10 mm. Solid: 3D perturbations with m = 1, 2, 3, 4. Dashed: axially
symmetric perturbations, near-cathode region with a fixed voltage. Dotted: axially sym-
metric perturbations, current-controlled arc.

2.4.3 Spectrum of the fundamental mode on a cathode with an
active lateral surface

Modelling results presented in this and the following sections have been calculated

numerically for a cathode with an active lateral surface with account of variability of κ and

cp.

Since steady-state temperature distributions associated with the fundamental mode

are axially symmetric, perturbations of the fundamental mode are harmonic in φ, i.e.,

proportional to cosmφ, m = 0, 1, 2, . . . . Therefore, one can associate each perturbation

mode with the corresponding value of m. Perturbations with m = 0 are axially symmetric,

those with m ≥ 1 are 3D.

Increments of several modes of perturbations of the fundamental mode are shown in

figure 2.6. Numbers on curves indicate values of m. For the case of a near-cathode region

with a fixed voltage, there is a mode of axially symmetric perturbations that turns growing

at I0 < Imin. The other mode of axially symmetric perturbations that is shown on the

graph for U fixed remains decaying at all currents, as well as all the other axially symmetric

perturbation modes which are not shown. At I0 < I1, a mode of 3D perturbations with

m = 1 turns growing. Modes of 3D perturbations with m = 2, 3, 4 become growing at,

respectively, I0 < I2, I0 < I3, I0 < I4.

Distributions of perturbations of these modes are shown in figure 2.7. The distributions

of the 3D perturbations modes withm = 1, 2, 3, shown in figures 2.7c-2.7e, are qualitatively

similar to corresponding perturbations calculated for a cathode with an insulating lateral

31



2. Stability of current transfer to cathodes of arc discharges
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Figure 2.7: Different modes of perturbations of the state with U0 = 12 V on the falling
section of the CVC of the fundamental mode. R = 2 mm, h = 10 mm. (a), (b): axi-
ally symmetric perturbations, near-cathode region with a fixed voltage. (c), (d), (e): 3D
perturbations with m = 1, 2, 3, respectively.

surface and shown in figures 2.5d-2.5f. The axially symmetric perturbation mode with the

biggest increment shown in figure 2.7a is analogous to the first 1D mode on a cathode

with an insulating lateral surface shown in figure 2.5a. (Note that the non-uniformity

of perturbations on the front surface of the cathode, seen in figure 2.7a and absent from

figure 2.5a, is a consequence of the non-uniformity of the steady-state distribution of the

temperature of the front surface in the fundamental mode on a cathode with an active

lateral surface.) Similarly, the axially symmetric perturbation mode with the second biggest

increment shown in figure 2.7b is analogous to the second 1D mode on a cathode with an

insulating lateral surface shown in figure 2.5b.

The above results refer to a near-cathode region with a fixed voltage. 3D perturbations

are not affected by external resistance, similarly to what happens on a cathode with an

insulating lateral surface. On the other hand, axially symmetric perturbations are affected

by external resistance, on the contrary to what happens on a cathode with an insulating

lateral surface. One can say that both in the case of a cathode with an insulating lateral
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surface and in the case of a cathode with an active lateral surface, the presence of external

resistance affects perturbations with the same symmetry that the steady-state temperature

distribution.

Calculations showed that all axially symmetric perturbations of a current-controlled

fundamental mode are decaying at all currents; see dotted lines in figure 2.6.

The above results show that patterns of stability of the fundamental mode on a cathode

with an active lateral surface and on a cathode with an insulating lateral surface are similar,

except that the steady-state solution describing the fundamental mode on a cathode with

an active lateral surface is axially symmetric rather than 1D, so 1D perturbations do not

exist. The above results conform to conclusions on stability of the fundamental mode

reached by means of an analytical treatment [118].

2.4.4 Spectrum of the first axially symmetric spot (non-fundamental)
mode

Modelling results presented in this section refer to a current-controlled arc. Note that

3D perturbations of axially symmetric spot modes are not affected by external resistance,

similarly to 3D perturbations of the fundamental mode. In all the cases studied in this and

the following sections, the finite element mesh was locally refined in the vicinity of each

spot in order to obtain a good accuracy.

Perturbations of axially symmetric steady-state spot modes are harmonic in φ and may

be characterized by the corresponding value of m, similarly to perturbations of the funda-

mental mode. Increments of several modes of perturbations of the first axially symmetric

steady-state spot mode are shown in figure 2.8. Here and in the following figures, squares

represent values of arc current corresponding to turning points of the steady-state mode

being under stability investigation. The solid and dashed lines in figure 2.8 represent val-

ues of the increments on high- and, respectively, low-voltage branches of the first axially

symmetric steady-state spot mode.

There is a mode of axially symmetric perturbations, m = 0, that is growing on the low-

voltage branch of the first axially symmetric steady-state spot mode. On passing through

the turning point, switching between growing and decaying occurs and this mode is decaying

on the high-voltage branch. The other modes of axially symmetric perturbations (one of

these modes is shown on the graph) are decaying in the whole range of existence of the

steady-state mode in question. The steady-state mode in question is neutrally stable against

four modes of 3D perturbations (see figure 2.8) with m = 1, 2, 3, 4 at the corresponding

bifurcation point I0 = Im. These modes of perturbations are growing on the low-voltage

branch at lower currents, I0 < Im, and are decaying on the low-voltage branch at higher

currents and on the high-voltage branch. (Iν in the present section designates the value of

arc current corresponding to the bifurcation point with a given ν positioned on the first
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Figure 2.8: Increments of different modes of perturbations of the first axially symmetric
spot mode. R = 2 mm, h = 10 mm, current-controlled arc.

axially symmetric spot mode; note that · · · < I4 < I3 = I1 < I2 < Imin.) The other mode of

3D perturbations withm = 1 shown on figure 2.8 is growing in the whole range of existence

of the steady-state mode in question.

The change of stability against axially symmetric perturbations occurring at the turning

point is similar to the change of stability of a voltage-controlled fundamental mode against

perturbations of the same symmetry that occurs at the point of minimum of the CVC of the

fundamental mode, as discussed in the two preceding sections. [As long as a near-cathode

region with a fixed voltage is concerned, every extremum of the CVC U0 (I0) represents a

limit of the range of existence of a solution, i.e., a turning point.] Modes of 3D perturbations

that switches between growing and decaying do so at the corresponding bifurcation points:

a ν-th mode is growing at I0 < Iν and decaying at I0 > Iν . Again, this is similar to what

happens in the case of the fundamental mode.

As far as changes of stability are concerned, the above results conform to conclusions

of the analytical treatment [118]. On the other hand, there is a mode of 3D perturbations

with m = 1 that is always growing, and this result is outside the scope of [118]. Because

of this mode, the first axially symmetric steady-state spot mode is unstable in the whole

range of its existence.

2.4.5 Spectra of 3D spot modes

All perturbations of 3D steady-state spot modes are 3D and their azimuthal dependence

is not harmonic, therefore the classification of perturbations in terms of m employed in the

preceding two sections is not applicable. However, one can extend this classification using

the fact that the “initial” state of each 3D steady-state spot mode, I0 = Iν , being a
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bifurcation point, is axially symmetric, hence perturbations of this state are harmonic. In

the following, a mode of perturbations of a 3D steady-state spot mode that is proportional

to cosmφ at I0 = Iν will be associated with this value of m. Note that a perturbation

mode with a given m, while having the azimuthal period of 2π/m at the initial state, does

not necessarily have the same period outside the initial state. In fact, in all the cases

treated in this chapter periods of different even and odd perturbation modes of different

3D steady-state spot modes coincided with those given in table 1 of [118].

Increments of several modes of even perturbations of various 3D steady-state spot modes

are shown in figures 2.9 and 2.10. Figures 2.9a to 2.9d refer to the 3D steady-state modes

with, respectively, one to four spots at the edge of the front surface of the cathode. These

modes are represented by the dotted lines in figure 2.3 and branch off from the fundamental

mode at the bifurcation points with ν = 1, 2, 3, 4, respectively. Figure 2.10 refers to the

3D steady-state mode with two spots at the edge of the front surface of the cathode and a

spot at the center of the front surface, which is shown in figure 2.3 by the dash-and-dotted

line. In figure 2.10, circles representing the initial state of the mode in question have been

added to each line.

Steady-state temperature distributions T0 (x, y, z) associated with two spots at the edge,

or four spots at the edge, or two spots at the edge and one spot at the center are even with

respect to x. According to what has been said in section 2.2.3, every perturbation of any

of these steady states may be treated without losing generality as either even or odd with

respect to x. (Note that every perturbation of all these states found numerically indeed

turned out to be even or odd with respect to x, which is not surprising since all spectra

found in these calculations were non-degenerate.) For odd perturbations, the first term on

the rhs of equation (2.10) vanishes and equation (2.11) is reduced to U1 = 0. Hence, odd

perturbations are not affected by external resistance, but even perturbations in a general

case are. Modelling results presented in this section refer to a current-controlled arc.

The 3D steady-state mode with one spot at the edge, to which data plotted in figure

2.9a refer, possesses a turning point. The dashed lines in figure 2.9a represent values of

increments on that section of the steady-state spot mode that is comprised between the

initial state and the turning point, solid lines represent values of increments on the section

beyond the turning point. One can see that the steady-state mode in question is neutrally

stable against one mode of even perturbations with m = 1 at the initial state and at the

turning point, unstable between the initial state and the turning point, and stable beyond

the turning point. Calculations of spectrum for odd perturbations (which are skipped for

brevity) showed that the steady-state mode in question is neutrally stable against one mode

of odd perturbations with m = 1. Perturbations of all the other modes are decaying in the

whole range of existence of the steady-state spot mode in question.

The 3D steady-state mode with two spots at the edge, to which data plotted in figure

2.9b refer, possesses one turning point as well, so the dashed and solid lines in figure 2.9b
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Figure 2.9: Increments of different modes of even perturbations of the steady-state modes
with one, two, three, and four spots at the edge of the front surface of the cathode. R =
2 mm, h = 10 mm, current-controlled arc. (a), (b), (c), (d): steady-state modes with,
respectively, one, two, three, and four spots.
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Figure 2.10: Increments of different modes of even perturbations of the steady-state mode
with two spots at the edge of the front surface of the cathode and a spot at the center.
R = 2 mm, h = 10 mm, current-controlled arc.

has the same meaning as on figure 2.9a. This steady-state mode is neutrally stable against

one mode of even perturbations with m = 2 at the initial state and at the turning point;

unstable between the initial state and the turning point; stable beyond the turning point.

There is a mode of even perturbations with m = 1 that is growing in the whole range

of existence of the steady-state spot mode in question. Calculations of spectrum of odd

perturbations showed that the steady-state mode in question is neutrally stable against one

mode of odd perturbations withm = 2 and unstable against one mode of odd perturbations

with period m = 1. Perturbations of all the other modes are decaying in the whole range

of existence.

The 3D steady-state modes with three or four spots at the edge possess no turning

points. Under conditions of figure 2.9c (or, respectively, of figure 2.9d), the steady-state

mode is neutrally stable against a mode of even perturbations with m = 3 (or, respectively,

with m = 4) at the initial state and stable outside this state. Absolute values of the incre-

ments of these modes are very small, so the corresponding lines are barely distinguishable

from the axis of abscissas. There are two (or, respectively, three) modes of even perturb-

ations, one of these modes with m = 1 and the other one with m = 2 (or, respectively,

with m = 1, m = 2, and m = 3), that are growing in the whole range of existence of the

steady-state spot mode in question. The steady-state mode is neutrally stable against one

mode of odd perturbations with m = 3 (m = 4) and is unstable against two modes of odd

perturbations with m = 1 (two modes of odd perturbations with m = 1 and one mode of

odd perturbations with m = 2). Perturbations of all the other modes are decaying in the

whole range of existence.

In all the cases above-described, odd perturbations do not change sign of their increment
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along 3D steady-state spot modes and do not add new windows of instability compared to

even perturbations. This result is in accordance with theory [118]. Therefore, spectra of

odd perturbations will not be computed in the following.

The mode with two spots at the edge of the front surface of the cathode and a spot at

the center, to which data plotted in figure 2.10 refer, possesses two turning points, at arc

currents I0 = 104.5 A and I0 = 107.2 A. (Let us indicate, for completeness, the value of arc

current corresponding to the initial state: I2 = 106.5 A.) The dashed, solid and dotted lines

in figure 2.10 represent values of increments on the section of the steady-state spot mode

that is, respectively, comprised between the initial state and the first turning point; between

the first and second turning points; beyond the second turning point. There is a mode of

even perturbations with m = 2 that is decaying between the initial state and the first

turning point; growing between the first and second turning points; decaying beyond the

second turning point. There is a mode of even perturbations with m = 1 that is decaying

at the initial state and in its vicinity and then turns growing. Switching between decay and

growth occurs at I0 = 105.3 A, i.e., outside the turning points. There are a perturbation

mode with m = 0 and a mode of even perturbations with m = 1 that are growing in the

whole range of existence of the steady-state spot mode in question. Perturbations of all

the other modes of perturbations are decaying in the whole range of existence.

Since points of neutral stability against perturbations of any kind represent points of

bifurcation of steady-state solutions, one should conclude that another 3D steady-state

mode branches off from the mode with two spots at the edge of the front surface of the

cathode and a spot at the center at I0 = 105.3 A. While the steady-state temperature

distribution corresponding to the mode with two spots at the edge and a spot at the center

is symmetric with respect to the plane x = 0, the perturbation against which the steady-

state mode is neutrally stable at I0 = 105.3 A possesses no such symmetry. In other words,

while the steady-state temperature distribution T0 (x, y, z) is even with respect to x, the

perturbation T1 (x, y, z) is odd with respect to x; the latter can be clearly seen from figure

2.11. It follows that the bifurcation of 3D steady-state modes that occurs at I0 = 105.3 A

represents breaking of planar symmetry. Alternatively, one can term this bifurcation the

period doubling: while the steady-state temperature distribution corresponding to the mode

with two spots at the edge and a spot at the center is periodic over φ with the period of π,

the steady-state mode that branches from it at I0 = 105.3 A has the period of 2π.

The above results may be summarized as follows. Let us consider a cathode of a current-

controlled arc and a 3D steady-state mode with ν spots at the edge of the front surface

of the cathode, and maybe also with a spot at the center. The mode branches off from

an axially symmetric mode at the bifurcation point I0 = Iν or, in other terms, begins at

the initial state I0 = Iν . The steady-state mode is neutrally stable against one mode of

even perturbations (and proportional to cos νφ) at the initial state. In the vicinity of the

initial state, this mode of perturbations is decaying or, respectively, growing depending on
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Figure 2.11: Neutrally stable perturbations with m = 1 of the steady-state mode with two
spots at the edge of the front surface and a spot at the center. R = 2 mm, h = 10 mm,
I0 = 105.3 A.

whether the bifurcation at I0 = Iν is supercritical (the cases plotted in figures 2.9c, 2.9d

and 2.10) or subcritical (figures 2.9a and 2.9b). (A bifurcation may be termed supercritical

or subcritical if the bifurcating solution branches off into the range of control parameters

in which the original solution is unstable or, respectively, stable against the perturbation

which possesses the zero increment at the bifurcation point; see appendix B. Taking into

account the above results on stability of the fundamental mode and of the first axially

symmetric spot mode, one should conclude that in the case of a current-controlled arc, a

bifurcation occurring at I0 = Iν is supercritical or subcritical if a 3D spot mode branches

off from the axially symmetric mode into the range I0 < Iν or, respectively, I0 > Iν .)

If the steady-state spot mode in question possesses no turning points, which is possible

only if the bifurcation is supercritical, then this perturbation mode remains decaying in

the whole range of existence of the steady-state spot mode in question; figures 2.9c and

2.9d. If the steady-state spot mode in question does possess turning point(s), then this

perturbation mode switches between growing and decaying at each turning point; figures

2.9a, 2.9b and 2.10.

Even perturbation modes that are growing at the initial state remain growing in the

whole range of existence of the steady-state spot mode in question. Perturbation modes

that are decaying at the initial state in most cases remain decaying in the whole range of

existence; figures 2.9a to 2.9d and one of the lines with m = 0 in figure 2.10. An exception

is a perturbation mode with m = 1 under conditions of figure 2.10, that is decaying at the

initial state but then turns growing.

In many aspects, the above results conform to conclusions of the analytical treatment

[118]. In particular, stability in the vicinity of a bifurcation point I0 = Iν against the

perturbation which possesses the zero increment at the bifurcation point is related to the

bifurcation being sub- or supercritical; an even perturbation mode exists that switches

between growing and decaying at each turning point of the steady-state spot mode. On

the other hand, a number of the above results are outside the scope of the treatment [118],
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such as the conclusion that if a 3D steady-state spot mode possesses turning point(s), then

the even perturbation mode that switches between growing and decaying at each of these

points is the same for all points and the same that possesses the zero increment at the

bifurcation point; or conclusion on instability of the mode with a spot at the center of the

front surface of the cathode and two spots at the edge; or demonstration of the possibility

of breaking of planar symmetry, the consequences being the possibility of branching of 3D

steady-state spot modes and the possibility of changes of stability of 3D modes outside

turning points.

The above results allow one to suggest plausible assumptions on stability of 3D modes

with a spot at the center of the front surface of the cathode and one, three, four, five

etc spots at the edge, which branch off from the first axially symmetric spot mode at the

bifurcation points with ν = 1, 3, 4, 5, . . . , respectively. There are three growing modes of

even perturbations at the bifurcation point with ν = 1 (which coincides with the bifurcation

point with ν = 3), that are proportional to cosmφ with m = 0, 1, 2. One can expect

therefore that there are at least three growing even perturbation modes at every steady

state belonging to modes with a spot at the center and one or three spots at the edge.

Similarly, there are five even perturbation modes, two of them with m = 1 and the others

with m = 0, m = 2, and m = 3, that are growing at the bifurcation point with ν = 4 and

one can expect that there are at least five growing even perturbation modes at every steady

state with a spot at the center and four spots at the edge. Continuing this reasoning, one

comes to the conclusion that all modes with a spot at the center of the front surface of

the cathode and one or more spots at the edge are unstable in the whole range of their

existence.

The above results indicate that the only 3D states that may be stable are those with

one spot at the edge.

2.5 Concluding discussion

The eigenvalue problem describing stability against small perturbations of steady-state

current transfer from high-pressure arc plasmas to thermionic cathodes has been solved

numerically. Spectra of perturbations of different modes of steady-state current transfer

to cylindrical cathodes have been computed: of the fundamental mode, of the first axially

symmetric spot mode, and of several 3D spot modes branching off from the fundamental

mode and from the first axially symmetric spot mode. Calculations have been performed

both for the case of a current-controlled arc and for the case of a near-cathode region with

fixed voltage. As far as 3D steady-state spot modes are concerned, the calculations are

done for perturbations that are both even and odd with respect to the plane of symmetry

of the 3D spot mode in question.

In all the simulations performed, all the spectra turned out to be real, i.e., included only
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real values of the increment of perturbations. Note that an analytical proof of this feature

[118] employs a specific assumption concerning transfer functions; this assumption leads to

the eigenvalue problem being Hermitian (self-adjoint), and consequently its spectrum being

real. It is therefore important that this conclusion has been verified in the present work

by means of a direct numerical solution to the exact (non-Hermitian) eigenvalue problem.

This result conforms to the well-known experimental fact that transitions between the

fundamental and spots modes are monotonic, i.e., occur without oscillations of cathode

temperature and luminosity.

The present results conform to conclusions of the analytical treatment [118] and sup-

plement them with quantitative data on spectra of different steady-state modes of current

transfer. On the other hand, a number of the results are outside the scope of [118], such

as the conclusion on instability of the mode with a spot at the center of the front surface

of the cathode; the conclusion on instability of modes with a spot at the center and one or

more spots at the edge; the possibility of branching of 3D steady-state spot modes and of

changes of stability of 3D modes outside turning points, both being caused by breaking of

planar symmetry.

The numerical results allow one to establish a complete pattern of stability of all steady-

state modes. In the case of a current-controlled arc on a cylindrical cathode, this pattern

is as follows.

The fundamental mode is stable beyond the first bifurcation point, i.e., at I0 > I1,

and unstable at lower currents, I0 < I1. This conclusion conforms to the well-known

experimental fact that the fundamental mode is favoured by increasing the arc current and

not by decreasing it.

All steady-state modes with spots positioned at the edge of the front surface of the

cathode are unstable (in the whole range of existence of each mode) if the number of spots

is two or more. All steady-state modes with a spot at the center of the front surface of the

cathode and one or more spots at the edge are unstable. It is legitimate to assume that

any steady-state mode with multiple spots (i.e., with more than one spot) is unstable. This

conclusion conforms to the fact that multiple steady-state spots are not normally observed

on thermionic cathodes of high-pressure arc discharges.

The axially symmetric mode with a spot at the center of the front surface of a cylindrical

cathode is unstable as well. This conclusion conforms to the experimental fact that a

stationary arc spot attached to the center of the (flat) front surface of a cylindrical cathode

is not observed in the experiment (e.g., [88]) unless stabilized by an axial gas flow.

The only steady-state spot mode that may be stable at least in a part of its existence

region is the 3D mode with a spot at the edge. In the following, this mode will be referred

to as the first spot mode. Under typical conditions, this mode branches off from the

fundamental mode through a subcritical bifurcation and is unstable between the bifurcation

point and the turning point and stable beyond the turning point. The transition between
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Figure 2.12: CVC’s of different modes. Solid, dotted: high-voltage and, respectively, low-
voltage branches of the first 3D spot mode. Dashed: fundamental mode. R = 0.75 mm,
h = 20 mm, the argon pressure 2.6 bar. Numbers: time of development or decay of per-
turbations.

this mode and the fundamental mode cannot be realized in a quasi-stationary way and is

accompanied by hysteresis; also a conclusion that conforms to the experiment.

In figure 2.12, stability of modes of DC current transfer to an arc cathode under condi-

tions of the experiment [88] is illustrated. CVC’s of the fundamental mode and of the first

spot mode plotted in this figure have been taken from [89]. Bifurcation points positioned

on the fundamental mode are located at U0 well in excess of 100 V and are not seen on

the graph. For several steady states which are depicted by points, values of inverse of the

biggest increment of perturbations of this state are indicated. Each of these values may be

interpreted as time of disruption of the corresponding steady state, if it is positive, or time

of decay of perturbations of this state, if it is negative.

One can see that λ < 0 on the fundamental mode and on the high-voltage branch of the

first spot mode and λ > 0 on the low-voltage branch. This conforms to the above-described

general pattern: all the steady states of the fundamental mode shown on the graph are

positioned beyond the first bifurcation point, i.e. at I0 > I1, and should therefore be stable;

the low-voltage branch, being a part of the section of the first spot mode which is comprised

between the bifurcation point and the turning point, should be unstable; the high-voltage

branch, representing the section beyond the turning point, must be stable.

Since the turning point of the first spot mode is neutrally stable, λ = 0, values of the

inverse increment in the vicinity of this point are quite high. Apart from this vicinity,

|λ|−1 on the low-voltage branch is much smaller than on the fundamental mode and the

high-voltage branch: while perturbations of the fundamental mode and of the high-voltage

branch of the first spot mode decay during intervals of the order of seconds, the instability
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of the low-voltage branch develops on significantly smaller time scales.

Data on stability shown in figure 2.12 confirm the hypothesis on irreproducibility of

transitions between the fundamental and spot modes under typical conditions of experi-

ments with HID lamps, suggested in [89]. Indeed, experiments are usually performed in

a limited current and voltage range, say I0 ≤ 10 A and U0 ≤ 100 V, so two stable modes

exist in the whole range of conditions of such experiments, the fundamental mode and

the high-voltage branch of the first spot mode. Hence, no reproducible transition between

fundamental and spot modes can occur in a typical quasi-stationary experiment: if the ex-

periment is well-controlled and quasi-stationary, a mode which has occurred immediately

after the ignition of the discharge will be maintained during the whole experimental run; if

a mode change is systematically observed in such experiment under quasi-stationary con-

ditions, it means that the experiment is not well-controlled. This conclusion conforms to

the general trend that the transition between the fundamental and spot modes is diffi cult

to reproduce in the experiment.

A mode change can be provoked by finite perturbations, e.g., by fast enough variations

of experimental parameters. However, if the arc is operated at currents higher than It the

arc current corresponding to the turning point of the first spot mode, then only the funda-

mental mode is possible. In other words, operating a discharge at I0 > It will ensure the

fundamental mode. Under conditions of figure 2.12, It = 11.1 A and the above inequality

is not easy to satisfy, however the situation is different for thin cathodes since It rapidly

decreases with a decrease of the cathode radius.

In [88], the low- and high-voltage branches were calculated in the framework of the

model of nonlinear surface heating and the assumption was forwarded that it is the low-

voltage branch that occurs in the experiment. Under this assumption, the conclusion was

drawn that a quantitative agreement between simulations and experimental results can

be shown for the spot mode. However, both the numerical results of the present chapter

and the analytical theory [118] indicate that the low-voltage branch is unstable, and this

conclusion has been obtained in the framework of the model of nonlinear surface heating,

which has been used also in the modelling [88]. Hence, the comparison between simulations

and experimental results on the spot mode performed in [88] must be revisited.
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Chapter 3

Stability of current transfer to
cathodes of glow discharges

Stability of different axially symmetric steady-state modes of current transfer of DC

glow discharges against small perturbations is investigated in the framework of the linear

stability theory with the use of software COMSOL Multiphysics. Conditions of current-

controlled microdischarges in xenon are treated as an example. Variations of the increments

of perturbations with discharge current are investigated for the 1D glow discharge and

different modes of axially symmetric glow discharge. Both real and complex increments

have been detected, meaning that perturbations can vary with time both monotonically and

with oscillations. In general, results given by the linear stability theory confirm intuitive

concepts developed in the literature and conform to the experiment. On the other hand,

the theory provides suggestions for further experimental and theoretical work.

3.1 Introduction

In the previous chapter, stability has been studied of multiple steady-state solutions

which have been obtained during the last decade in the theory of current transfer to cath-

odes of high-pressure arc discharges and describe different modes of current transfer to

arc cathodes. In this chapter, stability is studied of multiple steady-state solutions which

were computed recently for DC glow discharges [128—130] and describe both the normal

mode and modes with multiple spots similar to those observed in DC glow microdischarges

[20—24].

The patterns of multiple steady-state solutions found for DC glow discharges and for

cathodes of high-pressure arc discharges are similar in many aspects. In particular, in both

cases the current is distributed over the cathode surface more or less uniformly at higher

currents; at lower currents, there are also modes where the current is localized in one or

more regions (spots) occupying only a fraction of the cathode surface. This is indeed what
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is observed in the experiment; note that the fundamental (diffuse) and spot modes on arc

cathodes represent analogues of the abnormal and normal modes on glow cathodes.

However, the patterns of modes observed in the experiment on glow and arc cathodes

have also important differences: modes with more than one spot observed on glow cathodes

have not been observed on arc cathodes; axially symmetric current distributions on planar

circular cathodes have not been observed on arc cathodes but seem to have been observed

in glow discharges (the upper-left image in figure 3 of [20] and the middle image in figure

4 of [24]). Given that the patterns of multiple steady-state solutions are similar, one

should presume that these differences are caused by substantially different properties of

stability of these solutions. There is another experimental fact supporting this hypothesis:

while transition from the abnormal or fundamental mode at higher currents to a mode

with spot(s) occurs on both glow and arc cathodes without temporal oscillations of the

luminosity of the cathode surface or of the discharge voltage, the glow discharge operated

in the subnormal regime can develop voltage oscillations which have not been observed as

far as the near-cathode region of high-pressure arcs is concerned.

Main features of stability of current transfer to arc cathodes have been investigated in

the framework of the linear stability theory in chapter 2. On the other hand, no investig-

ations of stability of DC glows have apparently been reported. It should be stressed that,

as discussed at the end of section 1.2.2, even if a steady-state solution has been found by

means of simulating temporal evolution of the discharge with the use of a non-stationary

code, there is no guarantee that this solutions is stable against perturbations of other

symmetries.

This chapter is concerned with a numerical investigation of stability of axially sym-

metric steady-state modes of DC glow discharges, the principal objective being to find out

main features of stability of DC glows as predicted by an accurate stability theory and

compare them with intuitive concepts developed in the literature and with the experiment.

Calculation results are given for conditions of current-controlled microdischarges in xenon.

As in the investigation of stability of current transfer to arc cathodes, described in the

previous chapter, the linear stability theory is used. In addition to indicating whether a

given stationary state is stable or unstable, this theory allows one to find states where

one of perturbation modes is stationary. Such states represent points of bifurcation of

steady-state modes and play an important role in computing and understanding different

modes of operation of DC glow discharges; [128] and chapter 4, respectively. An eigenvalue

boundary-value problem for a system of linear partial differential equations, which appears

in the framework of the linear stability theory of DC glows, does not admit an analytic

solution except in very special cases. On the other hand, this problem may be treated

numerically. A convenient tool is software COMSOL Multiphysics, that was successfully

employed in chapter 2.

The outline of the chapter is as follows. A mathematical model is introduced in section
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3.2. Relevant aspects of numerical solution with the use of COMSOL Multiphysics are

discussed in section 3.3. Numerical results on stability of 1D and different 2D steady-state

modes are given and analyzed in sections 3.4 and 3.5. Concluding remarks are given in

section 3.6.

3.2 Model

Self-organization in cold glow and glow-like gas discharges is usually simulated by means

of a basic glow discharge model assuming a single ion species, direct electron impact ion-

ization, secondary electron emission by ion impact, and electron kinetic and transport

coeffi cients being functions of the local electric field. It was shown that this model can

reproduce many features observed experimentally and allows one to understand pattern

formation in DBD’s [51, 59, 60, 81], pattern formation on DC glow cathodes [128, 130],

formation and propagation of filamentary plasma arrays in high-power microwave break-

down at atmospheric pressure [131, 132]. In [129], self-organized patterns on DC glow

cathodes have been studied by means of a more realistic model of DC glows, which is in the

spirit of models usually employed for detailed simulation of microdischarges in the absence

of self-organization [133—138] and which accounts for two ionic species, several ionization

channels, non-equilibrium population of excited states and comprises an energy equation

for the electrons. It was found that the effect of chemistry and non-locality of electron

kinetic and transport coeffi cients does not cause qualitative changes in self-organization,

which explains why the use of the basic model in simulations of self-organization has been

successful. The basic model is used also in this work.

3.2.1 System of equations

The system of non-stationary equations comprises equations of conservation of a single

ion species (molecular ions) and the electrons, transport equations for the ions and the

electrons written in the drift-diffusion local-field approximation, and the Poisson equation:

∂ni
∂t

+∇ · Ji = w, Ji = −Di∇ni + niµiE, (3.1)

∂ne
∂t

+∇ · Je = w, Je = −De∇ne − neµeE, (3.2)

∇ · E =
e(ni − ne)

ε0

, (3.3)

where

w = neαµeE − βneni. (3.4)
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Here ni, ne, Ji, Je, Di, De, µi, and µe are number densities, densities of transport fluxes,

diffusion coeffi cients, and mobilities of the ions and electrons, respectively; α is Townsend’s

ionization coeffi cient; β is the coeffi cient of dissociative recombination; E is the electric

field; E = |E| is the electric field strength; ε0 is the permittivity of free space; e is the

elementary charge; and t is time. Since the electric field in the non-stationary case is

expressed in terms of both scalar potential ϕ and vector potential A,

E = −∇ϕ− ∂A

∂t
, (3.5)

the above equations must be supplemented by Ampère’s law governing the vector potential

∇× (∇×A) = µ0 jcond − ε0µ0

∂

∂t

(
∇ϕ+

∂A

∂t

)
. (3.6)

Here jcond = e (Ji − Je) is the conduction current density and µ0 is the magnetic permeab-

ility of free space.

The aim is to use the above equations in analysis of stability of the discharge against

small perturbations. Let us designate by τ a time scale characterizing a perturbation (e.g.,

its period or inverse increment). This time should be compared with time scales contained

in the equations, which may be defined as

τ i =
h2

µ
(0)
i U (0)

, τ e =
h2

µ
(0)
e U (0)

, τ c =
√
ε0µ0 h, τ j =

ε0U
(0)

j
(0)
condh

, (3.7)

where h is the discharge gap, the upper index (0) denotes a characteristic value, and U is

the discharge voltage. τ i, τ e, and τ c have the meaning of characteristic times of, respect-

ively, transport of the ions and the electrons and propagation of electromagnetic waves

across the discharge gap. τ j represents a time scale on which conduction and displace-

ment currents are comparable (Maxwell time). Under typical experimental conditions of

interest (microdischarges in xenon, p = 30 Torr, h = 0.5 mm, current density 10−2 A/m2 to

103 A/m2), τ i = O(10−6 s), τ e = O(10−9 s), τ c = O(10−12 s), and τ j = O (10−3 s− 10−8 s).

Estimating order of magnitude of A from equation (3.6), one finds

|∂A/∂t|
|∇ϕ| ˜

τ 2
c

τ 2 + τ 2
c

(
1 +

τ

τ j

)
. (3.8)

Taking into account that τ j � τ c, one finds that the rhs of this expression is of the order of

τ 2
c/ττ j for τ j . τ , of the order of (τ c/τ)2 for τ c . τ . τ j, and of the order of 1 at τ . τ c.

It follows that the second term on the rhs of equation (3.5) may be dropped and equations

(3.1)-(3.4) become decoupled from equation (3.6) on time scales τ � τ c.

If one considers perturbations with frequencies of the order of τ−1
i , then the non-

stationary term is essential in the equation of conservation of the ions, the first equation in

(3.1), but not in the equation of conservation of the electrons, the first equation in (3.2).
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The second term on the rhs of equation (3.5) may be dropped as well. There are per-

turbations of the magnetic field caused by perturbations of the conduction currents and/or

potential ϕ, but these perturbations do not affect the charged particles and the electric

field, so equation (3.6) is unnecessary.

If one considers perturbations with frequencies of the order of τ−1
e , then it follows from

the first equation in (3.1) that temporal variations of the ion density are small, ∂ni/∂t ≈ 0.

In other words, ion transport and ionization and recombination are frozen on time scales

that small, so the ion density remains unperturbed. A non-stationary term is essential in

the equation of conservation of the electrons. The second term on the rhs of equation (3.5)

may be dropped again and equation (3.6) is unnecessary.

If one considers perturbations with frequencies of the order of τ−1
c , then it follows from

the equations of conservation of the ions and the electrons that the temporal variations

of both the ion and electron densities are small. The non-stationary term is essential in

equation (3.5). In physical terms, there are perturbations of the electromagnetic field,

which do not perturb the charged particles and are governed by equations (3.3), (3.5), and

(3.6). Note that the first term on the rhs of equation (3.6) may be dropped in this case,

since τ j � τ c.

On frequencies substantially higher than τ−1
i , one of the channels of development of

perturbations in the discharge (perturbation of the electric field by perturbations of the

ion density) is effectively switched off, since the ion density is not perturbed. Therefore,

one can expect that the possibility of enhancement of perturbations on frequencies of the

order of τ−1
e and τ−1

c is smaller than that on frequencies of the order of τ−1
i . Thus, one

can expect that stability of the discharge is governed by perturbations with frequencies (or

increments) of the order of τ−1
i .

In accord to the above, the system of equations (3.1)-(3.5) is employed in this work with

the non-stationary term only in the equation of conservation of the ions, first equation in

(3.1); the non-stationary terms in the equation of conservation of the electrons and in

equation (3.5) are dropped and equation (3.6) is not used. Note that in order to check the

above reasoning, calculations have been performed with account of the non-stationary terms

both in the ion and electron conservation equations. It has been found that the account

of the non-stationary term in the electron conservation equation results in appearance of a

high-frequency part of the spectrum; the spectrum of perturbations with frequencies of the

order of τ−1
i is not affected appreciably and it is these perturbations than can be growing,

in agreement with the above reasoning.

It will be convenient for the purposes of this work to rewrite the first equations in (3.1)

and (3.2) in the following form:

∂ni
∂t
−∇ · (Di∇ni)−∇ (µini) · ∇ϕ+

e

ε0

µini(ni − ne) = w, (3.9)
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Figure 3.1: Geometry of the problem.

−∇ · (De∇ne) +∇ (µene) · ∇ϕ−
e

ε0

µene(ni − ne) = w. (3.10)

Numerical results reported in this work refer to a discharge in xenon under the pressure

of 30 Torr. The transport and kinetic coeffi cients are evaluated in the same way as in [128].

The mobilities of Xe+
2 ions and electrons in Xe were set equal to 2.2× 10−3 m2 V−1 s−1 and,

respectively, 0.57 m2 V−1 s−1 in accord to [139, 140]. Townsend’s ionization coeffi cient was

evaluated by means of equation (4.6) of [6]. The diffusion coeffi cients were evaluated by

means of Einstein’s law with temperatures of the ions and electrons equal to, respectively,

300 K and 1 eV. The coeffi cient of dissociative recombination of molecular ions Xe+
2 was

set equal to 2× 10−13 m3 s−1[141, 142].

3.2.2 Boundary conditions

Numerical results reported in this work refer to a microdischarge in a vessel in the form

of a right circular cylinder of a radius R = 1.5 mm and of a height h = 0.5 mm. Let us

introduce cylindrical coordinates (r, φ, z) with the origin at the center of the cathode and

the z-axis coinciding with the axis of the vessel; see figure 3.1. Boundary conditions at the

cathode and anode are written in the conventional form:

z = 0 :
∂ ni
∂ z

= 0, Jez = −γJiz, ϕ = 0; (3.11)

z = h : ni = 0,
∂ne
∂z

= 0, ϕ = U, (3.12)

where γ is the effective secondary emission coeffi cient, which was set equal to 0.03 in this

modelling. The subscripts z and r here and further denote axial and, respectively, radial

projections of corresponding vectors.

The following boundary conditions are applied at the (dielectric) lateral wall of the

discharge vessel:

r = R : e (Jir − Jer)− ε0
∂2ϕ

∂t ∂r
= 0, ni = ne = 0. (3.13)
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These boundary conditions are similar to those used by other authors (e.g., [77, 143]). The

first boundary condition means zero of the radial component of the total electric current

density, which implies neglect of the radial component of the displacement current inside

the dielectric wall. The second boundary condition is written under the assumption that

all ions and electrons coming to the wall are absorbed, with eventual neutralization and

return of the appearing neutral atoms into the plasma.

The discharge is assumed to be current-controlled. Therefore, the discharge current or,

equivalently, the average density of total electric current in the direction from anode to

cathode,

〈j〉 = − 1

πR2

∫ 2π

0

∫ R

0

[
e (Jiz − Jez)− ε0

∂2ϕ

∂t ∂z

]
r dr dφ, (3.14)

is treated as a given parameter. Accordingly, the discharge voltage U is found in the course

of simulations.

The above problem, when applied to treatment of stationary states, admits an axially

symmetric (2D) solution, F = F (r, z) (here F is any of the quantities ni, ne, and ϕ) which

exists at all discharge currents. This solution is designated the fundamental mode. Under

certain conditions, the problem admits also other 2D solutions, which exist in a limited

current range and represent a closed loop, and 3D solutions, which also exist in a limited

current range. In this chapter, stability is studied of 2D steady states belonging to both

fundamental and non-fundamental modes.

It is of interest to consider also the case where the second boundary condition in (3.13)

is replaced by the condition

r = R :
∂ni
∂r

=
∂ne
∂r

= 0. (3.15)

In this case, the ion and electron fluxes in stationary states vanish at the lateral wall,

meaning that all charged particles coming to the wall are reflected rather than absorbed.

The fundamental mode of the discharge becomes 1D: all the parameters vary only in the

axial direction, i.e., F = F (z). This is the 1D form of glow discharge to which the classical

von Engel and Steenbeck theory refers (e.g., [6]). The pattern of stability of this mode is

the simplest and the easiest to understand. Besides, investigation of its stability includes

a determination of points of bifurcation of steady-state modes, which are important for

understanding the pattern of multiple steady-state modes, as will be shown in chapter 4,

and calculation of these modes [128]. For this reason, stability of the 1D glow discharge is

investigated as well.

3.2.3 Eigenvalue problem for perturbations

Perturbations of 2D stationary states can be 2D or 3D. In the framework of the conven-

tional formalism of the linear stability theory and similarly to how it was done for the case
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of arc cathode in chapter 2, a solution to the problem (3.9), (3.10), (3.3)-(3.5), (3.11)-(3.14)

is sought as sum of a steady-state solution and small perturbations with exponential time

dependence. Taking into account that the 3D perturbations are harmonic with respect to

the azimuthal angle φ, one can write [cf. expansions (2.6), (2.7), (2.12) for the case of arc

cathode]

ni,e (r, φ, z, t) = ni0,e0 (r, z) + eλtni1,e1 (r, z) cosmφ+ . . . , (3.16)

ϕ (r, φ, z, t) = ϕ0(r, z) + eλtϕ1 (r, z) cosmφ+ . . . , (3.17)

U (t) = U0 + eλtU1 + . . . . (3.18)

Here the first term on the rhs of each expansion represents a solution describing the sta-

tionary state stability of which is being studied; the second term represents a perturbation

of this state; λ is the increment of growth of the perturbation; and m = 0, 1, 2, . . . . If

m = 0, the perturbation being considered is 2D. If m = 1, 2, . . . , the perturbation is 3D

with period in φ equal to 2π/m.

Substituting expansions (3.16)-(3.18) into the equations (3.9), (3.10), (3.3)-(3.5), bound-

ary conditions (3.11)-(3.13), and equation (3.14), linearizing, and equating linear terms, one

obtains

λni1 −Di∇2ni1 +Di

(m
r

)2

ni1 − µi (∇ni1 · ∇ϕ0 +∇ni0 · ∇ϕ1)

+ µi
e

ε0

[ni1(ni0 − ne0) + ni0(ni1 − ne1)] = w1, (3.19)

−De∇2ne1 +De

(m
r

)2

ne1 + µe (∇ne1 · ∇ϕ0 +∇ne0 · ∇ϕ1)

− µe
e

ε0

[ne1(ni0 − ne0) + ne0(ni1 − ne1)] = w1, (3.20)

−∇2ϕ1 +
(m
r

)2

ϕ1 =
e

ε0

(ni1 − ne1) ; (3.21)

z = 0 :
∂ ni1
∂ z

= 0, −De
∂ne1
∂z

+ µe

(
ne1

∂ϕ0

∂z
+ ne0

∂ϕ1

∂z

)
= γµi

(
ni1

∂ϕ0

∂z
+ ni0

∂ϕ1

∂z

)
, ϕ1 = 0; (3.22)

z = h : ni1 = 0,
∂ne1
∂z

= 0, ϕ1 cosmφ = U1; (3.23)

r = R : e

(
−Di

∂ni1
∂r

+De
∂ne1
∂r

)
− ε0λ

∂ϕ1

∂r
= 0, ni1 = ne1 = 0; (3.24)
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δm0

∫ R

0

[
e

(
−Di

∂ni1
∂z
− µene1

∂ϕ0

∂z
− µene0

∂ϕ1

∂z

)
− ε0 λ

∂ϕ1

∂z

]
z=h

r dr = 0. (3.25)

Here

w1 = µe

[
ne1 α|E0 E0 +

ne0
E0

d (αE)

dE

∣∣∣∣
E0

∇ϕ0 · ∇ϕ1

]
− β (ni0ne1 + ne0ni1) . (3.26)

It should be stressed that although equations (3.19)-(3.21) are written in terms of ∇, there
are no azimuthal derivatives in these equations since ni0, ni1, ne0 etc are functions only of

r and z. Equation (3.25) reflects the assumption that the discharge current is maintained

unperturbed by the external circuit (the limiting case of a very high ballast or, equivalently,

a current-controlled discharge) and Kronecker delta δm0 on the lhs originates in integration

over φ. For definiteness, the discharge current is evaluated at the anode.

In the case m 6= 0, equation (3.25) is satisfied trivially: perturbations which are har-

monic in φ do not perturb discharge current. On the other hand, the last boundary con-

dition in (3.23) cannot be satisfied in the case m 6= 0 unless both sides vanish. Therefore,

the last boundary condition in (3.23) in the case m 6= 0 is equivalent to two relations:

ϕ1 (r, h) = 0, U1 = 0.

Equations (3.19)-(3.26) represent a linear eigenvalue problem, λ being the eigenvalue.

By means of solving this problem for a given m, one will determine a set of eigenvalues λ

(spectrum) associated with this m. By means of repeating this procedure for each m and

joining the obtained spectra, one will find the whole spectrum of the stationary state being

treated. If real parts of all eigenvalues are non-positive, the state is stable; if at least one

eigenvalue has a positive real part, the state is unstable.

Perturbations of 1D stationary states, which belong to the (1D) fundamental mode

occurring in the case where the second boundary condition in (3.13) is replaced by (3.15),

can be 1D, or 2D, or 3D. The above problem for perturbations (3.19)-(3.26) remains valid

except that equation (3.24) is replaced with

r = R :
∂ϕ1

∂r
= 0,

∂ni1
∂r

=
∂ne1
∂r

= 0. (3.27)

[Note that in this case perturbations of fluxes of charged particles to the wall are zero, in

agreement with the interpretation of boundary condition (3.15) as describing a reflecting

lateral wall.] The problem admits separation of variables r and z. The radial dependence

is described by the Bessel function of the first kind Jm
(
j′m,sr/R

)
, where j′m,s is the sth zero

of the derivative of the Bessel function of order m, m = 0, 1, 2, ..., s = 1, 2, 3, .... (Values

of the first five zeros j′m,s are given in table A.1.) Note that j
′
0,1 = 0, hence perturbations

with m = 0, s = 1 are 1D. Perturbations with m = 0, s ≥ 2 are 2D, and those with m ≥ 1

are 3D.

The axial dependence of perturbations of 1D stationary states is described by a 1D

eigenvalue problem that is obtained from (3.19)-(3.26) by replacing the operator 1
r
∂
∂r

(
r ∂
∂r

)
−
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(
m
r

)2
with −

(
j′m,s
R

)2

, introducing the factor Jm
(
j′m,sr/R

)
into the lhs of the last boundary

condition (3.23), dropping the boundary conditions (3.24), and replacing integration on

the lhs of the equation (3.25) with multiplication by δs1 (note that the integral of the

Bessel function vanishes for m = 0, s ≥ 2 and for m ≥ 1). In the cases of 2D and 3D

perturbations the equation that follows from (3.25) is satisfied trivially, while the relation

that follows from the last boundary condition (3.23) is equivalent to two relations: the

axial dependence of ϕ1 vanishes and U1 = 0. By means of solving this problem for each

pair (m, s) and joining the spectra obtained, one will determine the whole spectrum for the

1D stationary state being treated.

3.3 Numerical solution of the eigenvalue problemwith

COMSOL Multiphysics

The approach employed in this chapter for investigation of stability of axially symmet-

ric stationary glow discharges may be viewed as a combination of the two approaches de-

scribed in section 2.3. Terms involving derivatives with respect to φ on the lhs of equations

(3.9), (3.10), and (3.3) are replaced with the following terms, respectively: Di (m/r)
2 ni,

De (m/r)2 ne, and (m/r)2 ϕ. Note that these terms are similar to those present in equations

(3.19)-(3.21). The resulting non-stationary equations are introduced in COMSOL as in the

first approach described in section 2.3, but in the 2D geometry rather than in 3D. One

sets m = 0 before invoking the stationary solver and changes m to a desired value before

invoking the eigenvalue solver. This approach offers the advantages of the second approach

described in section 2.3 while not requiring a manual introduction of the perturbation prob-

lem. Besides, it seems to be more robust: when implemented on the same numerical mesh

in COMSOL Multiphysics versions 3.5a and 4.0a, the second approach gives spectra which

agree between themselves in the case m = 0 but not at all discharge currents in the case

m 6= 0, while spectra given by the present approach under both versions agree between

themselves (and also with the spectra given by the second approach under COMSOL 3.5a).

The 1D eigenvalue problem governing stability of 1D stationary states also has been

solved with the use of COMSOL. Two approaches which represent analogues of the second

and third described approaches in both versions of the software give spectra that agree

between themselves.

It has been found that the choice of the mesh affects spectrum of perturbations stronger

than it affects results on stationary states. The usual criterion was used: variation of

spectrum from one mesh to another should be small, otherwise the results are deemed

unreliable. We note right now that it turned out possible to obtain reliable spectra in all

the cases except in a narrow current range belonging to the 1D Townsend discharge.
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Figure 3.2: CVC of the 1D glow discharge. Solid: stable sections. Dashed: unstable
sections. Circles: points of change of stability against a mode of real perturbations or
against two complex conjugate modes. Triangle: point of minimum of the CVC.

3.4 Stability of the fundamental mode

In this section, results of numerical calculations of spectra of perturbations are reported

and discussed for the fundamental steady-state mode, which is the one existing at all

discharge currents.

3.4.1 Numerical results

1D glow discharge

Numerical results reported in this section refer to the case where the lateral wall of

the discharge tube reflects charged particles coming from the plasma. In this case, the

fundamental mode represents the classic 1D steady-state glow discharge known from the von

Engel and Steenbeck theory. Its CVC is shown in figure 3.2. Under the present conditions,

the Townsend discharge, where the discharge voltage is approximately constant, occurs at

j . 3 A m−2 and the minimum of the CVC occurs at j = jmin ≈ 328 A m−2.

A large number of different perturbation modes have been found, some of them real and

others complex. As it should have been expected, increments of real perturbations are real,

complex perturbations exist in pairs with perturbations of each pair and their increments

being complex conjugate.

It is convenient to introduce “quantum numbers”in order to identify different modes of

perturbations. As indicated in section 3.2.3, dependence of perturbations of 1D stationary

states on r and φ is given by Jm
(
j′m,sr/R

)
cosmφ, so m and s are natural candidates. One

more “quantum number” is needed in order to distinguish between perturbation modes
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Figure 3.3: Increments of growing perturbations of the 1D glow discharge. Solid: real part
of the increment. Dashed: modulus of the imaginary part. Dotted: increments unknown.
Crosses: values of j where stability changes against a mode of real perturbations or against
two complex conjugate modes. (a) 1D perturbations. (b) Axially symmetric and 3D
perturbations.

associated with the same pair (m, s) but with different dependences on z. Let us number

such perturbation modes in the order of decrease of Reλ; in the case of a pair of complex

conjugate perturbations, the one associated with an increment with a positive imaginary

part is counted first. Let us designate this number by l and use as the missing “quantum

number”.

Switching of perturbations of different modes between decay and growth is illustrated

by figure 3.3. Note that all 2D and 3D perturbation modes which are growing and are

therefore shown in figure 3.3b are associated with different pairs (m, s). In other words, all

growing 2D and 3D perturbations are associated with l = 1. At j ≥ jmin, real parts of the

increments of all perturbation modes are negative, so all perturbations are decaying and

the discharge is stable. As j decreases, real parts of the increments increase and eventually

one of them turns positive. This happens at j slightly (some 0.5 A m−2) below jmin, the

corresponding state is designated b(1)
1 , and the perturbation that becomes growing is one

with m = s = 1. As j decreases further, real parts of the increments of other perturbations

turn positive. This happens in the order of increase of the value of j′m,s, hence the second

and the third perturbations to become growing are those with m = 2, s = 1 (at state

b
(1)
2 ) and m = 0, s = 2 (at state b(1)

3 ), respectively. As j decreases further, 114 other

perturbation modes become growing, the last one being a perturbation mode with m = 26,

s = 1 (at state b(1)
117). Altogether, 117 perturbation modes become growing between the

point of minimum of the CVC and the state b(1)
117, with 8 of these modes being 2D (m = 0;

s = 2, 3, . . . , 9) and 109 being 3D [m = 1, . . . , 26; s = 1, 2, . . . , smax, where smax = smax (m)
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m 1 2-4 5, 6 7-9 10, 11 12-14 15-17 18-21 22-26
smax 9 8 7 6 5 4 3 2 1

Table 3.1: Number of modes of growing 3D perturbations with different azimuthal periods.
The 1D glow discharge.

takes values given in table 3.1].

As j decreases further, real parts of the increments of all growing perturbation modes

return to negative values. This happens in the order of decrease of j′m,s, hence the first

perturbation mode to return to being decaying is that with m = 26, s = 1 (at state b(2)
117)

and the last ones are those with m = 0, s = 2 (at state b(2)
3 ); m = 2, s = 1 (at state

b
(2)
2 ); and m = s = 1 (at j ≈ 0.41 A m−2; state b(2)

1 ), respectively. The discharge has

regained stability at state b(2)
1 . However, the stability is lost once again at j ≈ 0.32 A m−2

(state a(1)), where the real part of the increments of two conjugate perturbation modes

with (m = 0, s = 1), which are 1D, becomes positive. As current decreases further, no

more stability changes occur and the discharge remains unstable.

Increments of all growing 2D and 3D perturbations are real, and this is why there

are no dashed lines in 3.3b. Note that increments of the most of decaying 2D or 3D

perturbations are complex. The increments of the 1D perturbation modes that switch

from decay to growth at the state a(1) are complex at the state a(1) and remain complex

down to j ≈ 1.2 mA m−2. The imaginary parts of the increments vanish at j ≈ 1.2 mA m−2

and there are two real positive increments for lower currents. In other words, there are

two 1D growing perturbation modes at currents below 0.32 A m−2, their increments being

complex conjugate at 1.2 mA m−2 . j . 0.32 A m−2 and real at j . 1.2 mA m−2. Note

that there is a numerical problem with calculation of spectrum of 1D perturbations in the

current range 6.7 mA m−2 . j . 26.7 mA m−2: values of the increment depend on the mesh

being used (although in all the cases the real part of the increment remains positive). The

appearance of this problem is surprising, since the calculations are 1D and there are no

diffi culties in using very fine meshes, and its nature is unclear. However, one can hope that

the resulting uncertainty does not affect conclusions.

One can see from figures 3.3a and 3.3b that there are significant variations of increments

of growing perturbation modes in the current range j . 1 A m−2, where U has already

attained a constant value corresponding to the Townsend discharge. The strongest variation

is shown by the increments of the modes with m = 0, s = 1, and l = 1, 2, i.e., of the first

and second modes of 1D perturbations, which switch from complex to real at j as low as

1.2 mA m−2. One can conclude that increments of growing perturbations are much more

sensitive to variations of current in the range of Townsend discharge, than the discharge

voltage is.

λ = 0 at the states b(1)
1 , . . . , b

(1)
117, b

(2)
117, . . . , b

(2)
1 . It follows that these states represent

points of bifurcation of steady-state modes: a 2D or 3D steady-state mode branches off
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Figure 3.4: CVC of the axially symmetric glow discharge. Solid: stable sections. Dashed:
unstable sections. Circles: points of change of stability against a mode of real perturbations
or against two complex conjugate modes.

from, or join, the 1D steady-state mode at each of these points. These bifurcations will be

analyzed in chapter 4. The bifurcating 2D and 3D steady-state modes have been computed

in [128] and [130], respectively. λ is imaginary at the state a(1); a Hopf bifurcation.

Axially symmetric glow discharge

Numerical results reported in this section refer to the case where the lateral wall of

the discharge tube absorbs ions and electrons coming from the plasma. The fundamental

mode is axially symmetric in this case and its CVC is shown in figure 3.4. Comparing

this figure with figure 3.2, one can see that the absorption of the charged particles by the

wall results in replacement of the section of the 1D discharge associated with the falling

section of the CVC with sections corresponding to the normal and subnormal discharges.

An explanation as to why losses of the charged particles due to their diffusion to the wall,

which represent a weak effect, cause such a substantial difference will be given in chapter 4.

The Townsend discharge and the subnormal discharge join through a Z-shape with turning

points designated a(3) and a(2), 〈j〉 ≈ 0.74 A m−2 and 〈j〉 ≈ 0.62 A m−2, respectively. The

minimum of the CVC occurs at 〈j〉 = 〈j〉min ≈ 466 A m−2.

As indicated in section 3.2.3, dependence of perturbations of axially symmetric station-

ary states on φ is given by cosmφ. In order to distinguish between perturbation modes

associated with the same m but with different dependences on r and z, we once again num-

ber such perturbation modes in the order of decrease of Reλ and designate this number by

q.

Switching of perturbations of different modes between decay and growth is illustrated
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Figure 3.5: Increments of growing perturbations of the axially symmetric glow discharge.
Solid: real part of the increment. Dashed: modulus of the imaginary part. Crosses: values
of 〈j〉 where stability changes against a mode of real perturbations or against two complex
conjugate modes. (a) Axially symmetric perturbations. (b), (c) 3D perturbations with
m = 1. (d) 3D perturbations with m = 2, 7. (e) Details of 3D perturbations with m = 2

in vicinity of state b(2)
2 .
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by figure 3.5. At 〈j〉 & 469 A m−2, real parts of the increments of all perturbation modes are

negative and the discharge is stable. As 〈j〉 decreases, real parts of the increments increase
and eventually Reλ of two complex conjugate perturbation modes with m = 1 becomes

positive. This happens at 〈j〉 ≈ 469 A m−2; state b(1)
1 . Note that the latter state belongs to

the rising section of the CVC, however, it is quite close to the point of minimum. As 〈j〉
decreases further, real parts of the increments of other perturbation modes turn positive.

This happens in the order of increase of the value of m, hence the following perturbation

modes to become growing are two (complex conjugate) modes with m = 2 (at state b(1)
2 ),

then two modes with m = 3, two modes with m = 4, two modes with m = 5. After that,

a real perturbation mode with m = 6 becomes growing. Finally, a real perturbation mode

with m = 7 becomes growing (at state b(1)
7 ). As 〈j〉 decreases further, real parts of the

increments of all growing perturbation modes return to negative values. This happens in

the order of decrease of m, hence the first perturbation mode to return to being decaying

is the real mode with m = 7 (at state b(2)
7 ) and the last ones are two (complex conjugate)

modes with m = 2 (at state b(2)
2 ) and two modes with m = 1 (at 〈j〉 ≈ 330 A m−2; state

b
(2)
1 ).

Some growing 3D perturbations are real and other are complex. The latter is in contrast

to the case of 2D and 3D perturbations of the 1D glow discharge, which are always real.

(The most of decaying perturbations are also complex, as in the case of 1D discharge.)

Besides, growing perturbations can switch between real and complex. This switching oc-

curs in the same way as the one which is suffered at j ≈ 1.2 mA m−2 by the 1D growing

perturbations of the 1D discharge and shown in figure 3.3a. Let us consider, for example,

switching of the growing perturbations with m = 1 shown in figure 3.5c. One can see that

|Imλ| 6= 0 at the state b(1)
1 ; in other words, what turns growing at this state are two com-

plex conjugate perturbations with m = 1. However, |Imλ| rapidly decreases with decrease
of current and vanishes at 〈j〉 ≈ 466 A m−2: a switching to two real perturbations occurs.

The increment of one of these perturbations (the one with q = 2) rapidly decreases and at

〈j〉 still very close to 466 A m−2 it vanishes, i.e., the perturbation becomes decaying. There

is only one growing real perturbation mode with m = 1 at 393 A m−2 . 〈j〉 . 466 A m−2.

Another real perturbation (the one with q = 2) becomes growing at 〈j〉 ≈ 393 A m−2. The

increment of the latter perturbation grows very fast and at 〈j〉 ≈ 392 A m−2 becomes equal

to the increment of the perturbation with q = 1. At smaller currents, the increments be-

come complex conjugate; a switching from two real to two complex perturbations occurs.

The latter perturbations become decaying at the state b(2)
1 .

The above-described switching between real and complex perturbations is manifested

also by the growing perturbation modes with m = 2, 3, 4, 5, except that the growing per-

turbations with m = 4, 5, after switching to real with decreasing current, remain real until

turning decaying. The growing perturbation modes with m = 6, 7 are always real, i.e., do

not manifest the switching.
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3. Stability of current transfer to cathodes of glow discharges

After having regained stability at state b(2)
1 , the discharge remains stable until state b

(3)
1

(〈j〉 ≈ 182 A m−2) where two (complex conjugate) modes with m = 1 become growing; fig-

ure 3.5b. (A theoretically interesting question is whether these are the same perturbation

modes that returned to decay at the state b(2)
1 , however this question is not easy to answer

because there are other decaying modes with similar increments and distributions between

b
(2)
1 and b(3)

1 .) The perturbations turn real at 〈j〉 ≈ 172 A m−2. One of these real perturb-

ations returns to being decaying at 〈j〉 ≈ 141 A m−2 and the other at 〈j〉 ≈ 0.66 A m−2

(state b(4)
1 ).

However, the discharge does not return to stability at state b(4)
1 since there are two

growing complex perturbation modes withm = 0 at this state. These perturbations become

growing at state a(1) (〈j〉 ≈ 2.8 A m−2), switch to being real at 〈j〉 ≈ 0.34 A m−2, switch back

to being complex at 〈j〉 ≈ 40 mA m−2, and return to decay at state a(4) (〈j〉 ≈ 36 mA m−2);

see figure 3.5a. Note that the shape with two self-intersection points manifested by the

solid line in figure 3.5a at 〈j〉 slightly below 1 A m−2, which resembles the infinity symbol,

depicts behavior of Reλ between the turning points.

One more perturbation mode (the one with m = 0 and q = 3) turns growing between

turning points a(2) and a(3). Since this mode is real and axially symmetric, i.e., has the

same symmetry that the discharge itself, this result is in agreement with the general theory

of chapter 4.

For currents below 36 mA m−2, the discharge remains stable.

It follows from the above that Hopf bifurcations occur at states b(1)
m with m = 1, . . . , 5,

states b(2)
m with m = 1, 2, 3, and states b(3)

1 , a
(1), and a(4). Bifurcations of steady-state

modes occur at states b(1)
m with m = 6, 7, states b(2)

m with m = 4, 5, 6, 7, and state b(4)
1 : a 3D

steady-state mode branches off from, or joins, the axially symmetric steady-state mode at

each of these states. Besides, stationary bifurcations occur at every state where a real 3D

perturbation with q > 1 switches between decaying and growing. Strictly speaking, steady-

state bifurcations occur also at the turning points a(2) and a(3), however such bifurcations

are irrelevant for the purposes of this chapter.

3.4.2 Discussion

Theoretical aspects

In this section, results on 1D and 2D glow discharges are compared between themselves

and with results given by the linear stability theory of current transfer to cathodes of high-

pressure arc discharges described in chapter 2. The set of growing perturbation modes

found in the case of 1D discharge includes two perturbation modes which are of the same

symmetry that the discharge (i.e., 1D), 2D perturbation modes, and 3D perturbation modes

with m = 1, . . . , 26. In the case of the fundamental mode of axially symmetric discharge,

the set of growing perturbation modes includes three perturbation modes which are of the
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same symmetry that the discharge (i.e., 2D) and 3D perturbation modes withm = 1, . . . , 7.

In addition to the above-described calculations for the limiting cases of reflecting and

absorbing lateral walls, calculations have been performed also for intermediate cases. In

these calculations, a gradual transition has been performed from the boundary conditions

(3.15) to the second condition in (3.13), which amounts to a gradual introduction of absorp-

tion at the wall and is similar to the corresponding procedure in the stationary simulations

given in chapter 4. In particular, it was found that the state where the discharge regains

stability against 3D perturbations is shifted from the state b(2)
1 in figure 3.2 to b(4)

1 in figure

3.4. However, in general there is no direct correspondence between modes of growing per-

turbations of the 1D discharge and of the fundamental mode of the axially symmetric glow

discharge. One of the reasons is that there is no direct correspondence between the 1D

discharge and the fundamental mode of the axially symmetric glow discharge: the latter

mode is constituted by states evolving from the section of the 1D discharge before state

b
(2)
3 , the section after state b

(1)
3 , and the central-spot branch of the first 2D spot mode; see

details in chapter 4. Another reason is that points of change of stability against a given

perturbation mode are shifted in the course of the introduction of the absorption and may

merge, which results in the disappearance of the instability window for the perturbation

mode considered.

The pattern of changes of stability of the 1D glow discharge against 2D and 3D perturb-

ations, seen in figure 3.2 between states b(1)
1 and b(2)

1 , is similar to the pattern of changes of

stability of the axially symmetric glow discharge against 3D perturbations between states

b
(1)
1 and b(2)

1 , seen in the insert in figure 3.4.

The switching of 2D and 3D perturbation modes of the 1D discharge from decay to

growth that happens in the vicinity of the point of minimum of the CVC (between the

point of minimum and the state b(1)
117) occurs along exactly the same lines as in the case

of 1D current transfer to cathodes of arc discharges described in chapter 2. In the case of

arc discharges, perturbation modes do not return to being decaying. However, if one takes

into account that the near-cathode voltage in the arc discharge tends at low currents to a

finite value (which corresponds to the abnormal glow discharge), rather than to infinitely

high values as assumed in chapter 2, then perturbations will return to being decaying

and this return will occur along exactly the same lines as the above-described return of

perturbations of 1D glow discharge that occurs between the states b(2)
117 and b

(2)
1 . On the other

hand, the above-described loss of stability of the 1D glow discharge against 1D oscillatory

perturbations that occurs at the state a(1) has no analogue in the case of 1D current transfer

to arc cathodes.

Note that the eigenvalue problem governing perturbations of 1D current transfer to

cathodes of arc discharges is Hermitian (self-adjoint) and therefore its spectrum is real

[118]; the latter can be seen also from appendix A where this spectrum was calculated for

the particular case where thermal diffusivity of the cathode material is constant. Therefore,
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it is not surprising that the 2D and 3D perturbation modes of 1D glow discharge, which

have real increments while being growing, switch between decay and growth similarly to

how switching in the case 1D current transfer to arc cathodes occurs, and that there is

no such similarity as far as the 1D perturbation mode is concerned, which has a complex

increment.

As discussed in section 1.2.2, in order to compute multiple steady-state solutions de-

scribing different modes of stationary current transfer, one needs to have in advance an

idea of what each solution looks like and in which current range it should be sought. For

this reason, numerical calculation [128, 130] of each 2D or 3D steady-state mode branching

from the fundamental mode starts in the vicinity of the corresponding bifurcation point.

The bifurcation points are determined by means of solving the eigenvalue problem formu-

lated in section 3.2.3. The procedure is as follows. The fundamental steady-state mode

is calculated and the eigenvalue problem with a given m solved for different values of 〈j〉
until close enough values j1 and j2 have been localized such that all perturbations with

this m decay at 〈j〉 = j1 and one perturbation mode with this m possesses a real positive

increment at 〈j〉 = j2.

If this perturbation mode is real on the whole interval [j1, j2] or at least on the part of the

interval where it is growing (e.g., this is the case of 2D and 3D perturbations of the 1D glow

discharge), then this perturbation mode switches from decay to growth through a neutrally

stable state, i.e., through a steady-state bifurcation. The situation is more involved if the

perturbation mode is complex. For example, perturbations proportional to cosφ of the 2D

fundamental mode (figure 3.5c) are decaying at 〈j〉 = 470 A m−2 and there is one mode

of perturbations proportional to cosφ with a positive real increment at 〈j〉 = 465 A m−2;

however, this mode switches from decay to growth (at 〈j〉 ≈ 469 A m−2) through a Hopf

bifurcation, rather than a steady-state one, which is followed by switching of the complex

conjugate perturbation modes to real ones and a rapid decrease of the (real) increment

of one of these modes, the one with q = 2, until vanishing. Nevertheless, a steady-state

bifurcation associated with m = 1 does occur on the interval 〈j〉 = 465 A m−2 ≤ 〈j〉 ≤
470 A m−2: at a state where the real perturbation mode with m = 1 and q = 2 switches

from growth to decay, 〈j〉 ≈ 466 A m−2.

One concludes that if all perturbation modes with a given m are decaying at 〈j〉 = j1

and there is one real perturbation mode with a positive increment at a close value 〈j〉 = j2,

then a steady-state bifurcation associated with this m occurs in the interval [j1, j2] and

one can start looking for a 3D steady-state solution with the azimuthal period of 2π/m (or

for a 2D solution, if m = 0) in this interval without finding out whether this perturbation

mode switches between decay and growth through a steady-state or Hopf bifurcation.
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Stability of different regimes of glow discharge

Let us start with discussing stability of different regimes of 1D glow discharge. As shown

in section 3.4.1, the 1D glow discharge is stable on the rising section of the CVC (abnormal

discharge), j & 328 A m−2. States of the discharge associated with the falling section of

the CVC are unstable against perturbations of many different modes, all of them with real

increments. If current in the abnormal discharge is reduced to values below 328 A m−2, the

first perturbation mode to become growing is a 3D mode with the azimuthal period of 2π.

A possible result of this instability is a monotonic (in time) transition of the discharge to

the first 3D steady-state mode. The latter mode has the period of 2π and was calculated

in [130]; a state to which the transition would occur is characterized by a normal spot

occupying the whole of the cathode except for a “cold spot”at the edge and is similar to

the one corresponding to the current density 428 A m−2 in figure 1b of [130]. Since stability

of different 3D steady-state modes remains unknown, other possibilities cannot be excluded

as well. In particular, if the first 3D steady-state mode is unstable, then higher-order 3D

steady-state modes, which are characterized by multiple spots (e.g., figures 1c and 1d of

[130]), can occur instead.

The conclusion that the 1D glow discharge is stable in the current range where the CVC

is rising and unstable where the CVC is falling, which has been obtained in this chapter by

means of the accurate stability theory, conforms to the common knowledge going back to

von Engel and Steenbeck. The conclusion that with a reduction of current the abnormal

discharge can switch to the normal mode with a normal spot occupying the most part of

the cathode or to a mode with multiple spots and this switching occurs monotonically in

time, i.e., without oscillations, agrees to what is observed in the experiment. (Note that

while the normal spot is observed in the most of the experiments, patterns with multiple

spots have been observed in DC glow microdischarges in xenon [20—24].) However, this

conclusion should be re-analyzed with account of absorption of the charged particles by the

lateral wall before one can say whether the agreement has any significance.

The 1D Townsend discharge is stable in a narrow current range between states a(1) and

b
(2)
1 , 0.32 A m−2 . j . 0.41 A m−2. If the current is increased to values above 0.41 A m−2,

the first perturbation mode to become growing is again the 3D mode with the azimuthal

period of 2π and a real increment, and a possible result of this instability is a monotonic

transition to the first 3D steady-state mode. A state to which the transition would occur

is characterized by a small normal spot at the edge of the cathode and is similar to the one

corresponding to the current density 35 A m−2 in figure 1b of [130]. 3D steady-state modes

with multiple spots can occur as well. If the current is reduced to values below 0.32 A m−2,

two 1D perturbation modes with complex (conjugate) increments become growing: oscil-

lations appear.

It is well known that glow discharge can under certain conditions develop oscillations
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in the range of low currents corresponding to the Townsend or subnormal discharges; e.g.,

[74, 77, 78, 144—147] and references therein. Therefore, the fact that the linear stability

theory predicts an oscillatory instability occurring in the range of Townsend discharge is

not surprising. What is surprising is the behavior of the increment of this instability seen

in figure 3.3a: while the discharge voltage reaches a constant value corresponding to the

limiting case of Townsend discharge already at j of the order of 1 A m−2 and increments

of other perturbation modes reach constant values at j of the order of 0.1 A m−2, the

increments of the 1D perturbations shown in figure 3.3a continue to vary down to currents

as low as 1 mA m−2 and the perturbations remain growing.

Note that the 1D Townsend discharge represents probably the simplest type of a self-

sustained discharge and its instability against 1D oscillatory perturbations revealed by the

linear stability theory and described above is scientifically very interesting. Understanding

of this instability may, in particular, provide important information on the mechanism

of onset of oscillations observed in the experiment, supplementing previous investigations

on the theory and modelling of oscillations [74, 77, 78, 145—147]. The mechanism of this

instability may be elucidated by means of asymptotic solution of the eigenvalue problem

formulated in section 3.2.3 in the limiting case of low currents. However, this task proved

to be not quite trivial and is left beyond the scope of this work.

Let us proceed to stability of different regimes of axially symmetric glow discharge. As

shown in figure 3.4, this discharge is stable beyond the state b(1)
1 , 〈j〉 & 469 A m−2, in the

abnormal regime; in the current range between states b(3)
1 and b(2)

1 , 182 A m−2 . 〈j〉 .
330 A m−2, in the normal regime; and before state a(4), 〈j〉 . 36 mA m−2, in the Townsend

regime.

The state b(1)
1 is very close to the point of minimum of the CVC, 〈j〉min ≈ 466 A m−2.

In other words, the whole abnormal discharge except a very narrow section remains stable

while calculated with account of absorption of the charged particles by the lateral wall.

Given that the absorption represents a minor effect when a discharge operates in the ab-

normal regime, this result could have been expected. If current in the abnormal discharge

is reduced to a value below 469 A m−2, the loss of stability may occur in two ways, de-

pending on whether the value of current after reduction is below, or above, 466 A m−2.

If the former is the case, a likely scenario is a monotonic transition to the first or a

higher-order steady-state 3D mode. If the current is reduced to a value within the range

466 A m−2 . 〈j〉 . 469 A m−2, the loss of stability occurs through perturbations oscillating

in time. Since the latter current range is very narrow (in fact, its width is close to the limit

of accuracy of the computations), the first possibility is more likely, and indeed the trans-

ition from abnormal discharge to the steady-state normal mode with a spot at the edge of

the cathode or to a steady-state mode with multiple spots observed in the experiments was

monotonic. On the other hand, it is of interest to perform experiments on this transition

with a fine current step in order to try to detect oscillations.

64



3. Stability of current transfer to cathodes of glow discharges

The conclusion that the axially symmetric normal mode is stable in a rather wide

current range, from 182 A m−2 to 330 A m−2, is theoretically very interesting: while in most

cases normal spots are attached to the edge of a (circular) cathode (e.g., the lower-right

and adjacent images in figure 3 in [20]), the linear stability theory predicts that a stable

normal mode with the spot at the center can exist in microdischarges. It is of interest to

check this prediction experimentally.

The theory predicts that the subnormal discharge is unstable under the considered

conditions against three modes of 2D perturbations and one mode of 3D perturbations

with the period of 2π. The most dangerous, i.e., the ones possessing the biggest real

part of the increment are two 2D perturbation modes which become growing at state a(1)

(〈j〉 ≈ 2.8 A m−2) and return to decay at state a(4) (〈j〉 ≈ 36 mA m−2). We remind that the

above-described 1D modes of perturbations of the 1D Townsend discharge become growing

at j ≈ 0.32 A m−2 (state a(1) in figures 3.2 and 3.3a) and do not return to decay in the

current range investigated. One can conclude that loss of the charged particles at the lateral

wall suppresses at low currents instability against perturbations of the same symmetry, thus

making the Townsend discharge stable at low currents, and shifts the upper boundary of

the window of this instability in the direction of higher currents.

If current in the Townsend discharge is increased to a value exceeding 36 mA m−2, the

loss of stability may occur in two ways, depending on whether the current after the increase

is below, or above, 40 mA m−2. If the former is the case, the loss of stability is oscillatory.

If the latter is the case, the perturbations grow monotonically in time. On the other hand,

it is natural to expect that there are no other steady-state solutions in the current range

corresponding to the Townsend discharge (note that the first 3D solution branches off at

the state b(4)
1 , i.e., a current value corresponding to the upper boundary of the Townsend

discharge). Then the monotonous growth of perturbations which occurs on the linear

stage in the case where the increased current exceeds 40 mA m−2 is likely to give way to

oscillations on the nonlinear stage.

3.5 Stability of axially symmetric non-fundamental modes

In addition to the fundamental mode described above, two other axially symmetric

steady-state modes exist in the case of a discharge tube with absorbing wall. Each one of

these mode exists in a limited current range (26 A m−2 . 〈j〉 . 366 A m−2 for one mode,

which is termed the first mode, and 33 A m−2 . 〈j〉 . 183 A m−2 for the second mode), and

represents a loop, i.e., is constituted by two branches separated by (two) turning points.

CVC’s of these modes represent closed curves which are shown in figures 3.6a and 3.6b;

a(1) and a(2) designate the turning points limiting the existence region at higher and lower

currents, respectively. There are no self-intersections in these figures, so one can designate

the two branches of each mode a low-voltage branch and a high-voltage branch, although
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Figure 3.6: CVC’s of the first (a) and second (b) non-fundamental axially symmetric
steady-state modes of discharge in a tube with absorbing wall. Solid: stable section.
Dashed: unstable sections. Circles: points of change of stability against one of perturbation
modes.

in reality the discharge voltages corresponding to the two branches are very close. The first

mode is associated with a pattern with an interior ring spot, the second mode is associated

with a pattern with a spot at the center and an interior ring spot; see [128] for further

details. In this section, a summary of results of calculations of stability of these modes is

given.

For each mode, a mode exists of real axially symmetric perturbations with the increment

vanishing at each of the turning points a(1) and a(2); a result in agreement with section 4.4.

For both non-fundamental steady-state modes these perturbations are growing on the low-

voltage branch and are decaying on the high-voltage branch.

Switching of 3D perturbations with several values of m between decay and growth is

shown in figure 3.7 for the first non-fundamental 2D steady-state mode. Growing perturb-

ation modes, all of them real, have been detected for m up to 33. (More precisely, one

growing perturbation mode was detected for each m = 4, 5, . . . , 33. Two growing perturb-

ation modes were detected for each m = 1, 2, 3, however the window of growth of one of

these modes is positioned inside the window of growth of the other, therefore the former

mode is irrelevant and excluded from the following discussion.) Each one of these per-

turbation modes switches between decay and growth at two states. For most m, one of

these states (designated b(1)
m ) belongs to the low-voltage branch and the other (b

(2)
m ) to the

high-voltage branch. It was found that for every m of this group the perturbation mode

in question is decaying on the section b(1)
m a(1)b

(2)
m and growing on b(1)

m a(2)b
(2)
m . For others

m (e.g., m = 33), both points belong to the high-voltage branch. It was found that for

every m of this group the perturbation mode in question is growing on the section of the
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Figure 3.7: Points of change of stability of the first non-fundamental axially symmetric
steady-state mode against some of perturbation modes. Solid: stable section. Dashed:
unstable sections.

high-voltage branch limited by the states b(1)
m and b(2)

m and is decaying at all the other states

of the first non-fundamental 2D steady-state mode.

One can conclude that the first axially symmetric non-fundamental steady-state mode

is stable on the high-voltage branch between states b(2)
1 and a(1), as shown in figure 3.6a.

This is in contrast to what has been found in the case of arc cathode, where the first

non-fundamental mode is always unstable; see section 2.4.4. As explained above, state b(2)
1 ,

〈j〉 ≈ 238 A m−2, represents the limit of stability against 3D perturbations with period of

2π and a(1) is the turning point. The stability window is relatively wide, 238 A m−2 . 〈j〉 .
366 A m−2, and one can try to observe this mode in the experiment.

In the case of the second axially symmetric non-fundamental steady-state mode, there

is, in addition to the above-described 2D perturbations with the increment vanishing at

the turning points, another mode of growing 2D perturbations, and these perturbations,

which are real as well, grow at all states. Besides, there are several modes of real 3D

perturbations that grow at all states. The conclusion is that the second axially symmetric

non-fundamental steady-state mode is always unstable.

3.6 Concluding discussion

Main features of stability of different axially symmetric modes of current transfer in

DC glow discharges against small perturbations were investigated in the framework of the

linear stability theory with the use of software COMSOL Multiphysics, considering as an

example conditions of microdischarges in xenon.

Both real and complex increments of perturbations have been detected, meaning that

perturbations can vary with time both monotonically and with oscillations. The 1D glow

discharge is stable in the current range where the CVC is rising and unstable where the CVC

is falling, in agreement with the common knowledge going back to von Engel and Steenbeck.
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The 1D Townsend discharge, i.e., a discharge with a spatially uniform electric field is

unstable at low current against 1D oscillatory perturbations; a theoretically interesting

result which deserves a further elaboration. The fundamental mode of axially symmetric

glow discharge, calculated with account of absorption of ions and electrons by the lateral

wall, is stable when it operates in the abnormal regime. There is a rather wide window of

stability in the axially symmetric normal discharge, which is characterized by a normal spot

at the center of the cathode. The subnormal discharge is unstable under the considered

conditions. Loss of the charged particles at the lateral wall stabilizes Townsend discharge

at low currents.

Loss of stability of the abnormal discharge in the vicinity of the point of minimum of

the CVC and loss of stability of the Townsend discharge with increasing current develop in

a general case in different ways: monotonically in time and with oscillations, respectively.

This conforms to the well-known experimental facts that the transition from the abnormal

discharge to the normal discharge or to a discharge with a multiple-spot pattern occurs

without oscillations of the luminosity of the cathode or of the discharge voltage, while

Townsend discharge is capable of developing voltage oscillations. On the other hand, the

linear stability theory predicts that oscillations under conditions of microdischarges can

occur also in the transitions from the abnormal discharge to the normal discharge or to a

discharge with a multiple-spot pattern, however in a very narrow current range. It is of

interest to study these transitions experimentally with a fine current step in order to try

to detect the oscillations.

Calculations of stability of the two axially symmetric non-fundamental steady-state

modes, which exist under the considered conditions in addition to the fundamental mode,

revealed that there is a relatively wide stability window on the first mode, while the second

mode is unstable.

Modelling reported in this work has been performed for current-controlled discharges.

It is sometimes assumed, by analogy with non-linear electric circuits with inductance, that

a gas discharge with a negative differential resistance is stable provided that the ballast

is high enough and the total differential resistance of the system is positive. Of course,

this conjecture in such a general form is incorrect, an example being the 1D glow discharge

(figure 3.2): states between b(1)
1 and b(2)

1 , corresponding to the falling section of the CVC, are

unstable against perturbations proportional to cosφ, which do not perturb the discharge

current and therefore are not affected by a ballast. On the other hand, it was proved in the

framework of the accurate linear stability theory [118] (see also discussion in section 4.4)

that in the case of current transfer to high-pressure arc cathodes this conjecture is valid as

far as stability is concerned against perturbations which have the same symmetry that the

discharge itself and switch between decay and growth at every turning point.

When applied to the limiting case of a current-controlled discharge, this conjecture

means that stability in the vicinity of turning points changes as shown in figure 4.5 of
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section 4.4: in the vicinity of a turning point which limits the mode in question in the

direction of high currents (e.g., state a(3) in figure 3.4) the high-voltage branch is stable and

the low-voltage branch unstable; and vice versa in the vicinity of a turning point limiting in

the direction of low currents (e.g., state a(2) in figure 3.4). One of the consequences of this

conjecture is that steady-state modes with loops are forbidden; see discussion in section 3

of [118]. Indeed, steady-state modes with loops on an arc cathode have not been reported

in the literature. As far as the fundamental mode of axially symmetric glow discharge

is concerned, this conjecture holds: as seen in figure 3.5a, the mode of axially symmetric

perturbations with q = 3, which is neutrally stable at the turning points, grows between the

turning points as it should. For non-fundamental axially symmetric modes (section 3.5),

this conjecture holds in the vicinity of the turning point a(1) but is violated in the vicinity

of a(2). It follows that this conjecture, while being valid for arc cathodes, in a general case

does not apply to glow discharge. The latter explains why steady-state modes with loops,

which are forbidden in the case of arc cathode, do occur in the case of glow discharge (e.g.,

the non-fundamental axially symmetric modes).

The question of existence of stable steady-state axially symmetric self-organized pat-

terns in circular domains is of considerable theoretical interest; see, e.g., discussion in

[50]. As far as gas discharges are concerned, axially symmetric self-organized patterns have

been observed, in particular, on anodes of glow discharge [25, 28] and in dielectric barrier

discharge [50]. It seems that such patterns have been observed also on cathodes of microdis-

charges in Xe; the upper-left image in figure 3 of [20] and the middle image in figure 4 of

[24]. Since, according to the above, axially symmetric self-organized steady-state patterns

on cathodes of microdischarges in Xe may be also theoretically stable, it would be very

interesting to address this question by means of special experiments.

In general, results given by the accurate stability theory confirm intuitive concepts

developed in the literature and conform to the experiment. On the other hand, the theory

provides suggestions for further experimental and theoretical work.

Modelling of this work has been performed with account of the simplest mechanisms of

glow discharges, which are charge separation, ionization, recombination, drift and diffusion

of charged particles, and with electron transport and kinetic coeffi cients evaluated in the

local approximation. This is in part justified by successful application of this approach to

modelling of self-organization in DBD’s [51, 59, 60, 81] and of formation and propagation

of filamentary plasma arrays in high-power microwave breakdown at atmospheric pressure

[131, 132], and also by the fact that an account of a more complex chemistry and non-

locality of electron coeffi cients does not affect steady-state solutions qualitatively [129].

Nevertheless, it is desirable to take the latter effects in account also in the investigation

of stability. Another possible direction of future work is investigation of stability of 3D

steady-state modes with multiple spots, observed in the experiments [20—24].
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Chapter 4

Bifurcations of current transfer to
cathodes of glow and arc discharges

Bifurcations and/or their consequences are frequently encountered in numerical model-

ling of current transfer to cathodes of gas discharges, also in apparently simple situations,

and a failure to recognize and properly analyze a bifurcation may originate diffi culties in

the modelling and hinder understanding of numerical results and the underlying physics.

This chapter is concerned with analysis of bifurcations that have been encountered in the

modelling of steady-state current transfer to cathodes of glow and arc discharges. All basic

types of steady-state bifurcations (fold, transcritical, pitchfork) have been identified and

analyzed. The analysis provides explanations to many results obtained in numerical mod-

elling. In particular, it is shown that dramatic changes of patterns of current transfer to

cathodes of both glow and arc discharges, described by numerical modelling, occur through

perturbed transcritical bifurcations of first and second order contact. The analysis elu-

cidates the reason why the mode of glow discharge associated with the falling section of

the CVC in the solution of von Engel and Steenbeck seems not to appear in 2D numerical

modelling and the subnormal and normal modes appear instead. A similar effect has been

identified in numerical modelling of arc cathodes and explained.

4.1 Introduction

Bifurcations of current transfer to cathodes of DC gas discharges or their consequences

are sometimes encountered in apparently simple situations. The examples given in section

1.2.2 show that a failure to recognize and properly analyze a bifurcation may originate

diffi culties in numerical modelling and hinder understanding of numerical results and the

underlying physics. In more general terms, the importance of understanding of bifurcations

of steady-state current transfer to cathodes of gas discharges may be explained as follows.

Powerful solvers of nonlinear multidimensional differential equations that exist nowa-
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days can be used for finding multiple solutions in the same way as unique ones, provided,

however, that one knows that multiple solutions do exist, where they should be sought, and

what they are like. Bifurcation analysis is a powerful means of obtaining such qualitative

information. Of course, this qualitative information also facilitate analysis and under-

standing of obtained numerical results and underlying physics. One more reason to study

bifurcations of current transfer to cathodes of DC gas discharges is their intimate relation

to stability of different steady-state modes.

In order to illustrate the above statements, one can mention a few examples in addi-

tion to those given in section 1.2.2. A study of symmetry-breaking bifurcations, such as

branching of 2D and 3D solutions from 1D solutions or of 3D solutions from 2D solutions,

is probably the simplest way of proving existence of multiple solutions to nonlinear multidi-

mensional differential equations and of establishing the pattern of these solutions including

conditions of their existence, thus paving way to finding these solutions numerically. In

fact, this is how multiple solutions describing different modes of DC current transfer to

both arc and glow cathodes have started to appear. Another example is represented by

variations of pattern of steady-state modes of current transfer to arc cathodes under con-

ditions of industrial interest that will be described in chapter 5. As one more example,

one can mention the fact that, as will be shown in this chapter, reasoning based on the

bifurcation theory provides useful information on behavior of different steady-state modes

of current transfer to arc cathodes in the vicinity of turning points.

This chapter is concerned with analysis of bifurcations that have been encountered in

numerical modelling of current transfer to cathodes of DC glow and arc discharges. Relevant

details of the statement of the problem and of the numerics are discussed in section 4.2.

Bifurcations exhibited by multiple solutions describing different modes of current transfer

to cathodes of DC glow and arc discharges are identified in section 4.3. Fold, transcritical,

and pitchfork bifurcations are analyzed in sections 4.4, 4.5, and 4.6, respectively. The

results obtained are discussed in section 4.7 and conclusions summarized in section 4.8.

For convenience, a short summary of relevant information from the general bifurcation

theory is given in appendix B.

4.2 Models and numerics

As in chapters 3 and 2, the calculation domain is the interelectrode gap in the case of

glow discharge and the body of a thermionic cathode in the case of arc discharge, respect-

ively. It is assumed to be a circular cylinder of a radius R and a height h (except in the

case of an arc cathode treated in section 4.5.3 where it has a hemispherical tip).

In the case of a glow discharge, the distribution of the ion and electron densities ni and ne
and the electrostatic potential ϕ in the interelectrode gap is governed by the model described

in sections 3.2.1 and 3.2.2, except the boundary condition for the charged particles densities
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at the wall that will be described below. Numerical results reported in this chapter refer to

a microdischarge in xenon under the pressure of 30 Torr with R = 1.5 mm and h = 0.5 mm.

Kinetic and transport coeffi cients are the same as in chapter 3.

The simulation of the interaction of high-pressure arc plasmas with thermionic cathodes

is performed by means of the model described in section 2.2.2, except that the second

boundary condition in equation (2.2) is valid only at the front surface of the cathode;

a boundary condition at the lateral surface will be described below. Numerical results

reported in this chapter have been obtained for a tungsten cathode, with R = 2 mm and

h = 10 mm, and an argon plasma under pressure of 1 bar. All the results refer to a

temperature of the cooling fluid of 293 K unless otherwise specified. Thermal conductivity

of the cathode material and functions q (T, U) and j (T, U) are the same as in chapter 2.

As in previous chapters, we introduce cylindrical coordinates (r, φ, z) with the axis z

coinciding with the axis of the calculation domain and with the origin at the center of the

surface of the glow cathode or at the center of the front surface of the arc cathode. In the

case of glow discharge, the boundary conditions for the charged particle densities at the

wall are written in the form

r = R : s
ni,e
R

+ (1− s) ∂ ni,e
∂ r

= 0, (4.1)

where s is a given parameter that varies between 0 and 1. s = 0 corresponds to a (totally)

reflecting wall. s = 1 corresponds to an absorbing wall. In the case of arc cathode, the

boundary condition at the lateral surface of the cathode is written as

r = R : κ
∂T

∂r
= s q (T, U) , (4.2)

where s again is a given parameter varying between 0 and 1. s = 0 corresponds to the lateral

surface of the cathode being thermally (and electrically) insulated, s = 1 corresponds to

the lateral surface being active, i.e., energy- and current-collecting.

In the case of the arc cathode, the discharge current is related to T and U by the formula

I =

∫
j (T, U) dS. (4.3)

The integral here is evaluated over the front and lateral surfaces of the cathode, the con-

tribution of the lateral surface being multiplied by s. In this chapter, bifurcations and

stability will be discussed under the assumption that the discharge is current-controlled.

As discussed in the previous two chapters, the above-stated problems admit axially

symmetric (2D) solutions, f = f (r, z), 3D solutions, f = f (r, φ, z), and, in the particular

case s = 0, also 1D solutions, f = f (z). Here f designates the set of quantities ni, ne,

ϕ in the case of glow discharge and T in the case of arc cathode. In this chapter, 1D

and 2D steady-state solutions for the glow discharge and 1D, 2D, and 3D solutions for the

arc cathode are considered. Solutions for the glow discharge and 3D solutions for the arc
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cathode were calculated with the use of the commercial finite element software COMSOL

Multiphysics. 1D and 2D solutions for the arc discharge were calculated with the use of the

tool [90] except in the case of an arc cathode with a hemispherical tip, treated in section

4.5.3, where COMSOL Multiphysics was employed.

The above-stated problems possess axial symmetry, i.e., are invariant with respect to

the transformation of rotation φ→ φ + α, where α is any constant (a rotation angle). As

already discussed in section 2.3, if any of these problems admits a solution f = f (r, φ, z),

then f = f (r, φ+ α, z) is a solution as well. 3D solutions reported in this chapter have

been obtained as described in section 2.3: the calculation domain was restricted to half

of the cathode, say, 0 ≤ φ ≤ π, and the symmetry condition ∂T/∂φ = 0 was imposed at

the plane {φ = 0, φ = π}. Of course, this approach allows one to find only solutions that
possess planar symmetry. We will come back to this point at the end of section 4.7.

Data on points of transcritical and pitchfork bifurcations of steady-state solutions re-

ported in this chapter were obtained as follows. In the case of glow discharge, one of

the bifurcating solutions is 1D and the other is 2D (these bifurcations will be designated

{1D, 2D} from now on) and the bifurcation points were found by means of solving the ei-

genvalue problem described in section 3.2.3 with the use of COMSOL Multiphysics. In the

case of arc cathode, bifurcations {1D, 2D}, {1D, 3D}, {2D, 2D}, {2D, 3D}, and {3D, 3D}
are present. Points of bifurcations {1D, 2D}, {1D, 3D}, and {2D, 3D} were calculated
with the use of the tool [90], points of bifurcations {2D, 2D} and {3D, 3D} were calculated
with the use of COMSOL Multiphysics.

The procedure of calculation of bifurcation points with the use of the tool [90] is as

follows. The determinant of a finite-difference problem approximating the 2D differential

eigenvalue problem governing axially symmetric and 3D perturbations of the axially sym-

metric solution is evaluated for different steady states. If the determinant changes its sign

between two states, this means that a bifurcation occurs between them.

Bifurcation points calculated with the use of COMSOL Multiphysics have been found

as follows. The spectrum is calculated for different steady states. If a real eigenvalue

changes its sign between two states, this means that a bifurcation occurs between then.

We note right now that calculated positions of bifurcation points in all the cases are in good

agreement with results of numerical calculations of steady-state solutions, as evidenced by

the graphs that will follow.

Data on stability of current transfer to arc cathodes reported in this chapter were

obtained by means of solving the eigenvalue problem described in section 2.2.3 with the

use of COMSOL Multiphysics as described in section 2.3.
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Figure 4.1: CVC’s of different modes of current transfer in glow discharge with reflecting
walls and schematics of current density distribution over the cathode surface. (a) The 1D
glow discharge and the first and eighth 2D spot modes. The CVC of the eighth 2D spot
mode coincides, to the graphical accuracy, with the CVC of the 1D glow discharge, also in
figure (b). (b) CVC’s in the vicinity of the point of minimum of the CVC of the 1D glow
discharge.

4.3 Identifying bifurcations encountered

4.3.1 1D modes and modes bifurcating from it

An appropriate way to analyze multiple steady-state solutions is to start with the limit-

ing case s = 0 (the case of reflecting wall of the glow discharge tube or of insulating lateral

surface of arc cathode), where the pattern of solutions is the easiest to understand. CVC’s

for this case are shown in figures 4.1 and 4.2. Squares and circles in these and following

figures in the this chapter represent turning points and, respectively, all the other bifurca-

tion points. Also shown in these figures are schematics of distributions of current density

over the cathode surface associated with each solution. (In the case of arc cathode, only

distributions along the front surface are shown.) The solid line in each figure represents

the 1D solution, which describes a mode of current transfer with a uniform distribution

of discharge parameters along the cathode surface. (In the case of glow discharge, the 1D

solution is the same as the one depicted by the dashed line in figure 1.2 and the one depicted

in figure 3.2.) In the theory of the arc cathodes, the mode with an uniform distribution of

discharge parameters along the current-collecting surface of the cathode is called diffuse.

As before, the mode described by the 1D solution will be called fundamental mode both in

the cases of arc cathode and glow discharge, however the terms diffuse mode and 1D glow

discharge will also be used.

There is also a number of 2D and 3D solutions describing different spot modes. While
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Figure 4.2: CVC’s of steady-state modes of current transfer to arc cathode with insulating
lateral surface and schematics of current density distribution over the front surface of the
cathode.

the fundamental mode exists at all currents, each of the spot (non-fundamental) modes

exists in a limited current range.

In the case of glow discharge, eight 2D spot modes were detected. Let us number these

modes in the order of shrinking of the range of currents in which they exist. The first and

eighth modes, i.e., those with the widest and, respectively, narrowest ranges of existence

are shown in the figure 4.1a. Each mode joins the fundamental mode at two bifurcation

points, one of these points being designated b(1)
i and positioned in the vicinity of the point

of minimum of the CVC of the fundamental mode, at 1.5 . I . 2.5 mA (figures 4.1a and

4.1b) and the other, b(2)
i , at low currents, I . 0.4 mA (figure 4.1a); here i = 1, 2, . . . , 8. Let

us number bifurcation points b(1)
i from high to low currents, as shown in figure 4.1b, and b(2)

i

from low to high currents, as shown in figure 4.1a. (Note that this classification does not

have the same meaning that the one used in chapter 3 since in this chapter only 2D spot

modes are considered.) A 2D spot mode which branches off from the fundamental mode

at a bifurcation point b(1)
i (or b(2)

i ) re-joins the fundamental mode at the bifurcation point

b
(2)
i (or, respectively, b(1)

i ) with the same number i. In the following, values of discharge

current that correspond to the bifurcation points b(1)
i and b(2)

i will be designated I
(
b

(1)
i

)
and, respectively, I

(
b

(2)
i

)
.

The bifurcation points divide each 2D spot mode into two branches, one associated with

patterns consisting of a spot at the center and possibly concentric ring spots, and the other

associated with patterns consisting of concentric ring spots without a spot at the center.

The number of inside ring spots (i.e., the number of maxima of the current density inside

the interval 0 < r < R) associated with an i-th mode is (i− 1) /2 if i is odd. If i is even,
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the number of inside ring spots is i/2 − 1 on the branch with central spot and i/2 on the

branch without central spot. There is also a ring spot on the periphery of the cathode (i.e.,

there is a maximum of the current density at r = R) on the branch with or, respectively,

without central spot depending on whether i is even or odd.

In the case of arc cathode depicted in figure 4.2, some spot modes join the fundamental

mode and some do not. The mode that branches off from the fundamental mode at the

bifurcation point b(1)
1 is 2D. The CVC of this mode is depicted by the short-dash line

and partially coincides with the CVC of the fundamental mode. This mode represents an

analog of the first 2D spot mode in the case of glow discharge and comprises two branches

separated by the bifurcation point, one associated with a spot at the center of the front

surface of the cathode and the other with a ring spot on the periphery. Families of 3D

modes with one spot on the periphery, or two spots on the periphery opposite each other,

or three symmetrically positioned spots on the periphery branch off from the fundamental

mode at the bifurcation points c1, c2, and c3, respectively; the family of modes with three

spots that branches off at the point c3 is not shown in order not to overload the figure.

Comparing figures 4.1 and 4.2, one can say that the current and voltage range shown in

figure 4.2 represents the vicinity of the point of minimum of the CVC of the fundamental

mode. In other words, the spot modes in the case of arc cathode branch off from the

fundamental mode in the vicinity of the point of minimum, similarly to how it happens in

the case of glow discharge. A question arises whether they re-join the fundamental mode at

low currents. The range of currents down to 0.3 A (voltages of up to 1 kV) was investigated

in order to answer this question. No re-joining was found (see in this connection discussion

in section 3.4.2); rather branching of two new families of 3D spot modes was detected:

modes with four spots at the periphery, then modes with a spot at the periphery and an

inside spot positioned opposite each other.

The three dot-dashed line in figure 4.2 represents a family of 3D modes with a spot at

the center and two spots on the periphery positioned opposite each other, which branches

off from the first 2D spot mode at the bifurcation point d1. Note that patterns associated

with this family possess planar symmetry with respect to two orthogonal axes; e.g., the

pattern shown in figure 4.2 is symmetric with respect to the horizontal and vertical axes.

One can say that this family branches off from the fundamental mode not directly but

rather through the chain of sequential bifurcations which occur at points b(1)
1 and d1.

The long-dash line in figure 4.2 represents a family of 3Dmodes with three symmetrically

positioned spots on the periphery, which branches off from the first 2D spot mode at the

bifurcation point d2 or, as one can say, branches off from the fundamental mode through

the chain of sequential bifurcations which occur at points b(1)
1 and d2. The absence of a

central spot in patterns associated with this mode is a consequence of the bifurcation point

d2 being positioned on the branch without central spot of the first 2D spot mode.

Another family branches off from the above-described family of 3D modes with a spot
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at the center and two spots on the periphery at the bifurcation point e1. This family is

depicted by the four dot-dashed line and is associated with patterns that possess planar

symmetry with respect to one axis and comprise two spots positioned opposite each other,

one of these spots being at the periphery and the other an inside spot. Again, one can say

that the family being considered branches off from the fundamental mode not directly but

rather through the chain of sequential bifurcations which occur at points b(1)
1 , d1, and e1.

The above results refer to the limiting case of reflecting wall of the glow discharge tube

or insulating lateral surface of arc cathode, s = 0. Results of numerical calculations of

multiple modes for the case of absorbing wall of the glow discharge tube or energy- and

current-collecting lateral surface of arc cathode, s = 1, can be found in [128] or, respectively,

[89] (these results are cited in chapter 3 and 2). 1D modes do not exist in this case. There

are several disconnected 2D modes, one existing at all currents and the others in limited

current ranges, and 3D modes existing in limited current ranges.

4.3.2 Bifurcations encountered

The numerical solutions shown in figures 4.1 and 4.2 manifest a large number of bi-

furcations of different types (a brief description of basic types of steady-state bifurcations

is given in appendix B). Many of these bifurcations are fold, i.e., turning points; as an

example, turning points of the first 2D spot mode are marked in figure 4.1a and turning

points of the 3D modes with one and two spots at the periphery are marked in figure 4.2.

All the bifurcations that are not fold involve branching of modes of different symmetries:

2D modes branch off from the 1D modes at the bifurcation points b(1)
1 , b

(1)
2 , . . . , b

(1)
8 , b

(2)
1 ,

b
(2)
2 , . . . , b

(2)
8 in figure 4.1 and b(1)

1 in figure 4.2; 3D modes branch off from the 1D mode at

the bifurcation points c1, c2, and c3 in figure 4.2; 3D modes branch off from the 2D mode

at the bifurcation point d1 and d2 in figure 4.2; 3D modes with the period 2π branch off

from 3D modes with the period π at the bifurcation point e1 in figure 4.2.

A bifurcation {2D, 3D} represents breaking of axial symmetry: a continuum of non-

symmetric solutions, which are related by the transformation of rotation, branches off

from an axially symmetric solution. This must be a pitchfork bifurcation similar to those

described by equation (B.7) in section B.0.1 and shown in figures B.1c and B.1d, with the

difference that the number of bifurcating solutions is infinite in the present case.

A bifurcation {1D, 2D} represents breaking of symmetry of another kind: invariance
with respect to translations in the radial direction. This invariance is a property of a

particular mode rather than of the problem, therefore only one 2D mode bifurcates here.

In other words, this bifurcation involves two modes and is transcritical. Since there are no

reasons for the modes to be tangent at the bifurcation point, this should be a transcritical

bifurcation of first order contact, described by equation (B.6) and shown in figure B.1b.

Breaking of invariance with respect to translations in the radial direction occurs also in a
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bifurcation {1D, 3D}. However, this bifurcation represents simultaneously breaking of axial
symmetry. Therefore, a continuum of 3D modes which are related by the transformation

of rotation bifurcates here and the bifurcation must be pitchfork.

The bifurcation {3D, 3D} represents breaking of planar symmetry: two 3D modes pos-
sessing planar symmetry with respect to only one (and the same) axis branch off from each

3D mode possessing planar symmetry with respect to two orthogonal axes. This bifurcation

again must be pitchfork.

In the vicinity of turning points, the topology of CVC’s shown in figures 4.1 and 4.2 is

similar to that illustrated by figure B.1a (or by its reflection with respect to the x0-axis).

As far as transcritical bifurcations of first order contact are concerned, one should expect

to encounter intersecting lines as shown in figure B.1b. However, no intersections at points

b
(1)
i and b(2)

i are seen in figures 4.1 and 4.2. Furthermore, in cases where the resolution is

suffi cient, as is the case of bifurcation points b(2)
1 in figure 4.1a and b(1)

1 in figure 4.2, one

can clearly see that CVC’s of the fundamental mode and the 2D spot modes are tangent at

the bifurcation point rather than intersect. Similarly, the topology of CVC’s in the vicinity

of bifurcation points c1, c2, d1, and e1 in figure 4.2 is clearly different from that of pitchfork

bifurcations shown in figures B.1c or B.1d.

The above differences are not surprising, since not every functional relation can play the

role of a bifurcation diagram in problems with an infinite number of degrees of freedom.

Bifurcations involving axially symmetric modes may be conveniently represented in the

coordinates (I, jc), where jc is the current density at the center of the cathode. This

representation is used in figure 4.3 in the case of glow discharge. (A convenient feature of

this representation is a possibility of easy identification of branches with or without central

spot: they are positioned above or, respectively, below the fundamental mode.) As far as

3D modes are concerned, each continuum would be represented by a single line in these

coordinates, just in the same way as in the CVC plane (I, U). Adequate and convenient

for 3D modes are coordinates (I, je), where je is the current density at a fixed point at the

edge of the front surface of the cathode, say, at (r = R, φ = 0, z = 0). This representation

is used in figure 4.4 in the case of arc cathode. Only two limiting lines are shown for each

continuum of 3D modes, one corresponding to the case where the temperature distribution

over the edge of the front surface of the cathode, T (R, φ, 0), has at φ = 0 a maximum and

the other a minimum. The families of modes with three spots on the periphery that branch

off at the points c3 and d2 are not shown in order not to overload the figure.

The solid lines in figures 4.3 and 4.4 represent the fundamental mode as before. One

can see that the topology of the modes in the vicinity of the bifurcation points b(2)
i in figure

4.3a and b(1)
1 in figure 4.4 indeed is similar to that illustrated by figure B.1b (or by its

reflection with respect to the µ-axis) and the topologies of the modes in the vicinity of

the bifurcation points c1 and d1 in figure 4.4 are similar to those shown in figures B.1c or

B.1d. Appropriate amplifications show that the topologies of the modes in the vicinity of
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Figure 4.3: Bifurcation diagram. Glow discharge, s = 0. (a) General view. (b) Details in
the vicinity of the point of minimum of the CVC of the 1D glow discharge. (c) Details in
the vicinity of the bifurcation point b(1)

8 of figure (b).
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Figure 4.4: Bifurcation diagram. Arc cathode, s = 0.

the bifurcation points in figure 4.3b and points c2 and e1 in figure 4.4 are similar to those

shown in figures B.1b and, respectively, B.1c or B.1d. An example of such amplification is

shown in figure 4.3c. Also shown in the latter figure is the current density at the periphery

of the cathode. One can see that the current densities at the center and at the periphery

become equal at the bifurcation point as they should.

Note that the plateau in the dependence jc (I) corresponding to the first 2D spot mode

in figure 4.3a is a manifestation of the effect of normal current density, as is the plateau in

the CVC of the first 2D spot mode in figure 4.1a. This effect is manifested also by higher

modes, however it weakens with increase of the order of the mode and finally disappears.

In the following sections, the bifurcations identified above will be discussed in some

detail. Also discussed will be transcritical bifurcations of second order contact: {1D, 2D},
encountered in the modelling of glow discharge [128], and {2D, 2D} encountered in the
modelling of arc cathodes of complex shapes described in chapter 5.

4.4 Fold bifurcations

A fold, or saddle-node, bifurcation represents not branching of essentially different

modes but rather a turning point of the same mode. The importance of understanding

these bifurcations originates in their relation with stability of current-controlled discharges.

This relation may be explained as follows. Let f = f̃ (r;U) be a family of solutions de-

scribing a particular steady-state mode of current transfer. (Here r is the space vector and

f designates as before the set of quantities ni, ne, ϕ in the case of glow discharge and T

in the case of arc cathode.) Suppose that one substitutes f = f̃ (r;U) into the governing

boundary-value problem with the discharge current I being the control parameter, and
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differentiates the obtained equations and boundary conditions with respect to U . One will

arrive at a problem comprising a linear boundary-value problem for the function ∂f̃(r;U)
∂U

and an expression for parameter DI
DU

in terms of the function ∂f̃(r;U)
∂U

, where DI
DU

is the de-

rivative evaluated along the steady-state mode being considered. At a turning point, this

derivative vanishes and the former problem may be viewed as a homogeneous problem for

the function ∂f̃(r;U)
∂U

supplemented with a normalization condition for this function. This

homogeneous problem coincides with the eigenvalue problem governing stability against

small perturbations of a current-controlled discharge with the growth increment equal to

zero. Thus, at a turning point the function ∂f̃(r;U)
∂U

represents an eigenfunction of the sta-

bility problem associated with the zero eigenvalue (growth increment). In a general case,

this means that a steady-state mode of current transfer in a current-controlled discharge

at a turning point changes stability against a mode of perturbations that at the turning

point is described by the function ∂f̃(r;U)
∂U

. In the following, this perturbation mode will be

referred to as fundamental.

As already mentioned in chapter 3, a nonlinear electric circuit with inductance is stable

if the total differential resistance of the circuit is positive. By analogy, one can assume that

a steady state belonging to the falling section of the CVC of any mode of a gas discharge

is stable if the external resistance (ballast) is high enough to compensate the negative

differential resistance of the discharge in the state in question. Applying this criterion to

the limiting case of a current-controlled discharge, where the external resistance is very

high, one arrives at the following rule: if a turning point in the plane (I, U) is traversed in

the clockwise direction, states before the turning point are stable against the fundamental

perturbation mode (in other words, the increment of this perturbation mode is negative)

and states after the turning point are unstable (the increment is positive); if the turning

point is traversed in the counterclockwise direction, states before the turning point are

unstable and states after it are stable. This rule is illustrated by figure 4.5. Note that

scenarios a and b in figure 4.5 conform to the second and, respectively, third scenarios of

the fold bifurcation mentioned in section B.0.2.

An alternative formulation of the above rule is as follows: the CVC of a steady-state

mode which is stable against perturbations of the fundamental mode can turn only clock-

wise, after which the steady-state mode becomes unstable; the CVC of an unstable mode

can turn only counterclockwise, after which the mode becomes stable.

In the case of arc cathode, an independent proof of the above rule was given in the

analytical stability theory [118]. However, this rule is inapplicable in the case of the glow

discharge as discussed in section 3.6.

It happens frequently that a steady-state mode manifests more than one turning point.

According to the above, there is a change of stability at each point against a mode of

perturbations that at the turning point is described by the function ∂f̃(r;U)
∂U

. It seems

legitimate to assume that the perturbation mode against which the change of stability
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U

I

a b

Figure 4.5: Hypothetical pattern of changes of stability of a steady-state mode of current
transfer to arc cathode in the vicinity of a turning point against the fundamental perturb-
ation mode. Solid: stable section of the steady-state mode. Dotted: unstable section.

occurs is the same for all turning points of the steady-state mode in question or, in other

words, that there is only one fundamental perturbation mode for each steady-state mode.

Indeed, this assumption is confirmed by the numerical modelling both in the cases of

arc cathode and glow discharge. Then the changes of stability against the fundamental

perturbation mode alternate at consecutive turning points: if a steady-state mode has

become stable (unstable) on passing through a turning point, it will become unstable

(stable) on passing through the next one.

In the case of arc cathode, directions of turns must alternate: a clockwise turn at one

turning point is followed by a counterclockwise turn at the next one and vice versa; 360◦-

loops cannot occur. Possible scenarios of passing through two consecutive turning points

are shown in figure 4.6 and comprise a Z-shape (scenario a) and an S-shape (scenario b).

The above reasoning refers to the case of a current-controlled discharge. A similar reas-

oning may be developed for the case of a voltage-controlled discharge, with an application

to the behavior of steady-state modes in the vicinity of extrema of the CVC. The conclu-

sion is similar to the above one: a steady-state mode which is stable against perturbations

of the fundamental mode can turn only clockwise, and an unstable mode can turn only

counterclockwise. However, this line of reasoning seems to give only trivial results.
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U

I

a b

Figure 4.6: Scenarios of passage of a steady-state mode of current transfer to an arc cathode
through two consecutive turning points. Solid: sections of the steady-state mode that are
stable against the fundamental perturbation mode. Dotted: unstable sections.

4.5 Transcritical bifurcations

4.5.1 Transcritical bifurcations of first order contact

Transcritical bifurcations {1D, 2D} were studied in [95] for a glow discharge and in [91]
for an arc cathode. In both cases, distribution of discharge parameters associated with the

bifurcating 2D mode is given in the vicinity of bifurcation points b(1)
i and b(2)

i (i = 1, 2, . . . )

by the formula

f̃ (2D) (r, z;U) = f̃ (1D) (z;U)+Bi (z) J0

(
j′0,i+1

r

R

)
(U − Ui)+Ci (r, z) (U − Ui)2+. . . , (4.4)

where f̃ (1D) (z;U) and f̃ (2D) (r, z;U) are solutions describing the fundamental and, respect-

ively, 2D spot modes bifurcating at the point considered, Bi (z) and Ci (r, z) are functions

of z and, respectively, r and z (or, in the case of glow discharge, a set of functions of z and,

respectively, a set of functions of r and z) which depend on the bifurcation point being

considered, Ui is the value of the voltage corresponding to the bifurcation point, Jν (x)

and j′ν,m designate Bessel functions and zeros of their derivatives as before. The conclusion

that in the vicinity of a bifurcation point radial variations of discharge parameters in the

bifurcating 2D mode are proportional to J0

(
j′0,i+1r/R

)
conforms to results of the numerical

modelling. For the case of arc cathode, the function Bi (z) was analytically calculated and

thus the second term of expression (4.4). The obtained two-term analytic approximation

in the vicinity of the bifurcation point b(1)
1 shown in figures 4.2 and 4.4 is depicted by the

dashed line in figure 4.7 and conforms to the numerical modelling as it should.

The behavior which is typical for transcritical bifurcations of first order contact and

shown in figure B.1b originates in the second term of the expression (4.4). When the
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Figure 4.7: Bifurcations {1D, 2D} and {1D, 3D}. Arc cathode, s = 0. Solid: numerical
modelling. Dashed: analytic approximations.

expression is averaged over the cathode surface, the contribution of this term vanishes,

which follows from the fact that this term was obtained [91, 95] by solving the Neumann

problem for the Helmholtz equation and the average value of such solutions is zero. (Of

course, this can be derived also from properties of integrals of the Bessel functions.) This

explains why CVC’s do not represent a proper diagram of transcritical bifurcations in the

considered problem, and also why CVC’s of the fundamental and 2D spot modes are tangent

at the bifurcation point as seen in figures 4.1 and 4.2.

Results of a numerical investigation of stability of the fundamental (1D) and 2D spot

modes of current transfer to an arc cathode and of an analytical investigation of stability of

the fundamental mode, reported in section 2.4.2, have revealed an exchange of stability in

the vicinity of points of transcritical bifurcation of first order contact, which is similar to the

one occurring in systems with one degree of freedom and illustrated by figure B.1b. This

exchange is realized as follows: at a bifurcation point, i.e., at I = I
(
b

(1)
i

)
, both the funda-

mental mode and the 2D spot mode that branches off at b(1)
i are neutrally stable against a

2D perturbation mode with a radial dependence described by the function J0

(
j′0,i+1r/R

)
;

the fundamental mode is stable and the 2D spot mode is unstable at I > I
(
b

(1)
i

)
; and vice

versa at I < I
(
b

(1)
i

)
.

Results of the numerical modelling described in chapter 2 indicate that the above-

mentioned 2D perturbation mode that is neutrally stable at b(1)
i is the same one that

changes sign of its increment at all turning points of the steady-state 2D spot mode that

branches off at b(1)
i . In other words, it represents the fundamental perturbation mode of

the steady-state 2D spot mode in question. Note that this perturbation mode, while being

proportional to J0

(
j′0,i+1r/R

)
in all states of the fundamental mode, is no longer propor-
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Figure 4.8: Bifurcation diagram and schematics of current density distribution over the
cathode surface in the fundamental mode. Perturbed transcritical bifurcation of first order
contact, glow discharge. (a) General view, s = 0.05. (b) Details in the vicinity of the point
of minimum of the CVC of the fundamental mode, s = 0.01.

tional to J0

(
j′0,i+1r/R

)
in states of the 2D steady-state spot mode outside the bifurcation

point b(1)
i .

4.5.2 Perturbed transcritical bifurcations of first order contact

Analysis of the preceding section refers to the limiting case s = 0 (reflecting wall of

a glow discharge tube and insulating lateral surface of an arc cathode). Deviations of s

from zero represent imperfections that should break the bifurcations as described in section

B.0.3. This is indeed found in the numerical modelling as shown in figures 4.8 and 4.9.

Values of s chosen for figures 4.8a, 4.8b, and 4.9 are all different in order that diagrams be

transparent. Also shown in these figures are the fundamental mode and the first 2D spot

mode for s = 0, and in figure 4.8b also the second 2D spot mode for s = 0 is shown.

The effect of imperfection at each bifurcation point is the same as discussed in section

B.0.3 and shown in figure B.2a: two bifurcating solutions are broken into two isolated

solutions with the branches exchanged. In the case of glow discharge, the first scenario

discussed in section B.0.3 and illustrated by figure B.2a with δ ≥ 0 takes place at bifurcation

points b(1)
2 , b

(1)
4 , b

(1)
6 , b

(1)
7 , b

(2)
1 , b

(2)
3 , b

(2)
5 , b

(2)
7 and the second scenario (figure B.2a with δ ≤ 0)

occurs at b(1)
1 , b

(1)
3 , b

(1)
5 , b

(1)
8 , b

(2)
2 , b

(2)
4 , b

(2)
6 , b

(2)
8 . The sections of the fundamental mode

I < I
(
b

(2)
1

)
and I > I

(
b

(1)
1

)
join the central-spot branch of the first 2D spot mode. The

sections of the fundamental mode I
(
b

(2)
1

)
< I < I

(
b

(2)
2

)
and I

(
b

(1)
2

)
< I < I

(
b

(1)
1

)
join,

on one hand, the branch with a ring spot on the periphery of the first 2D spot mode, and

on the other hand, the branch with an inside ring spot of the second 2D spot mode. The
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Figure 4.9: Bifurcation diagram and schematics of current density distribution over the
cathode surface. Perturbed transcritical bifurcation of first order contact, arc cathode, s =
10−3. Solid: sections of the steady-state modes that are stable against axially symmetric
perturbations. Dotted: unstable sections.

sections of the fundamental mode I
(
b

(2)
2

)
< I < I

(
b

(2)
3

)
and I

(
b

(1)
3

)
< I < I

(
b

(1)
2

)
join, on one hand, the branch with a central spot and a ring spot on the periphery of

the second 2D spot mode, and on the other hand, the branch with a central spot and an

inside ring spot of the third 2D spot mode. This pattern is repeated and finally the section

I
(
b

(2)
8

)
< I < I

(
b

(1)
8

)
joins the branch with a central spot, three inside ring spots, and a

ring spot on the periphery of the eighth 2D spot mode.

In the case of arc cathode, the second scenario occurs at b(1)
1 . The section of the

fundamental mode I > I
(
b

(1)
1

)
joins the branch with a ring spot on the periphery of the first

2D spot mode and the section of the fundamental mode I < I
(
b

(1)
1

)
joins the branch with

a central spot. Also shown in figure 4.9 is a pattern of stability against axially symmetric

perturbations (more precisely, against the first mode of axially symmetric perturbations)

obtained in the numerical modelling; it conforms to figure B.2a with δ ≤ 0 as it should.

One of the consequences of the above-described exchange of branches is that the fun-

damental mode, i.e., the mode that exists at all I, is no longer diffuse and may be not even

close to diffuse: it comprises section(s) of the fundamental mode (or, more precisely, what

was the fundamental mode at s = 0) and one of the branches of the first 2D spot mode,

namely, the branch with a central spot in the case of glow discharge and the branch with

a ring spot on the periphery in the case of arc cathode. The fact that the branches are

not the same originates in different physics introduced by boundary conditions at r = R in

the cases of glow discharge and arc cathode. A non-reflecting wall of a glow discharge tube

reduces local intensity of the glow discharge due to losses of the charged particles caused
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by diffusion to the wall. As a consequence, the diffuse discharge becomes less intense on

the periphery than at the center. Thus, the fundamental mode acquires some similarity

with the branch with a spot at the center, and it is not surprising that the two join. On

the contrary, energy- and current-collecting lateral surface of an arc cathode provides an

additional (lateral) heating of the edge of the front surface and thus locally enhances the

discharge. As a consequence, the diffuse discharge becomes more intense at the edge than

at the center. Thus, the fundamental mode acquires some similarity with the branch with

a ring spot on the periphery, and it is not surprising that the two join.

The above-described difference between the fundamental modes for s 6= 0 in the cases

of glow discharge and arc cathode is seen in the schematics of distributions of the current

density shown in figures 4.8a and 4.9. At high currents, I & I
(
b

(1)
1

)
, the distributions are

more or less uniform in both cases, however there is a minimum of the current density on

the periphery in the case of glow discharge and a maximum in the case of arc cathode. The

difference is increased at lower currents, I . I
(
b

(1)
1

)
: a well-pronounced spot appears at

the center of the glow cathode while the maximum of the current density on the periphery

of the arc cathode becomes better pronounced.

A further difference between the fundamental modes at s 6= 0 and I . I
(
b

(1)
1

)
in the

cases of glow discharge and arc cathode is as follows. The fundamental mode in the case

of glow discharge manifests a well-pronounced effect of normal current density, which is

attested, in particular, by a plateau in the dependence jc (I) (solid line in figure 4.8a) at

30µA . I . 3 mA. Nothing of this kind is manifested by the fundamental mode on the

arc cathode. This difference stems from the strongly different aspect ratios. As discussed

in section 1.2.2, the effect of normal current density is a particular case of coexistence of

phases which is possible in wide systems. In the case of glow discharge, the characteristic

dimension in the z-direction is represented by the interelectrode gap or the thickness of the

near-cathode space-charge sheath, whichever is smaller. The thickness of the near-cathode

space-charge sheath under conditions of the above-mentioned plateau in the dependence

jc (I) corresponding to the fundamental mode is approximately 0.13 mm, which is much

smaller than the discharge radius R. Thus, the system represented by the glow discharge

indeed may be considered as wide. In the case of arc cathode, the characteristic dimension

in the z-direction is the cathode height h, so the aspect ratio h/R is 5. Thus, the arc

cathode represents a narrow rather than wide system and it is not surprising that it does

not manifest the effect of normal current density.

All the steady-state modes in the case s 6= 0 other than the above-described fundamental

mode exist in limited current ranges and in the case of glow discharge continue to represent

closed loops. The topology of these modes may be understood by means of the same

reasoning as above. In particular, the intensity of a ring spot on the periphery is locally

reduced in the immediate vicinity of the wall of a glow discharge tube, thus the structure

acquires some similarity with an inside ring spot and this is why the corresponding branches
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Figure 4.10: CVC’s of the 2D glow discharge. Xe plasma, p = 30 Torr, the discharge radius
1.5 mm and height 0.5 mm.

join the same section of the fundamental mode.

As s increases from the value of 0.05 shown in figure 4.8a up to unity in the case of

glow discharge, the above-described fundamental mode does not suffer dramatic changes.

This is illustrated by figure 4.10. A dotted line in this figure depicts the CVC of the

fundamental mode for s = 0.05, however it is virtually indistinguishable from the solid

line, which corresponds to s = 1, except in the vicinity of transitions from the Townsend

discharge to the subnormal mode and from the normal to the abnormal modes. The range

of currents in which each non-fundamental 2D mode shown in figure 4.8 exists shrinks with

increasing s and higher-order modes disappear one by one. Only two initial modes remain

in existence at s = 1, the mode with an inside ring spot and the one with a central spot

and an inside ring spot; see section 3.5.

The CVC of the fundamental mode on an arc cathode with s = 1 is quite close to the

CVC of the fundamental mode on a cathode with s = 0, shown in figure 4.2, if the discharge

current does not exceed, say, 500 A. Differences between the temperature of the cathode

surface in these two modes reach about 400 K. The CVC of the first non-fundamental 2D

mode on arc cathode with s = 1 also is close to the CVC of the first 2D spot mode on a

cathode with s = 0, shown in figure 4.2, although differences in the surface temperature

reach about 1000 K.

Distributions of the surface temperature of an arc cathode with an energy- and current-

collecting lateral surface, s = 1, in four states corresponding to the same near-cathode

voltage drop U = 15 V are shown in figure 4.11. (Note that the range 0 ≤ r + z ≤ 2 mm

in this figure corresponds to the front surface of the cathode, the range r + z ≥ 2 mm

corresponds to the lateral surface.) The states with the discharge currents of 77.14 A and
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Figure 4.11: Distributions of temperature of the surface of an arc cathode. s = 1, U = 15 V.

23.55 kA belong to the fundamental mode. In the latter state, the temperature is very

high and constant (“saturated”) along the front surface and the most part of the lateral

surface; a feature which is characteristic for the high-current section of the fundamental

mode [87]. There is something resembling a ring spot attached to the edge of the front

surface of the cathode in the state with I = 77.14 A. The states with I = 82.80 A and

143.9 A belong to the first non-fundamental 2D mode. There is a central spot in the latter

state and a central spot and something resembling a ring spot at the edge in the former

state. One can say that all four states bear footprints of their origin. In particular, the

pattern revealed by the state with I = 82.80 A is similar to the pattern associated with one

of the branches of the second 2D spot mode, namely, the branch with a central spot and

a ring spot at the edge, which, jointly with the fundamental mode and the branch with a

central spot of the first 2D spot mode, originates the first non-fundamental 2D spot mode.

This similarity is remarkable, given that the bifurcation point b(1)
2 at which the second 2D

spot mode branches off from the fundamental mode is not present within the range of U

considered in this chapter.

Variations of the temperature along the front surface of the cathode operating in the

fundamental mode under conditions of figure 4.11 are moderate, and they are still smaller

for thinner cathodes, which are used in arc lamps and are best studied experimentally. The

thermal regime of the cathode does not appear to be spot-like but rather looks diffuse. As a

consequence, the above-described difference between the fundamental modes on cylindrical

arc cathodes with insulating and active lateral surfaces has not been appreciated up to now

and both are termed “diffuse” in the preceding works. In this chapter, the fundamental

mode on a cylindrical arc cathode with s 6= 0 is termed “pseudodiffuse”in order to distin-

guish it from the fundamental mode in the case s = 0 (which is associated with a uniform
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Figure 4.12: Bifurcation diagrams, perturbed transcritical bifurcation of second order con-
tact. (a) Glow discharge, s = 0. Solid: fundamental mode. Two dot-dashed: third 2D spot
mode. (b) Arc cathode with a hemispherical tip. Solid: (absolutely) stable sections of the
steady-state modes. Dotted: unstable sections.

distribution of discharge parameters along the cathode surface, i.e., is truly diffuse). The

first non-fundamental 2D mode at s 6= 0 is termed the first 2D spot mode.

4.5.3 Transcritical bifurcations of second order contact

Numerical modelling of glow discharge [128] revealed that a decrease of the radius of the

discharge tube with reflecting wall causes 2D spot modes to disappear one by one, starting

from the higher-order modes. The disappearance of each mode occurs through shrinking

of the current range in which the mode exists. At first, shrinking occurs while the spot

mode remains connected to the fundamental mode, then the spot mode detaches from the

fundamental mode and shrinking continues until the spot mode disappears completely. An

example illustrating this detachment is shown in figure 4.12a. [Since dependence jc (〈j〉)
for the fundamental mode is the same for tubes of different radii, there is only one solid

line in this figure.] The 2D spot mode and the fundamental mode are connected at two

first-order transcritical bifurcation points at R & 0.527 mm. The two bifurcation points

merge to form a transcritical bifurcation of second order contact when R has decreased

down to a certain value around 0.527 mm. The 2D spot mode and the fundamental mode

become disconnected at R . 0.527 mm.

The topology of modes in figure 4.12a is similar to that shown in figure B.2c. One can

conclude that the above-described detachment of a 2D spot mode from the fundamental

mode occurs through a perturbed transcritical bifurcation {1D, 2D} of second order contact
according to scenario shown in figure B.2c.

Numerical modelling of arc cathodes of shapes of industrial interest that is described in
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chapter 5 revealed a possibility of dramatic changes of the pattern of steady-state modes

of current transfer. As an example, figure 4.12b shows the temperature at the center of the

front surface of a cathode having the shape of a rod (cylinder) with a hemispherical tip. The

temperature of the cooling fluid was 1000 K. The cathode radius is variable, the cathode

height is 10 mm, the whole front and lateral surface is energy- and current collecting,

all the other parameters are the same as indicated in section 4.2. One can see that the

pseudodiffuse and the first 2D spot modes, representing separate modes at R . 1.169 mm,

become connected when R has increased up to a certain value around 1.169 mm, then they

exchange branches and separate once again. Each of these two new disconnected modes

embraces states typical for both fundamental and spot modes as discussed in chapter 5 and

cannot be termed (pseudo)diffuse or spot mode. On the other hand, one of these modes

exists at all values of the discharge current and may be termed fundamental mode.

The topology of modes in figure 4.12b is similar to that shown in figure B.2b: a tran-

scritical bifurcation of second order contact occurs at R ≈ 1.169 mm, small deviations of

R from this value break the bifurcation. The pattern of stability also is similar. One can

conclude that the above-described change of pattern of steady-state modes of current trans-

fer occurs through a perturbed transcritical bifurcation {2D, 2D} of second order contact
according to scenario shown in figure B.2b.

A very important feature of the latter bifurcation is that it, being of the type {2D, 2D},
involves modes of the same symmetry. This feature has not been encountered in all the

above-described bifurcations (except the fold bifurcations); it is this feature that originates

the fact that the bifurcation occurs at only one value of the control parameter R.

4.6 Pitchfork bifurcations

Pitchfork bifurcations {1D, 3D} were treated in [95] for a glow discharge and in [91] for
an arc cathode. In both cases, distributions of discharge parameters associated with the

bifurcating 3D modes are given in the vicinity of a bifurcation point ci (i = 1, 2, . . . ) by

the asymptotic expansion

f̃ (3D) (r, φ, z;U) = f̃ (1D) (z;Ui) +Bi (z) Jν

(
j′ν,m

r

R

)
cos (νφ + α)

√
|U − Ui|

+Ci (r, φ, z) (U − Ui) + . . . , (4.5)

where f̃ (3D) (r, φ, z;U) is a solution describing the 3D spot modes bifurcating at the point

considered, ν is an integer equal to i at i ≤ 4 and below i at i > 4, m = 1, 2, . . ., α is an

arbitrary constant, Bi (z), Ci (r, φ, z), and Ui have the same meaning as above except that

Ci (r, φ, z) depends also on φ. The conclusion that in the vicinity of a bifurcation point

transversal variations of discharge parameters in the bifurcating 3D modes are proportional

to Jν
(
j′ν,mr/R

)
cos (νφ+ α) conforms to results of the numerical modelling of 3D modes.

The order of initial nontrivial zeros of the derivatives of the Bessel functions of the first
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kind (see table A.1) governs the order of branching of different spot modes from the fun-

damental mode. This is indeed the order detected in the numerical modelling in the case

of arc cathode with the insulating lateral surface in the range of currents down to 0.3 A as

described in section 4.3.1.

For the case of arc cathode, the function Bi (z) was analytically calculated and thus the

second term of asymptotic expansion (4.5). The obtained two-term analytic approximation

in the vicinity of the bifurcation points c1 and c2 shown in figures 4.2 and 4.4 is depicted

by the dashed line in figure 4.7 and conforms to the numerical modelling as it should. Note

that there are small gaps in the vicinity of points c1 and c2 in the solid lines representing the

numerically calculated characteristics of the 3D modes. These gaps stem from divergence

of iterations which sometimes occurs in a close vicinity of a bifurcation point.

Pitchfork bifurcations {2D, 3D}, occurring at the bifurcation points d1 and d2 in figures

4.2 and 4.4, represents the most frequent type of bifurcations that can occur in cases where

2D modes exist but 1D modes do not (such as the case s = 1 or all cases with non-

cylindrical axially symmetric geometries). These bifurcations were treated in [96, 118] for

the case of arc cathode. In both cases of glow discharge and arc cathode, distributions of

discharge parameters associated with the bifurcating 3D modes are given in the vicinity of

a bifurcation point di (i = 1, 2, . . . ) by the asymptotic expansion

f̃ (3D) (r, φ, z;U) = f̃ (2D) (r, z;Ui) + Ei(r, z) cos (νφ + α)
√
|U − Ui|

+Ci (r, φ, z) (U − Ui) + . . . , (4.6)

where Ei (r, z) is a function of r and z (or, in the case of glow discharge, a set of functions)

which depends on the bifurcation point being considered. The harmonic azimuthal variation

of discharge parameters in the bifurcating 3D modes in the vicinity of a bifurcation point,

predicted by the theory, was found in the numerical modelling.

The behavior which is typical for pitchfork bifurcations and shown in figures B.1c and

B.1d originates in the second term of the expansion (4.5) or (4.6). When the expansion

is averaged over the cathode surface, the contribution of this term, which is harmonic in

φ, vanishes. This explains why CVC’s do not represent a proper diagram of pitchfork

bifurcations in the considered problem, and also why CVC’s of the bifurcating 3D spot

modes have finite inclinations at the bifurcation points c1, c2, d1, and d2 in figure 4.2.

Results of analytical and numerical investigation of stability of 2D and 3D spot modes

of current transfer to an arc cathode, reported in [118] and in chapter 2, have revealed

an exchange of stability in the vicinity of points of pitchfork bifurcation {2D, 3D}, which
is similar to the one occurring in systems with one degree of freedom and illustrated by

figures B.1c and B.1d. This exchange is realized as follows. At a bifurcation point, i.e., at

I = I (di), the 2D steady-state mode and the 3D steady-state modes that branch off at this

point are neutrally stable against a 3D perturbation mode with an azimuthal dependence

described by the same factor cos (νφ+ α) that describes azimuthal variation of the steady-
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state 3D modes in the vicinity of the bifurcation point. The 2D mode changes its stability

at the bifurcation point, i.e., either it is stable against the above-described 3D perturbation

mode at I > I (di) and unstable at I < I (di), or vice versa. [As far as bifurcation points

positioned on the pseudodiffuse mode are concerned, the pseudodiffuse mode is stable at

I > I (di) and unstable at I < I (di).] The 3D modes are stable if they are supercritical,

i.e., branch off into the current range where the 2D mode is unstable, and unstable if they

are subcritical, i.e., branch off into the current range where the 2D mode is stable. The

increments of the above-indicated perturbation of the steady-state 2D mode and 3D modes

are related by the formula λ(3D) = −2λ(2D) in the vicinity of the bifurcation point. This

formula coincides with the corresponding relation in systems with one degree of freedom,

which follows from equation (B.14).

As shown by the numerical modelling of chapter 2, the above-mentioned 3D perturbation

mode that is neutrally stable at di is the same one that changes sign of its increment at all

turning points of the corresponding steady-state 3D mode that branches off at di. In other

words, it represents the fundamental perturbation mode of the corresponding steady-state

3D mode. Note that this perturbation mode, while being proportional to cos (νφ+ α) in

all states of the 2D mode, is no longer proportional to cos (νφ+ α) in states of the 3D

steady-state spot mode outside the bifurcation point di.

The pitchfork bifurcation {3D, 3D}, which occurs on an arc cathode at the point e1

shown in figures 4.2 and 4.4, represents breaking of planar symmetry. For example, sym-

metry with respect to the horizontal axis is broken in the pattern shown in figure 4.2,

although symmetry with respect to the vertical axis is conserved. The pattern of stability

against the fundamental perturbation mode in the vicinity of the bifurcation point con-

forms to scenario B.1d. Note that the possibility of this bifurcation was detected first in

the numerical investigation of stability in the case s = 1 (see section 2.4.5).

A question arises how a planar symmetry-breaking bifurcation can transform a three-

spot pattern into a two-spot one. This may be explained as follows. At states between

the bifurcation points d1 and e1, the temperature distribution is symmetric, say, with

respect to the vertical and horizontal axes and possesses three maxima, associated with

the central spot and two spots on the periphery (although the spots on the periphery are

still pronounced extremely weakly: the temperature at its centers exceeds the temperature

outside the spots by about 1 K). At the bifurcation point e1, the central spot starts moving

up- or downwards. This movement is accompanied by the complete extinction of the upper

(or, respectively, lower) peripheral spot and by the enhancement of the opposite peripheral

spot. If the central spot moves upwards, the two-spot pattern shown in figure 4.2 appears.

Since in the case of the glow discharge stability of bifurcating multidimensional spot

modes has not been studied, we cannot say for sure at the moment if the above conclusions

on bifurcations {1D, 3D} and {2D, 3D}, drawn for the case of arc cathode, apply also to
the case of glow discharge. A bifurcation {3D, 3D} similar to the one discussed above for
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the case of arc cathode can occur also in the case of glow discharge.

4.7 Discussion

The above analysis provides explanations to many results obtained in numerical mod-

elling. One example is the fundamental mode in the case of arc cathode. This is the only

mode that exists at currents high enough, therefore it should be stable at such currents.

(This conclusion is confirmed by both the numerical modelling and the experiment.) The

steady-state mode with one spot at the periphery of the arc cathode possesses one turning

point (square on the dot-dashed line in figure 4.2). Taking into account the behavior of the

CVC at this point and applying the analysis of section 4.4, one concludes that the section

of this mode comprised between the bifurcation point c1 and the turning point is unstable

against perturbations of one mode (which is the fundamental perturbation mode of the

steady-state mode being considered), and the section beyond the turning point is (abso-

lutely) stable. This conclusion conforms to the pattern of stability at points of subcritical

pitchfork bifurcation, discussed in section 4.6, and indeed was confirmed by the numerical

modelling.

The CVC of the steady-state mode with two spots at the periphery of the arc cathode

(two dot-dashed line in figure 4.2) manifests a Z-shape. One concludes that this mode is

stable against the fundamental perturbation mode except the section between the turn-

ing points. This conforms to the pattern of stability at points of supercritical pitchfork

bifurcation, discussed in section 4.6, and indeed was found in the modelling.

While Z-shapes are frequent enough for both arc cathodes and glow discharges (see, in

particular, the modelling of arc cathodes of complex shapes reported in chapter 5), 360◦-

loops have not been found in the case of arc cathodes, however have been found in the case

of glow discharge; see section 3.5.

In the case of a cylindrical glow discharge tube with the reflecting wall or of a cylindrical

arc cathode with the insulating lateral surface, s = 0, the fundamental mode is associated

with a uniform distribution of discharge parameters along the cathode surface, i.e., is

diffuse. In the case of a cylindrical arc cathode with an active lateral surface, s = 1, the

fundamental mode is associated with moderate variations of the temperature along the

front surface of the cathode provided that the cathode is thin, so this mode appears more

or less diffuse (the pseudodiffuse mode, in terms of this chapter). The fundamental mode

of glow discharge in a cylindrical tube with the absorbing wall, s = 1, embraces states with

smooth variations of parameters along the cathode surface (the Townsend discharge and

the abnormal discharge), but also states with a current spot (the subnormal and normal

discharges). Similarly, the fundamental mode on a non-cylindrical arc cathode may embrace

states typical for both fundamental and spot modes. One can conclude, in agreement to

what was said in section 2.4.1, that the fundamental mode is diffuse or pseudodiffuse in

94



4. Bifurcations of current transfer to cathodes of glow and arc discharges

some situations, but is definitely non-diffuse in others.

A transition between the 1D fundamental mode in the case of a cylindrical glow dis-

charge tube with the reflecting wall or of a cylindrical arc cathode with the insulating

lateral surface, s = 0, and the 2D fundamental mode in the case of glow discharge in a

cylindrical tube with the absorbing wall or of a cylindrical arc cathode with an energy-

and current-collecting lateral surface, s = 1, is discontinuous. If one starts from a state

belonging to the fundamental mode in the case s = 1 and then gradually decreases s, one

will arrive at s = 0 at a state belonging to a “composed”mode comprising section(s) of the

1D mode and one of the branches of the first 2D spot mode, namely, the branch with a spot

at the center in the case of glow discharge and the branch with a ring spot on the periphery

in the case of arc cathode. Similarly, if one starts from the (1D) fundamental mode in the

case s = 0 and then gradually increases s, one will not necessarily arrive at s = 1 at the

fundamental mode: one may also arrive at one of the branches of one of non-fundamental

2D modes, or can obtain no solution at all.

It was shown on section 4.5.2 that the reason of the above-described discontinuity is

an exchange of branches that occurs when the transcritical bifurcation {1D, 2D} of first
order contact is perturbed and the two bifurcating solutions are broken into two isolated

solutions with the branches exchanged.

Let us now turn to questions raised in section 1.2.2 in connection with figures 1.1

and 1.2. It was shown in [128] that the subnormal and normal modes of glow discharge are

already present in the case s = 0, but they represent a part of the first 2D spot mode rather

than of the fundamental mode. They become a part of the fundamental mode after the

exchange of branches. On the contrary, the mode which is described by the von Engel and

Steenbeck solution and is associated with the falling section of the CVC represents a part

of the fundamental mode at s = 0, but becomes divided between different non-fundamental

2D modes after the exchange of branches. The question that was not answered in [128]

was why does the exchange of branches occur. Now the answer to this question has been

found: absorption of the charged particles by the wall causes a change of symmetry of the

fundamental mode from 1D to 2D; this causes breaking of the transcritical bifurcation of

first order contact {1D, 2D}; and such breaking is always accompanied by the exchange of
branches.

The procedure of simulations with the use of the built-in initial approximation imple-

mented in the Internet tool [90] amounts to a transition from the fundamental (diffuse)

mode at s = 0 to s = 1. This transition leads to the fundamental (pseudodiffuse) mode at

s = 1 provided that U is below the value corresponding to the point at which the bifurca-

tion {1D, 2D} occurs (point b(1)
1 in figures 4.2 and 4.4), and 13.46 V is precisely this value.

In the range of U above the point of minimum of the CVC of the first 2D spot mode in the

case s = 1, which is 14.04 V, the transition leads to the low-voltage branch of the first 2D

spot mode at s = 1. The fundamental mode in the case s = 0 has no analogue in the case
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s = 1 in the range of voltages 13.46 V . U . 14.04 V, whence the lack on convergence in

this range of voltages.

The fundamental mode in a glow discharge with s = 1 manifests a normal spot and

could hardly be confused with the fundamental mode in the case s = 0, which is diffuse.

Due to a substantially different aspect ratio, the situation in the case of arc cathode is

different: the fundamental mode on an arc cathode with s = 1 is characterized by modest

variations of parameters along the front surface of the cathode and is in this respect similar

to the fundamental mode in the case s = 0. This similarity masks the above-mentioned

discontinuity in the transition between fundamental modes on arc cathodes with s = 0

and s = 1. It is worth noting that this discontinuity remained unnoticed, although the

diffi culties arising at low currents in calculations of the (pseudo)diffuse mode on wide

cathodes with the use of the fundamental mode at s = 0 as an initial approximation have

been known for many years, and was realized only recently, after similar diffi culties have

been encountered in the modelling of glow discharge.

The numerical approach to finding steady-state 3D solutions that has been used in the

existing literature allows one to find only solutions possessing planar symmetry. A question

arises whether non-symmetric steady-state 3D solutions exist. 3D solutions that branch off

from 1D and 2D solutions indeed possess planar symmetry, however one cannot exclude

the possibility of breaking of this symmetry through a bifurcation. The latter can happen

indeed, as shown by the example of the bifurcation {3D, 3D} described in section 4.6.

4.8 Conclusions

Bifurcations of modes of current transfer to cathodes of DC gas discharges do occur

in numerical modelling, also in apparently simple situations. A failure to recognize and

properly analyze a bifurcation may originate diffi culties in the modelling and hinder un-

derstanding of numerical results and the underlying physics.

All basic types of steady-state bifurcations (fold, transcritical, pitchfork) are encountered

in numerical modelling of current transfer to cathodes of DC glow and arc discharges. Dra-

matic changes of patterns of DC current transfer occur in both glow and arc discharges

through perturbed transcritical bifurcations of first and second order contact.

Analysis of bifurcations allows one to understand main features of patterns of steady-

state modes and their stability. For example, the analysis elucidates the reason why the

mode associated with the falling section of the CVC in the classic 1D solution of von Engel

and Steenbeck seems not to appear in 2D numerical modelling and the subnormal and

normal modes appear instead. A similar effect has been identified in numerical modelling

of arc cathodes and explained.

Multiple modes of current transfer to DC discharge cathodes represent a self-organization

phenomenon. In spite of physical mechanisms of discharges on cold and hot cathodes being
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very different, the self-organization fits into the same pattern. However, there are some dif-

ferences, for example different scenarios of exchange of branches in breaking of transcritical

bifurcations of first order contact. This difference originates in the fact that an absorbing

wall locally quenches the glow discharge due to loss of the charged particles caused by

diffusion to the wall, while lateral heating of an arc cathode increases the temperature of

the cathode edge and thus locally enhances the discharge. Another difference is that the

fundamental mode of a glow discharge in a tube with an absorbing wall manifests a normal

spot, while the fundamental mode on an arc cathode with a current- and energy-collecting

lateral surface is characterized by modest variations of parameters along the front surface

of the cathode and looks rather diffuse. This difference stems from the essentially different

aspect ratio. A further difference is that modes with regular patterns of two or more spots

are not observed on arc cathodes, but have been observed in glow discharges [20—24]. This

difference still remains to be explained.
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Chapter 5

Variations of pattern of current
transfer to arc cathodes of complex
shapes: example of competition
between self-organization and
geometric factors

Changes of the pattern of steady-state modes of current transfer to thermionic cathodes

induced by variations of the cathode geometry and temperature of the cooling fluid are

studied numerically. For some combinations of control parameters, only one stable mode

in a wide current range exists, which combines features of spot and fundamental modes.

This mode, when attached to an elongated protrusion on the cathode surface, may be

identified with the so-called super spot mode observed in experiments on low-current arcs.

The conclusions on existence under certain conditions of only one stable mode in a wide

current range and of a minimum of the dependence of the temperature of the hottest point

of the cathode on the arc current, manifested by this mode, may have industrial importance

and admit a straightforward experimental verification.

5.1 Introduction

A pattern of different modes of current transfer to arc cathodes studied up to now

comprises a fundamental mode that exists at all currents and different spot modes that

exist at currents low enough as described in section 2.4.1. Also fit into this pattern results

of numerical modelling of cathodes with a rounded edge of the front surface [88, 116, 119]

and cathodes with a hemispherical front surface [85, 88], except that the spot modes in

[85, 88] were found not in the whole region of their existence. Stability has been studied
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mode 2
mode 1

mode 2

Figure 5.1: CVC’s and dependence of the maximum temperature of the cathode surface on
the arc current for different modes of current transfer and distributions of the temperature
of the cathode for several states (the bar in kelvin).

only for cylindrical cathodes with the flat front surface (see chapter 2) and it was found

that the fundamental mode is stable at all currents of interest if the cathode is thin enough

and is unstable at low currents otherwise; the high- and low-voltage branches of the mode

with a spot at the edge of the front surface are stable and, respectively, unstable; all the

other spot modes are unstable, including axially symmetric spot modes.

However, results of simulation of operation of cathodes of complex geometries which are

of practical interest, in particular those with protrusions [36, 148] (see also [149]) do not

fit into the above-described pattern. In figure 5.1, CVC’s are shown of axially symmetric

steady-state modes of current transfer to an axially symmetric tungsten cathode in the form

of a rod of radius R = 750µm and a height of 12 mm. The cathode has a hemispherical tip.

A spherical protrusion of radius of 200µm is located at the top of the tip. The arc operates

in argon under the pressure of 2 bar. Also shown is the dependence of the maximum

temperature of the cathode surface on the arc current. Stable and unstable sections of each

mode are shown by solid or, respectively, dotted lines.

There are two separate modes in figure 5.1. The mode designated 1 exists only at low

currents and comprises branches separated by a turning point. The branch that corres-

ponds to higher values of the near-cathode voltage drop and lower values of the maximum

temperature is stable, the branch that corresponds to lower values of the voltage drop and

higher temperatures is unstable. The other mode, 2, exists in a broad range of currents
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and is Z-shaped at currents between 12 A and 21 A.

Apart from this Z-shape, CVC’s shown in figure 5.1 are similar to those calculated for

cathode in the form of a cylindrical rod with the flat top shown in section 2.4.1. On the

basis of this similarity, one would expect that the mode 1 is the axially symmetric spot

mode and the mode 2 is the fundamental mode. However, high values of the maximum

temperature in mode 2 and low values of the maximum temperature on both branches of

the mode 1 do not fit this interpretation.

An inspection of distributions of the temperature of the cathode, shown for several states

in figure 5.1, disproves such interpretation: while high-current states belonging to the mode

2 are characterized by smooth temperature distributions typical for the fundamental mode,

there is a well-defined spot in low-current states belonging to the mode 2. The stable branch

of the mode 1 is diffuse and there seems to be something that can be identified as a poorly

pronounced spot on the unstable branch, although this spot can hardly be seen in figure

5.1. In other words, each of the two modes of steady-state current transfer existing in this

geometry embraces diffuse states and states with spots.

The above-cited results indicate that more than one pattern of current transfer to

thermionic cathodes and of its stability can occur under conditions of industrial interest. It

is important to study these patterns in a wide range of conditions and to find out in what

conditions each pattern occurs and why a transition between different patterns happens.

The present chapter is dedicated to this task. The outline of the chapter is as follows.

Numerical results on variations of the pattern of current transfer are given in section 5.2.

Section 5.3 is dedicated to discussion of the results; in particular, their relation to the so-

called super spot mode observed in experiments with HID lamps is discussed. Possibilities

of comparison with data of future experiments are discussed as well. Concluding remarks

are given in section 5.4.

5.2 Numerical results

The model for calculation of steady-state current transfer and its stability as well as

its numerical realization are the same as the ones described in sections 2.2 and 2.3. Nu-

merical results given in this chapter refer to cathodes made of tungsten. Data on thermal

conductivity and work function of tungsten are described in section 2.4. All the results

unless otherwise specified refer to an arc operating in argon under the pressure of 1 bar.

Axially symmetric cathodes are considered which consist of a cylindrical section, a tip in

the form of the half of spheroid (ellipsoid of revolution) at the top of the cylindrical section,

and a hemispherical protrusion at the top of the tip; see figure 5.2. (More precisely, the

protrusion represents a part of a sphere which is a little bigger than the hemisphere.) The

radius and height of the cylindrical section are designated R and, respectively, h− d. The
axis of revolution of the spheroidal tip coincides with the axis of the cylindrical section, the

100



5. Variations of pattern of current transfer to arc cathodes of complex shapes:
example of competition between self-organization and geometric factors

Figure 5.2: Geometry of the problem.

horizontal semi-axis of the spheroid equals the radius R of the cylindrical section and the

vertical semi-axis of the spheroid is designated d. The center of the hemispherical protrusion

is positioned at the height h with respect to the cathode base on the (common) axis of

symmetry of the cylindrical section and the tip. The radius of the protrusion is designated

Rp. Note that h has the meaning of the height of the cathode without protrusion.

Given a large number of variable control parameters, the following approach was ad-

opted in order to present the results in a manageable way: one variant is chosen as basic

(reference point) and then control parameters are varied one by one, each time starting

from the basic variant. In order that such approach allow one to demonstrate all kinds

of variations of the pattern of current transfer, care should be employed while choosing

the basic variant. In this chapter, the following variant is chosen as basic: h = 10 mm,

R = d = 1 mm, Rp = 0 (that is, a cathode with a hemispherical tip without protrusion),

Tc = 1000 K.

5.2.1 Basic variant

Two axially symmetric steady-state modes have been found in numerical simulations for

the above-specified basic variant. CVC’s and the dependence of the maximum temperature

of the cathode surface on the arc current for these two modes are shown in figure 5.3, U1

and T1 referring to one of these modes and U2 and T2 to the other. (Note that symbols U1

and T1 have other meaning in chapters 2 and 3, where they refer to perturbations, however

this is unlikely to cause a confusion.) Stable and unstable sections of each mode in this and

following figures are depicted by solid or, respectively, dotted lines. Note that the section

of the CVC corresponding to the unstable section of the mode 2 coincides, with the graphic

accuracy, with the CVC of the mode 1 and cannot be seen; the same applies to some of
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Figure 5.3: CVC’s and maximum temperature of the cathode surface. Cathode with a
hemispherical tip, d = R = 1 mm, h = 10 mm, Tc = 1000 K. Squares: turning points.

the subsequent figures.

The mode 1 is associated with a smooth distribution of temperature along the front

surface of the cathode and is conventionally termed the diffuse mode (although the terms

“pseudodiffuse”or “fundamental”mode would be more rigorous). It exists and is stable in

the whole current range under consideration. The mode 2 is associated with a distribution

of temperature with a maximum at the center of the front surface of the cathode and

may be termed the first axially symmetric spot mode. It is composed of two branches

separated by a turning point K1 and exists in a limited current range I . 7.6 A. In the

following, branches of the spot mode which manifest higher or, respectively, lower values

of the maximum temperature of the cathode surface will be referred to as a high- or low-

temperature branch.

The high-temperature branch is stable, the low-temperature branch is unstable. The

high-temperature branch is associated with a well-pronounced spot, the low-temperature

branch is associated with a spot which is somewhat diffuse. The low-temperature branch

manifests a shape that resembles Z (the reflected S). The inserts in figure 5.3 show the

behavior of the CVC of the spot mode in the vicinity of the turning point K1 and in the

vicinity of the Z-shape. The near-cathode voltage drop on the high-temperature branch of

the spot mode is in the vicinity of the turning point slightly higher than the voltage drop

on the low-temperature branch (although this difference is small and can be clearly seen

only in the insert), and is lower than the voltage drop on the low-temperature branch at

I . 1.5 A.

Except for the Z-shape, this pattern is similar to the one previously established for a

rod cathode with a flat front surface [87, 89]. However, there is a fundamental difference
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concerning stability of the spot mode: both branches of the first axially symmetric spot

mode on a cathode with a flat front surface are unstable; see section 2.4.4.

Under conditions of figure 5.3, the high-temperature branch is stable, i.e., all perturb-

ation modes have negative increments. It follows from the theoretical analysis of stability

in the vicinity of a turning point (chapter 4) that there are: one axially symmetric per-

turbation mode with a positive increment on the section K1K2 of the low-temperature

branch; two axially symmetric perturbation modes with positive increments on the section

K2K3; and one axially symmetric perturbation mode with a positive increment beyond the

turning point K3. This is indeed what has been found in the numerical modelling. No 3D

perturbation modes with positive increments have been found.

Under conditions of figure 5.3, states in the vicinity of the turning point K1 that are

associated with higher values of the near-cathode voltage and maximum temperature of the

cathode surface are stable, and those associated with lower values are unstable. However,

the theoretical analysis of chapter 4 indicates that stability of a state in the vicinity of a

turning point is unrelated to whether this state is associated with lower or higher values of

the near-cathode voltage or maximum temperature of the cathode surface: what matters

is whether the turning point in the plane (I, U) is traversed in the clockwise direction or

in the counterclockwise direction. In the former case, states before the turning point are

stable against one mode of perturbations of the same symmetry that the steady-state mode

itself and states after the turning point are unstable. In the latter case, states before the

turning point are unstable and ones after it are stable. Therefore, the above-mentioned

feature of figure 5.3 is not a general result. Indeed, counter-examples will be encountered

in the following.

The above-described modelling predicts stable regimes of current transfer at currents

of several hundred milliamperes with near-cathode voltages of several hundred volts, far in

excess of near-cathode voltages of up to 50 to 60 V observed in experiments with arc cath-

odes (e.g., [88, 150]). One should keep in mind, however, that although the current range

of several hundred milliamperes has been studied experimentally in connection with high-

intensity discharge lamps (e.g., [114]), this was done on substantially smaller cathodes (of a

radius of a few hundred micrometers), i.e., at substantially higher average current densities.

On the other hand, this current range is well above the range of a few milliamperes, which

is characteristic of DC atmospheric-pressure glow discharges (e.g., [20, 151, 152]). Thus,

the above regimes are intermediate between those characteristic for arc and glow cathodes

and remain unexplored, to the best of our knowledge. It would be very interesting to try

to observe such regimes experimentally. (Note that effects neglected by the present model

come into play in such regimes, e.g., secondary electron emission and deviations of the elec-

tron energy distribution function from the Maxwellian distribution. These effects, however,

can hardly render theoretical predictions inaccurate by orders of magnitude.)

This is one of the reasons why CVC’s are shown in figure 5.3 and subsequent figures in
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the range of near-cathode voltages of up to 500 V, a value unusually high from the point

of view of arc cathodes. Another reason is that the nature of variations of patterns of

current transfer cannot be understood without analysis of data referring to a wide range

of conditions, as it will be seen in the following.

In addition to the two above-discussed axially symmetric solutions describing the fun-

damental mode and the first axially symmetric spot mode, also 3D solutions describing 3D

spot modes have been found in the modelling. However, a position of the maximum of the

temperature of the cathode surface, described by these solutions, in most cases was found

to coincide with the position of maximum in the initial approximation used to compute

the corresponding solution. In other words, it was possible to obtain a solution with a spot

positioned at virtually any point of the front surface of the cathode. The set of multiple

solutions was discrete in all the cases studied before, therefore the existence of a continuum

set of 3D spot modes is unexpected and this result requires a special analysis. Such ana-

lysis falls beyond the scope of this chapter, therefore the following treatment is focussed on

axially symmetric modes.

5.2.2 Effect of the curvature of the cathode tip

The curvature of the cathode tip is defined by the parameter d (see figure 5.2): d = R

corresponds to a hemispherical tip, 0 < d < R to an oblate spheroidal tip, d = 0 to a

cathode with a flat front surface and d > R to a prolate spheroidal tip.

Oblate spheroidal tip

CVC’s and the dependence of the maximum temperature of the cathode surface on the

arc current for several cathodes with d < R are shown in figure 5.4. In all the cases, the

indices 1 and 2 continue to designate the fundamental and, respectively, the first axially

symmetric spot modes.

A decrease of the curvature of the cathode tip has virtually no effect on the fundamental

mode and its stability. There is some effect over the spot mode: the above-described Z-

shape which is present on the low-temperature branch of the spot mode in the basic variant

(at d = 1 mm) becomes less pronounced with a decrease of d and has been extinguished

already at d = 0.98 mm. The weak non-monotony of the dependence T (I) on the low-

temperature branch of the spot mode which is seen in figure 5.4a at I between approximately

1 and 2 A represents a “remnant”of the Z-shape. Otherwise, the effect of a decrease of the

curvature of the cathode tip over the spot mode is not strong. Similarly to what is seen in

figure 5.3, the near-cathode voltage drop on the high-temperature branch of the spot mode

is in all the cases slightly higher than the voltage drop on the low-temperature branch in

the vicinity of the turning point (although this difference is small and can hardly be seen

in figures 5.4a-5.4c), and is lower than the voltage drop on the low-temperature branch at
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Figure 5.4: Effect of curvature of the cathode tip on the pattern of steady-state modes of
current transfer to cathodes with oblate spheroidal tips (a), (b) and a flat tip (c). Circle:
state at which the change of stability against the first mode of 3D perturbations occurs.
Square: turning point. R = 1 mm, h = 10 mm, Tc = 1000 K.
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I below approximately 1.5 A.

There is, however, a dramatic effect over stability of the spot mode. In the basic variant,

the high-temperature branch is stable against all perturbations and the low-temperature

branch is unstable against axially symmetric perturbations, with the change of stability

occurring at the turning point separating these branches. As d decreases, states of the

high-temperature branch lose stability against the perturbations proportional to sine or

cosine of the azimuthal angle, which represent the first mode of 3D perturbations. The

state at which the change of stability against the first mode of 3D perturbations occurs is

marked in figure 5.4 by a circle. (Note that a bifurcation of steady-state modes of current

transfer occurs at this state: a 3D steady-state mode branches off from the first axially

symmetric spot mode.) Initially, this state is positioned in the region of low currents;

see figure 5.4a: the high-temperature branch is unstable at lower currents but still stable

between the point of change of stability against the first mode of 3D perturbations and

the turning point. As d decreases further, the point of change of stability moves in the

direction of the turning point; the stable section of the high-temperature branch shrinks.

At d ≈ 0.88 mm the point of change of stability passes over the turning point and moves to

the low-temperature branch; the whole of the high-temperature branch becomes unstable.

At still smaller d, the point of change of stability against the first mode of 3D perturb-

ations is shifted in the direction of low currents and eventually displaced from the graph;

figure 5.4c. This is a situation familiar from simulations for the cathode with a flat front

surface (see section 2.4.4): the high-temperature branch of the first axially symmetric spot

mode is unstable against the first mode of 3D perturbations; the low-temperature branch

is unstable against the first mode of 3D perturbations and axially symmetric perturbations

(and, at low currents, also against higher modes of 3D perturbations).

The above results reveal the first possible scenario of variation of the pattern of current

transfer to thermionic cathodes: a change of stability of the first axially symmetric spot

mode which occurs through a travel of the point of change of stability against the first

mode of 3D perturbations along the whole spot mode.

Prolate spheroidal tip

CVC’s and the dependence of the maximum temperature of the cathode surface on

the arc current for prolate tips, d > R, are shown in figure 5.5. As d increases from 1 mm

upwards (figure 5.5a), the above-described Z-shape which is present on the low-temperature

branch of the spot mode in the basic variant (figure 5.3) becomes better pronounced and

simultaneously is shifted in the direction of low currents. As d increases further, the Z-

shape is shifted into the range I < 0.1 A and disappears from the graph (figure 5.5b).

Another effect caused by an increase of d and seen on figures 5.5a and 5.5b is approaching

of the fundamental and spot modes. At d ≈ 1.383 mm the two modes become connected:

there is a state, corresponding to I ≈ 3.63 A, which belongs to both modes. In other
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Figure 5.5: Effect of curvature of the cathode tip on the pattern of steady-state modes
of current transfer to cathodes with prolate spheroidal tips. R = 1 mm, h = 10 mm,
Tc = 1000 K.
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words, a bifurcation occurs. There are two disconnected modes once again as d grows

further (figure 5.5c), however we will see that these modes cannot be identified with the

fundamental and spot modes. The mode to which the index 3 refers exists in the whole

current range under consideration and possesses a Z-shape. It is stable with exception

of the “retrograde”section of the Z-shape (the section between the turning points). The

mode to which the index 4 refers exists only at low currents and comprises two branches

separated by a turning point. Again, the branch which manifests higher or, respectively,

lower values of the maximum temperature of the cathode surface will be referred to as

the high- or low-temperature branch. The low-temperature branch is stable in this case

(and is represented by the solid line) while the high-temperature branch is unstable (and is

represented by the dotted line), in contrast to what happens in the case of the spot mode

depicted in figures 5.3, 5.5a, and 5.5b. The high-temperature branch of the mode 4 in

the whole range of existence of this mode is associated with a slightly lower near-cathode

voltage drop than the low-temperature branch, although the difference is small and can

hardly be seen in figure 5.5c.

As d increases, the Z-shape on the mode 3 becomes less pronounced and eventually is

extinguished (figure 5.5d). The mode 4 is shifted in the direction of low currents; even-

tually it is displaced from the graph and only one mode exists in the whole current range

considered (figure 5.5d). Since this mode possesses no Z-shapes, only one thermal regime

of the cathode is possible at any current value within the range considered. It is interesting

that this mode manifests a minimum in the dependence of the temperature of the hottest

point of the cathode on the arc current, positioned at I ≈ 23.9 A.

Apart from the Z-shapes that may be present on the mode 2 (spot mode) and mode

3, CVC’s of the modes 3 and 4 shown in figures 5.5c and 5.5d are not fundamentally

different from CVC’s of the fundamental and, respectively, spot modes in figures 5.3, 5.5a,

and 5.5b. However, the maximum cathode temperature in the mode 3 at all currents

exceeds the maximum temperature on both branches of the mode 4, and this does not

allow one to identify the mode 3 with the fundamental mode and the mode 4 with the first

axially symmetric spot mode. Temperature distributions in the body of the cathode for

several states belonging to the mode 3 are shown in figure 5.6. While high-current states

are characterized by smooth temperature distributions typical for the fundamental mode,

there is a well-defined spot in the low-current states. A comparison of distributions of

the temperature of the cathode surface for states with the same current belonging to the

stable, or low-temperature, and unstable, or high-temperature, branches of the mode 4 is

shown in figure 5.7. (Here L is the distance to the center of the front surface of the cathode

measured along the generatrix.) States belonging to the stable branch are characterized by

smooth temperature distributions typical for the fundamental mode and there is something

resembling a poorly pronounced spot on the unstable branch.

In other words, each of the two modes of steady-state current transfer existing in this
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Figure 5.6: Distributions of the temperature inside a cathode with a prolate spheroidal tip
in states belonging to mode 3. d = 2 mm, R = 1 mm, h = 10 mm, Tc = 1000 K.
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Figure 5.7: Distributions of the temperature along the surface of a cathode with a prolate
spheroidal tip in states belonging to mode 4. Solid: stable (low-temperature) branch.
Dotted: unstable (high-temperature) branch. d = 1.39 mm, R = 1 mm, h = 10 mm,
Tc = 1000 K.

geometry embraces diffuse states and states with spots; a result similar to the one reported

in section 5.1 for a cathode with a protrusion on the top of a hemispherical tip.

One should emphasize that the above-described bifurcation occurring at I ≈ 3.63 A in

the case d ≈ 1.383 mm involves modes of the same symmetry and occurs at only one value

of the parameter d. In this aspect, this bifurcation is similar to the one shown in figure

4.12b of section 4.5.3. One can see from figures 5.5b and 5.5c that the modes exchange

branches at this point, and this is why each of the two modes at d > 1.383 mm embraces

states typical for both fundamental and spot modes.

The above results reveal the second possible scenario of variation of the pattern of

current transfer to thermionic cathodes: a perturbed transcritical bifurcation {2D, 2D}
of second order contact, which is not symmetry-breaking, occurs at a particular value of
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a control parameter (d, in this case) and is accompanied by an exchange of branches,

according to scenario shown in figure B.2b.

5.2.3 Effect of the cathode radius and height

Simulations reported in this section have been performed for a cathode with a hemi-

spherical tip, d = R, at Tc = 1000 K. First, the cathode radius R was varied at fixed height

h = 10 mm. (The results referring to variation of R at fixed h have already been given in

section 4.5.3; they are briefly repeated here for completeness.) Second, the height h was

varied at fixed radius R = 1 mm.

The effects of increase of the radius from 1 mm upwards and of decrease of the height

from 10 mm downwards are both quite similar to the effect of increase of the curvature of

the cathode tip at fixed R and h. The Z-shape which is present on the low-temperature

branch of the spot mode in the basic variant (figure 5.3) becomes better pronounced and

simultaneously shifted in the direction of low currents. The fundamental and spot modes

approach each other and a bifurcation that is not symmetry-breaking appears (at anR value

somewhere between 1.16 mm and 1.17 mm or, respectively, at an h value between 8.32 mm

and 8.33 mm). This bifurcation is accompanied by an exchange of branches, so each of the

two modes emerging at R & 1.17 mm or, respectively, h . 8.32 mm embraces states typical

for both fundamental and spot modes. In other words, the second above-described scenario

occurs.

A decrease of the cathode radius from 1 mm downwards and an increase of the height

from 10 mm upwards do not cause dramatic changes in the pattern of modes of current

transfer. The fundamental and spot modes continue to exist separately. The Z-shape

which is present on the low-temperature branch of the spot mode in the basic variant

(figure 5.3) becomes less pronounced and eventually is extinguished. The turning point of

the spot mode is shifted in the direction of low currents. There is no effect on the stability:

the fundamental mode is stable, the high-temperature branch of the spot mode is stable

and the low-temperature branch is unstable. Note that some of these features are similar

to those characteristic of the decrease of the curvature of the cathode tip at fixed R and h

(the separate existence of the fundamental and spot modes and the disappearance of the

Z-shape), while the others are different (the shift of the turning point of the spot mode

and the lack of effect over stability).

5.2.4 Effect of a protrusion at the top of the cathode tip

In this section, a cathode in the form of a rod with a hemispherical tip and a hemi-

spherical protrusion is considered and modelling results are given for different radii of

the protrusion, all the other parameters being fixed. CVC’s and the dependence of the

maximum temperature of the cathode surface on the arc current are shown in figure 5.8.

110



5. Variations of pattern of current transfer to arc cathodes of complex shapes:
example of competition between self-organization and geometric factors

Temperature distributions in the body of the cathode for several states belonging to mode

3 under conditions of figure 5.8e are shown in figure 5.9.

Let us first compare figure 5.8a with figure 5.3. The presence of a protrusion produces

virtually no effect over the fundamental mode and a strong effect over the spot mode. First,

the maximum temperature attained by the cathode surface on the stable branch of the spot

mode is much higher than that under conditions of the basic variant: the temperature of

the protrusion exceeds 5000 K under conditions of figure 5.8a. Second, the spot mode under

conditions of figure 5.8a possesses three turning points, similarly to the spot mode under

conditions of figure 5.3, and changes its stability at each of these turning points, in contrast

to what happens under conditions of figure 5.3. It is interesting to note that the number of

turnings point of the spot mode may vary with an increase of the radius of the protrusion;

e.g., five turning points are seen in figure 5.8b.

One can see from figures 5.8a-5.8e that the effect of increase of the radius Rp of the

protrusion is similar to the effect of an increase of the curvature of the cathode tip at fixed

R and h, or an increase of the ratio R/h of the cathode with a hemispherical tip. The

fundamental and spot modes approach each other and a bifurcation that is not symmetry-

breaking occurs at an Rp value somewhere between 80µm and 85µm. This bifurcation is

accompanied by an exchange of branches, so each of the two modes emerging at Rp & 85µm

embraces states typical for both fundamental and spot modes. In other words, the second

above-described scenario occurs.

5.2.5 Effect of the temperature of the cathode base

In this section, a cathode of the same geometry that in the basic variant is considered

and modelling results are given for different temperatures Tc of the cathode base. CVC’s

and the dependence of the maximum temperature of the cathode surface on the arc current

are shown in figure 5.10.

Comparing figure 5.10a with figure 5.3, one can see that the decrease of the temperature

of the cathode base from 1000 K to 750 K has virtually no effect on the fundamental mode.

The Z-shape which is present on the low-temperature branch of the spot mode in the basic

variant is not seen in figure 5.10a: it has been shifted to the range of lower currents.

As Tc decreases further, a junction appears between the fundamental and spot modes

and these modes form a single mode with a Z-shape; see figure 5.10b. This mode resembles

mode 3 in figures 5.5c and 5.8c and is attributed the same designation. As Tc decreases still

further, the Z-shape on this mode becomes less pronounced and eventually is extinguished

(figure 5.10c). Skipping for brevity temperature distributions in the body of the cathode

for different arc currents under conditions of figure 5.10c, we only note that the mode 3 in

these conditions embraces states typical for both fundamental and spot modes, similarly

to the mode 3 under conditions of figures 5.5c and 5.8c.
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Figure 5.8: Effect of a protrusion on the top of a hemispherical cathode on the pattern of
steady-state modes of current transfer. d = R = 1 mm, h = 10 mm, Tc = 1000 K.
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Figure 5.9: Distributions of the temperature inside a cathode with a protrusion in states
belonging to mode 3. Rp = 400µm, R = 1 mm, h = 10 mm, Tc = 1000 K. The temperature
bar is shown in figure 5.6.
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Figure 5.10: Effect of the temperature of the cathode base on the pattern of steady-state
modes of current transfer. Cathode with a hemispherical tip, d = R = 1 mm, h = 10 mm.
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In order to investigate the appearance of the junction, modelling was performed for

Tc from 750 K to 730 K in the current range down to 10 mA. The pattern of solutions at

Tc = 749 K is similar to the one shown in figure 5.10a and comprises two disconnected

modes. At Tc ≤ 748 K, the pattern of solutions is similar to the one shown in figure 5.10b:

there is a single mode with a Z-shape. Note that the junction at Tc = 748 K occurs at

I ≈ 12 mA. In other words, the junction of the fundamental and spot modes enters the

range of I being considered from the region of very low currents.

Thus, one can identify the third scenario of variation of the pattern of current transfer:

a junction of the fundamental and spot modes, the result being a single mode existing in

a wide current range and comprising states characteristic of the spot mode at low current

and of the fundamental mode at high currents. This mode is similar to the mode 3 in

the second scenario, however there is a difference in the two scenarios as far as the way of

its appearance is concerned: through a junction of the fundamental and spot modes that

enters the considered range of I from the region of very low currents in the third scenario,

or through a bifurcation that is not symmetry-breaking and occurs at a certain value of I

inside the current range being considered in the second scenario. No analogue of the mode

4 exists in the third scenario.

5.3 Discussion

Simulation results reported in this chapter show that variations of control parameters

may dramatically change the pattern of steady-state modes of current transfer to a ther-

mionic arc cathode. Three scenarios of these changes have been found. The first one is the

movement of the point of change of stability against the first mode of 3D perturbations

along the axially symmetric spot mode. This scenario occurs when the curvature of the

front surface of the cathode increases starting from zero at fixed radius and height of the

cathode. This movement results in the high-temperature branch of the axially symmetric

spot mode, while being unstable on the cathode with a flat front surface, becoming stable

on a cathode with a hemispherical front surface.

The second scenario is realized through a bifurcation of the fundamental and axially

symmetric spot modes that occurs at a certain combination of control parameters and is

not symmetry-breaking. The bifurcation is accompanied by an exchange of branches of

the modes, which is why each of the two modes appearing as a result of the bifurcation

embraces states typical for both fundamental and spot modes. One of these two modes

(mode 3) exists at all currents, possesses a Z-shape, and is stable with exception of the

retrograde section of the Z-shape. The other mode (mode 4) exists only at low currents and

comprises two branches separated by a turning point, one of these branches being stable

and the other unstable. Further on from the bifurcation point, the Z-shape on the mode

3 becomes less pronounced and eventually is extinguished, the mode 4 is shifted in the
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direction of low currents and eventually is displaced into the range I < 0.1 A. Thus, only

one mode remains in the current range of interest and this mode embraces states with a

diffuse temperature distribution at high currents and states with a hot spot at low currents.

Since this mode possesses no Z-shapes, only one thermal regime of the cathode is possible

at any current value within the range considered and this regime is stable. This scenario

was encountered when the curvature of the front surface was increased at fixed cathode

radius and height, when the radius of a cathode with a hemispherical tip was increased at

a fixed height, when the height of a cathode with a hemispherical tip was decreased at a

fixed radius, and when the radius of a hemispherical protrusion on top of a cathode in the

form of a rod with a hemispherical tip was increased.

The third scenario is realized through a junction of the fundamental and axially sym-

metric spot modes, which enters the considered range of arc currents from the region of

very low currents. This scenario is similar to the second one except that the mode 4 does

not appear. This scenario was encountered when the temperature of the cathode base was

decreased at fixed geometrical parameters.

The first above-described scenario is intuitively clear: rounding of the cathode tip pro-

duces a stabilizing effect over a spot positioned at the center of the tip. The physical

meaning of the second scenario may be understood as follows. There are two reasons for

appearance of concentrations of current in certain parts of the cathode surface, i.e., of

current spots: non-uniformities of geometrical and/or physical properties of the current-

collecting surface (such as the presence of protrusions or areas with a reduced work function)

and self-organization. A cathode with a flat front surface and thermally and electrically

insulated lateral surface [91] represents a limiting case in which the current-collecting sur-

face of the cathode is uniform and the first reason is absent. The fundamental mode of

current transfer to such cathode is described by a 1D solution: the temperature in the

body of the cathode varies in the axial direction but not in the transversal directions. This

solution exists at all arc currents. At arc currents low enough, also axially symmetric and

3D solutions exist describing different spot modes. In other words, a state with uniform

distributions of the temperature and current density along the front surface exists at any

arc current, and at arc currents low enough also states with non-uniform distributions, i.e.,

self-organization, exist.

In all the cases other than the above-described limiting case, including in the case of

a cathode with a flat tip and an active lateral surface, the current-collecting surface is

geometrically non-uniform. Accordingly, the fundamental mode is multidimensional rather

than 1D and is associated with the temperature and current density that vary along the

cathode surface rather than are constant. One can expect that the non-uniformity, if it

is strong enough, is incompatible with the existence of multiple solutions, i.e., with self-

organization. Therefore, the second scenario may be understood as a transition from a

pattern with two distinct modes, which is a manifestation of self-organization, to a pattern
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Figure 5.11: Normalized distributions of the current density over the hemispherical cathode
tip. I = 5 A. 1: d = R = 1 mm, h = 10 mm, Tc = 1000 K. 2: d = R = 1.16 mm h = 10 mm,
Tc = 1000 K. 3: d = R = 1 mm, h = 8.4 mm, Tc = 1000 K. 4: d = R = 1 mm, h = 10 mm,
Tc = 700 K.

with one mode, which is governed by a non-uniformity of the current-collecting surface.

The bifurcation through which this transition is realized may be understood in similar

terms: when the non-uniformity of the current-collecting surface reaches a certain level,

the cathode temperature distribution associated with the fundamental mode becomes at a

certain value of the arc current exactly identical to the temperature distribution associated

with the spot mode; the fundamental and spot modes become connected, i.e., a bifurcation

occurs. In agreement with the general theory (section 4.5.3), this bifurcation is accompanied

by an exchange of branches between the fundamental and spot modes.

The physical meaning of the third scenario is the same: it may be viewed as a transition

from a self-organized pattern with two distinct modes, the fundamental mode and the spot

mode, to a pattern with a single mode, mode 3, which is governed by a non-uniformity of

the current-collecting surface and embraces states with a diffuse temperature distribution

at high currents and states with a hot spot at low currents.

An increase in d (at all the other parameters, including the arc current, being fixed)

or Rp clearly results in a less uniform current distribution in the fundamental mode. The

same effect is produced by an increase of R: the area of the arc attachment is governed

primarily by the arc current and does not change much if the current is fixed, while the

area of the current-free surface increases. The same effect is produced also by a decrease

in h or Tc: a more intense cooling of the arc attachment results in its shrinking. The latter

statements are illustrated by figure 5.11, where distributions of the current density over

the hemispherical cathode tip are shown for states corresponding to the same arc current

I = 5 A. Here θ is the polar angle, θ = 0 and θ = 90 ◦ corresponding to the center of the tip
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and, respectively, junction of the tip with the cylindrical lateral surface. Lines 1, 2, and 3

correspond to states belonging to the fundamental mode in, respectively, the basic variant,

a variant with an increased R, and a variant with a reduced h. Line 4 corresponds to a

state belonging to the “base”of the Z-shape in a variant with a reduced Tc; note that the

Z-shape in this variant is localized in the current range 2.3 A . I . 11.4 A. One can see

that the distributions described by lines 2-4 manifest considerably more narrow maxima at

the center of the tip than the distribution described by line 1, i.e., are less uniform.

Thus, in all the cases the evolution of a self-organized pattern with two distinct modes

in the direction of a pattern with one mode is accompanied by an increase of non-uniformity

of the fundamental mode, in accord to the above reasoning.

The above reasoning explains the direction of evolution of the patterns caused by a

variation of each parameter but does not predict whether this evolution occurs through the

second or third scenario. In fact, similar variations of the same parameter may provoke

both scenarios, depending on the other parameters. For example, a decrease of h at d =

R = 1 mm provokes the second scenario when realized at Tc = 1000 K (see section 5.2.3)

and the third scenario when realized at Tc = 300 K.

According to the above reasoning, the physics of the spot-like arc attachment at low

currents in mode 3 and in the spot mode is not quite the same. The spot in the spot

mode is a result of self-organization. The corresponding thermal regime is not the only

one possible under the conditions considered: a thermal regime with a diffuse temperature

distribution is possible as well, and also a thermal regime associated with the other branch

of the spot mode. The spot at low currents in mode 3 represents an attachment of the arc

to the center of the cathode tip. No other stationary thermal regime of cathode exists after

the Z-shape has disappeared. In fact, the mode 3 may be viewed as a fundamental mode

with a strongly variable size of the arc attachment. At high currents, which are suffi cient

to heat up the whole of the cathode tip, the attachment covers the whole front surface of

the cathode. At low currents, that suffi ce to heat up only a small fraction of the cathode

tip, the attachment occupies a small fraction of the front surface. This variation of the size

of the arc attachment is clearly seen in figures 5.6 and 5.9.

Results of the present modelling seem to be related to results of experiments [36, 148,

149], which have been performed in low-current arcs typical for high-intensity discharge

lamps. The experiments [148, 149] indicate that a protrusion on the front surface of the

cathode facilitates a stable operation of the cathode in the spot mode, in particular, helps

to eliminate flickering. As discussed in section 1.2.2, three modes of current transfer were

observed in experiments of [36], one of them being the super spot mode. Analysis of the

experimental data [36], which has been performed with the use of present results in [108],

has shown that the super spot mode observed in the work [36] may be explained as mode

3 of the present chapter attached to an elongated protrusion. One can say that the super

spot mode appears due to a non-uniformity of the current-collecting surface of the cathode
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and not due a self-organization.

Let us consider some possibilities to be explored in future experiments. One of the

results of the present modelling is the possibility of transition from the pattern with dis-

connected and stable fundamental and spot modes to a pattern with only one stable mode

in a wide current range, which combines features of spot and fundamental modes. In situ-

ations where the first pattern occurs, the transition between the fundamental and spot

modes is non-stationary and accompanied by hysteresis. Note that from the experimental

point of view this situation includes not only cases in which the fundamental and spot

modes found in the modelling are exactly disconnected as shown in figure 5.3, but also

cases in which mode 3 possesses a Z-shape, as is the case under conditions of figure 5.5c in

the current range I & 3 A. In situations where only one stable mode exists in a wide current

range (the second pattern), the transition between the diffuse distributions of the cathode

surface temperature and distributions with spots may be realized in a quasi-stationary

way without hysteresis. Furthermore, a minimum of the dependence of the temperature

of the hottest point of the cathode on the arc current occurs during this quasi-stationary

transition.

These conclusions may be verified experimentally in a relatively straightforward way.

The experiment must be performed in a wide current range, including the range from 5 A

to 50 A, which is usually not covered, and be well-controlled, since the sensitivity of the

pattern on control parameters is in some cases very high. Cathodes with hemispherical

or blunt conical tips may be used, provided that their dimensions and cooling system are

suitably chosen. The minimum in the temperature of the hottest point of the cathode can

cause similar minima in parameters of the near-cathode plasma and may be traced in this

way.

Another conclusion that may be verified experimentally is the one on existence of stable

regimes of current transfer which are intermediate between those characteristic for arc and

glow cathodes and are associated with currents of several hundred milliamperes and near-

cathode voltages of several hundred volts.

5.4 Conclusions

Variations of control parameters may dramatically change the pattern of steady-state

modes of current transfer to a thermionic arc cathode. Three scenarios of these changes

have been found: movement of the point of change of stability along a mode; bifurcation

of modes of the same symmetry occurring at a certain combination of control parameters

and accompanied by exchange of branches of the modes; junction of modes of the same

symmetry which enters the considered range of arc currents from the region of very low

currents.

The first scenario is at the origin of the change of stability of the high-temperature
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branch of the first axially symmetric spot mode which occurs in a transition from a cathode

with the flat front surface to a cathode with the hemispherical front surface. The second

or third scenarios are provoked by an increase in the curvature of the front surface of the

cathode or in the cathode radius, or by a decrease in the cathode height or the cooling

temperature, or by a protrusion on the front surface of the cathode. These scenarios result

in a transition from the pattern with disconnected and stable fundamental and axially

symmetric spot modes to a pattern with only one stable mode (mode 3) in a wide current

range, which combines features of spot and fundamental modes at low and, respectively,

high currents.

A pattern with two distinct modes may be viewed as a manifestation of self-organization,

while a pattern with one mode is governed by a non-uniformity of the current-collecting

surface of the cathode. On the other hand, all the above-mentioned variations of control

parameters contribute to the fundamental mode becoming less uniform along the front

surface. Therefore, the second and third above-described scenarios may be interpreted as

a disappearance of self-organization due to an increasing non-uniformity of the current-

collecting surface.

Modelling results provide explanation to some observations made in experiments with

low-current arcs typical for high-intensity discharge lamps. In particular, the super spot

mode observed in the work [36] may be explained as mode 3 of the present chapter attached

to an elongated protrusion. A further work is required, and this work should involve

planning of experiments with account of modelling results.

The conclusions on existence under certain conditions of only one stable mode in a

wide current range, which combines features of both spot and fundamental modes, and of

a minimum of the dependence of the temperature of the hottest point of the cathode on

the arc current, manifested by this mode, may have industrial importance and admit a

relatively straightforward experimental verification.
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Chapter 6

Conclusions of the work

A complete pattern of stability of steady-state modes was established for the case of a

current-controlled arc on a cylindrical cathode with a flat tip. The fundamental mode is

stable beyond the first bifurcation point and unstable at lower currents. The only steady-

state spot mode that may be stable at least in a part of its existence region is the 3D

mode with a spot at the edge. Under typical conditions, this mode branches off from the

fundamental mode through a subcritical bifurcation and is unstable between the bifurcation

point and the turning point and stable beyond the turning point. The transition between

this mode and the fundamental mode cannot be realized in a quasi-stationary way and is

accompanied by hysteresis. All the spectra found are real. This result conforms to the

well-known experimental fact that transitions between the fundamental and spots modes

are monotonic. All these conclusions conform to trends observed in experiences.

A pattern of stability of axially symmetric steady-state modes of current transfer in glow

discharges was established. Calculation results are given for current-controlled microdis-

charges in xenon. Both real and complex increments of perturbations have been detected,

meaning that perturbations can vary with time both monotonically and with oscillations.

The 1D glow discharge is stable in the current range where the CVC is rising and unstable

where the CVC is falling. The 1D Townsend discharge is unstable at low current against

1D oscillatory perturbations. The fundamental mode of axially symmetric glow discharge

is stable when it operates in the abnormal regime and in a certain current range in the

normal regime. The subnormal discharge is unstable. Loss of the charged particles at the

lateral wall stabilizes Townsend discharge at low currents. Loss of stability of the abnormal

discharge in the vicinity of the point of minimum of the CVC and loss of stability of the

Townsend discharge with increasing current develop in different ways: monotonically in

time and with oscillations, respectively. There is a current range where the discharge mode

associated with a ring spot is stable. In general, results given by the linear stability theory

confirm intuitive concepts developed in the literature and conform to the experiment. On

the other hand, the theory provides suggestions for further experimental and theoretical
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work.

Steady-state bifurcations encountered in numerical modelling of current transfer to cath-

odes of DC glow and arc discharges have been analyzed. The analysis provides explanations

to many results obtained in numerical modelling. In particular, it is shown that dramatic

changes of patterns of current transfer to cathodes of both glow and arc discharges, de-

scribed by numerical modelling, occur through perturbed transcritical bifurcations of first

and second order contact. The analysis elucidates the mathematical reason why the mode

of glow discharge associated with the falling section of the CVC in the solution of von En-

gel and Steenbeck does not to appear in the 2D solution accounting for absorption of the

charged particles by the wall and the subnormal and normal modes appear instead: absorp-

tion of the charged particles by the wall causes a change of symmetry of the fundamental

mode from 1D to 2D; this causes breaking of the transcritical bifurcation of first order

contact {1D,2D}; and such breaking is always accompanied by the exchange of branches.

A similar effect has been identified in numerical modelling of arc cathodes and explained.

In spite of physical mechanisms of discharges on cold and hot cathodes being very

different, the self-organization fits the same pattern. However, there are also important

differences, which have been identified and explained, an example being different scenarios

of exchange of branches in breaking of transcritical bifurcations of first order contact.

Another example is the difference between 2D fundamental modes on glow and arc cathodes:

while the former manifests a normal spot, the latter is characterized by modest variations

of parameters along the front surface of the cathode, i.e., is essentially diffuse.

Dramatic changes of the pattern of steady-state modes of current transfer to a thermi-

onic arc cathode, induced by variations of control parameters, have been studied. Three

scenarios have been found: movement of the point of change of stability along a mode;

bifurcation of modes of the same symmetry occurring at a certain combination of control

parameters and accompanied by exchange of branches of the modes; junction of modes

of the same symmetry which enters the considered range of arc currents from the region

of very low currents. A pattern with two distinct modes may be viewed as a manifesta-

tion of self-organization, while a pattern with one mode is governed by a non-uniformity

of the current-collecting surface of the cathode. Therefore, the second and third above-

described scenarios may be interpreted as a disappearance of self-organization due to an

increasing non-uniformity of the current-collecting surface. Results provide an explanation

of the mechanism of the so-called super spot mode observed in cathodes of low-current arcs

typical for high-intensity discharge lamps.

The lines of future development of this work which are immediately seen include:

• Analytical investigation of stability of the 1D Townsend discharge;

• Investigation of stability of 3D steady-state modes of glow discharge, with the aim to
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find out why regular patterns of two or more spots are observed in glow discharges,

while not having been observed on arc cathodes;

• Investigation of stability of differents modes of glow discharge with account of multiple
ion and excited species, different ionization channels, and non-locality of electron

kinetic and transport coeffi cients;

• Investigation of stability of glow discharge in complex configurations.
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Appendix A

Stability of fundamental (diffuse)
mode on a cylindrical cathode with
an insulating lateral surface: an
analytical solution

The model of a cylindrical cathode with an insulating lateral surface has proved previ-

ously to give qualitatively - and, in some cases, quantitatively - correct results describing

steady-state current transfer to thermionic cathodes of high-pressure arc discharges. The

existence of an analytical solution to the eigenvalue problem describing stability of the fun-

damental mode on such cathodes was pointed out in [84], where also some results have been

cited. Results of chapter 2 and of [118] show that this solution provides an useful insight

into the physics and reference points necessary for numerical simulations. For completeness,

this analytical solution is given in the present appendix.

Let us consider a cathode in the form of a right cylinder, not necessarily circular. The

lateral surface of the cylinder is thermally and electrically insulating and collects no energy

flux neither electric current. Thermal diffusivity of the cathode material, χ = κ/ρcp, is

constant. The z-axis is directed along the generatrix of the cylinder (cathode) from the

front surface inside the bulk. The front (current-collecting) surface Γh of the cathode

belongs to the plane z = 0. The base Γc of the cathode belongs to the plane z = h, where

h is the cathode height.

It is convenient to introduce the heat flux potential ψ =
∫ T
Tc
κ(T ) dT as a new dependent

variable instead of T . For brevity, ψ will be referred to also as the temperature. The

steady-state temperature distribution ψ0 (r), being governed by [118, equations (8) and

(9)] supplemented with the boundary condition ∂ψ0/∂n = 0 at the lateral surface of the

cylinder, is 1D and linear in z:

ψ0 =
(

1− z

h

)
ψw. (A.1)
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Here ψw = ψw (U0) is the root of the transcendental equation

ψw
h

= q (ψw, U0) (A.2)

and has the meaning of the temperature of the front surface of the cathode. A discussion

of this solution can be found elsewhere [91]; here we only note the following. Under typical

conditions, equation (A.2) has a trivial root and two positive roots. The CVC, U0 (I0), is U -

shaped and similar to the one depicted by the solid line in figure 2.3. The falling section of

the CVC is associated with the smaller positive root of equation (A.2) and the rising section

with the bigger root. The inequalities h ∂q
∂ψ

[ψw (U0) , U0] > 1 and h ∂q
∂ψ

[ψw (U0) , U0] < 1

hold on the falling and growing sections of the CVC, respectively. The temperature of

the cathode surface in the fundamental mode monotonically increases with an increase of

current, without regard of whether U0 is growing or decreasing.

The distribution of perturbations ψ1 (r) is governed by an eigenvalue problem compris-

ing [118, equations (11) and (15)] and the boundary condition ∂ψ1/∂n = 0 at the lateral

surface of the cylinder. Note that the derivatives of the functions q (ψ,U) and j (ψ,U) in

[118, equation (15)] are evaluated at ψ = ψw (U0) and U = U0, hence these derivatives do

not vary along the current-collecting surface. There is therefore no need in averaging ∂j/∂ψ

and ∂j/∂U over Γh, which is present in [118, equation (15)]. (Similarly, there is no need in

averaging ∂j/∂ψ and ∂q/∂U in [118, equation (18)] and it follows from the latter equation

that the spectrum is real in this case.) The eigenvalue problem allows separation of vari-

ables: a solution satisfying [118, equation (11)] and the boundary condition ∂ψ1/∂n = 0

at the lateral surface of the cylinder may be written in the form

ψ1 = Φ(x, y) sinh
[√

k2 + χ−1λ (h− z)
]
, (A.3)

where k2 is a separation constant and Φ is a solution of the Neumann problem for the

two-dimensional Helmholtz equation

G :
∂2Φ

∂x2
+
∂2Φ

∂y2
+ k2Φ = 0, g :

∂Φ

∂ng
= 0. (A.4)

Here G is the cross section of the cylinder, g is the boundary of the domain G, and ng is a

direction in the plane (x, y) locally orthogonal to g.

In order that the problem (A.4) have a non-trivial solution, it must be considered as

an eigenvalue problem, Φ and k playing the roles of an eigenfunction and an eigenvalue,

respectively. It is known that all eigenvalues of this problem are real and of finite degener-

acy; the set of eigenvalues is countable and may be numbered in order of their increase. We

denote the set of eigenvalues numbered in order of their increase by k0, k1, k2, . . .. Let Ni

(i = 0, 1, 2, . . .) be a degeneracy of the i-th eigenvalue and Φiη = Φiη (x, y) (i = 0, 1, 2, . . .;

η = 1, 2, . . . , Ni) a set of eigenfunctions associated with the i-th eigenvalue. Note that

k0 = 0 , N0 = 1, Φ01 = 1; ki > 0, 〈Φiη〉 = 0 for i ≥ 1. (Here the angular brackets designate

averaging in x and y over the domain G.)
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Figure A.1: Solution to equation (A.5) (solid). Dashed: α = −π2, α = −4π2.

Thus, k and Φ in the expression (A.3) should be replaced with ki and Φiη, where

i = 0, 1, 2, . . . and η = 1, 2, . . . , Ni. Substituting this expression into the boundary condi-

tion [118, equation (15)], one arrives at a transcendental equation governing spectrum of

perturbations. In the dimensionless form, this equation may be written as

√
α coth

√
α = β, (A.5)

where α = h2 (k2
i + χ−1λ) and

β =

 h ∂q
∂ψ
− h ∂q

∂U

ω ∂j
∂ψ

1+ω ∂j
∂U

, if i = 0

h ∂q
∂ψ
, if i ≥ 1

(A.6)

(here ω = ShΩ, Sh being area of the front surface of the cathode).

Equation (A.5) has no more than one positive root and a countable set of negative

roots; see figure A.1. (It is convenient to rewrite this equation as
√
−α cot

√
−α = β while

treating negative roots.) Let us designate by α1 = α1 (β) the root of equation (A.5) that

takes values exceeding −π2, by α2 = α2 (β) the root that takes values between −4π2 and

−π2 etc. Note that α1 (β) > 0 at β > 1, α1 (1) = 0, α1 (β) < 0 at β < 1, αε (β) < 0 at all

β for ε ≥ 2. Now the desired spectrum may be written as

λ = χ
[
h−2αε (β)− k2

i

]
, (A.7)

where i = 0, 1, 2, . . . and ε = 1, 2, 3, . . . . One can see that instability is possible only

against perturbations with ε = 1. An increase of any of the “quantum numbers” i and

ε originates a decrease of λ. The physical meaning of this result is quite clear: higher i

and/or ε correspond to more oscillations of perturbations in the plane (x, y) and/or in the
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direction z and, consequently, to stronger thermal conduction, which produces a stabilizing

effect.

Note that equation (A.3), describing the form of perturbations, can be re-written as

ψ1 = Φiη (x, y) sinh
[√

αε (β)
(

1− z

h

) ]
, (A.8)

where i = 0, 1, 2, . . . , η = 1, 2, . . . , Ni, and ε = 1, 2, 3, . . . . One can see that unstable

perturbations [i.e., those for which αε (β) > 0] vary with z monotonically, while stable

perturbations vary with z non-monotonically.

Equation (A.7) with i = 0 assumes the form λ = χh−2αε (β), where ε = 1, 2, 3, . . ., and

gives increments of growth of 1D perturbations described by equation (A.8) with i = 0. As

it should have been expected, the increment of 1D perturbations is affected by the cathode

height h but not by the shape and dimensions of the cathode cross section. The instability

against (the mode with ε = 1 of) 1D perturbations occurs if β > 1, i.e., if

∂q

∂ψ
− ∂q

∂U

ω ∂j
∂ψ

1 + ω ∂j
∂U

>
1

h
. (A.9)

This inequality represents a criterion of instability against 1D perturbations.

The criterion (A.9) may be understood as follows. In the case where the external

resistance is absent, ω = 0, this inequality amounts to

∂q

∂ψ
>

1

h
. (A.10)

The physical meaning is quite clear: the instability appears provided that there is a positive

feedback (an increase of the cathode temperature causes an increase of the energy flux from

the plasma) which is strong enough to overcome the stabilizing effect of heat removal by

thermal conduction from the front surface of the cathode to the base.

In the opposite limiting case of a current-stabilized arc, where the external resistance

is large, ω � (∂j/∂U)−1, the inequality (A.9) may be written as(
∂q

∂ψ

)
j

>
1

h
, (A.11)

where the derivative (∂q/∂ψ)j is taken at constant current density and is given by the

formula (
∂q

∂ψ

)
j

=
∂q

∂ψ
− ∂q

∂U

∂j

∂ψ

(
∂j

∂U

)−1

. (A.12)

The physical sense of the inequality (A.11) is similar to that of the inequality (A.10), with

the difference that what is fixed in the limiting case of large external resistance is current

not voltage.

In the general case of arbitrary external resistance, inequality (A.9) may be written in

the form
1

1 + ω ∂j
∂U

∂q

∂ψ
+

ω ∂j
∂U

1 + ω ∂j
∂U

(
∂q

∂ψ

)
j

>
1

h
, (A.13)
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with the obvious physical meaning: a weighted average of the inequalities (A.10) and

(A.11).

Inequality (A.9) may be explained also in terms of the differential resistance of the

cathodic part of the discharge. The slope of the CVC of the fundamental mode is given by

[91, equation (9)]
dU0

dI0

= − 1

Sh
∂j
∂U

h ∂q
∂ψ
− 1

1− h
(
∂q
∂ψ

)
j

. (A.14)

Making use of this formula, one can transform inequality (A.13) to

∂j
∂U

1 + ω ∂j
∂U

[
1− h

(
∂q

∂ψ

)
j

](
dU0

dI0

+ Ω

)
< 0. (A.15)

If the voltage applied to the near-cathode layer increases while the temperature of the

cathode surface remains constant, the density of the electric current coming to the cathode

increases. If the temperature of the cathode surface increases at constant current density

rather than at constant voltage, an improvement of conditions of current transfer results

in a decrease of U and, consequently, of the power deposited in the near-cathode layer.

Hence, functions j (ψ,U) and q (ψ,U) of physical interest satisfy the inequalities [91]

∂j

∂U
> 0,

(
∂q

∂ψ

)
j

< 0. (A.16)

It follows that the first and second multipliers on the lhs of inequality (A.15) are positive

and this inequality amounts to
dU0

dI0

+ Ω < 0. (A.17)

The physical sense of this result is clear: the 1D instability appears if the external resistance

is insuffi cient to compensate the negative differential resistance of the cathodic part of the

discharge. Note that this result is non-trivial, given the thermal nature of the instability

being considered.

Equation (A.7) with i ≥ 1 gives the increment of growth of 3D perturbations, which

are described by equation (A.8) with i ≥ 1. In contrast to the case of 1D perturbations,

the increment of 3D perturbations is not affected by the external resistance but is affected

by the shape and dimensions of the cathode cross section (through the parameter ki). The

criterion of instability against (the mode with ε = 1 of) 3D perturbations is

α1

(
h
∂q

∂ψ

)
> (kih)2 (A.18)

or, equivalently,
∂q

∂ψ
> ki coth kih. (A.19)
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Again, the instability appears provided that the positive feedback is strong enough to

overcome the stabilizing effect of thermal conduction.

Let us now relate the above results to the CVC of the fundamental mode. Criterion

(A.17) cannot be satisfied on the growing section of the CVC, where dU0/dI0 > 0, hence

all states on the growing section are stable against 1D perturbations. If Ω = 0, criterion

(A.17) is satisfied on the falling section of the CVC, where dU0/dI0 < 0, hence all states

on the falling section are unstable against 1D perturbations of the form (A.8) with i = 0

and ε = 1 if external resistance is absent. A large enough external resistance results in

suppression of the 1D instability. In particular, in the case of a current-controlled arc every

state belonging to the fundamental mode is stable against 1D perturbations. The latter

follows from the inequality (A.11) being not satisfied under conditions of physical interest,

which can be seen from incompatibility of this inequality with the second inequality (A.16).

Steady states at which ∂q/∂ψ = ki coth kih, i ≥ 1, represent points of neutral stability

for 3D perturbations of the form (A.8). Steady-state 3D spot-mode solutions branch off

from the 1D fundamental-mode solution at these points [91], therefore the points of neutral

stability may be called also bifurcation points. Since x cothx > 1 for real x, all bifurcation

points belong to the falling section of the CVC of the fundamental mode, where h ∂q/∂ψ >

1.

For states on the growing section of the CVC, h ∂q/∂ψ < 1 and the inequality (A.19)

is not satisfied for all i. Hence, these states are stable against 3D perturbations. At states

between the minimum of the CVC and the first bifurcation point (the one with i = 1),

the quantity h ∂q/∂ψ, while exceeding 1, is still below k1h coth k1h. Hence, these states as

well are stable against 3D perturbations. States between the first and second bifurcation

points are unstable against N1 modes of 3D perturbations, namely against perturbations

of the form (A.8) with i = 1, η = 1, 2, . . . , N1, ε = 1. States between the second and third

bifurcation points are unstable against N1 +N2 modes of 3D perturbations, namely against

those with i = 1, η = 1, 2, . . . , N1, ε = 1 and those with i = 2, η = 1, 2, . . . , N2, ε = 1 etc.

The above conclusions on stability of the 1D fundamental mode conform to conclusions

of the approximate treatment [118]. On the other hand, the above conclusions have been

derived from an exact expression for spectrum of perturbations, equation (A.7); a more

straightforward and transparent, although less general, derivation than the one given in

[118].

In order to apply the above results, one needs a solution to the Neumann eigenvalue

problem for the two-dimensional Helmholtz equation (A.4). This solution is known for

many domains G of a simple shape. In particular, if G is a circle, i.e., if the cathode has

the shape of a right circular cylinder with an insulating lateral surface, then spectrum of

the problem (A.4) is given by the formula

k = j′m,s/R, (A.20)

128
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Mode m s ε Type j′m,s i

a 0 1 1 1D 0 0
b 0 1 2 1D 0 0
c 0 2 1 Axially symmetric 3.832 3
d 1 1 1 3D 1.841 1
e 2 1 1 3D 3.054 2
f 3 1 1 3D 4.201 4

Table A.1: Characteristics of the perturbation modes depicted in figure 2.4.

where m = 0, 1, 2, . . ., s = 1, 2, 3, . . ., R is the radius of the cylinder, and j′m,s is the s-th

zero of the derivative of the Bessel function of the first kind of order m (according to the

conventional nomenclature [153], j′0,1 = 0 and j′m,1 > 0 for m ≥ 1). Eigenvalues (A.20) with

m = 0 are simple and are associated with eigenfunctions

Φi1 = J0

(
j′0,s

r

R

)
, (A.21)

those with m ≥ 1 are doubly degenerated and associated with eigenfunctions{
Φi1

Φi2

}
= Jm

(
j′m,s

r

R

) { cosmφ

sinmφ

}
, (A.22)

where r is the distance from the axis of the cylinder, φ is the azimuthal angle, and Jm (x)

is the Bessel function of the first kind of order m.

Thus, spectrum of perturbations of the fundamental mode on a cathode which has the

shape of a right circular cylinder with an insulating lateral surface is governed by three

“quantum numbers”: m = 0, 1, 2, . . ., s = 1, 2, 3, . . ., and ε = 1, 2, 3, . . . . Perturbations

with m = 0 and s = 1 are 1D, those with m = 0 and s ≥ 2 are axially symmetric,

perturbations with m ≥ 1 are 3D. Note that i = 0 for 1D perturbations and i ≥ 1 for

axially symmetric and 3D perturbations, therefore increments of both axially symmetric

and 3D perturbations are affected by the cathode radius but not by the external resistance.

Again, an increase of any of the quantum numbers m, s, ε results in more oscillations of

perturbations (in the directions φ, r, and z, respectively) and, consequently, in a decrease

of λ.

Values of quantum numbers corresponding to perturbation modes depicted in figure 2.4

are given in table A.1. Also shown in the table are type of perturbations, values of j′m,s
(i.e., of the normalized eigenvalue) and of the number i of the eigenvalue associated with

each mode.
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Appendix B

Steady-state bifurcations in systems
with one degree of freedom

The bifurcation theory is not a tool of everyday use in the gas discharge physics, there-

fore a brief summary of relevant information seems to be in place. There is extensive

literature on the subject, e.g., [154—157]. On the other hand, the concepts needed for this

work are quite natural and may be summarized in a concise and self-suffi cient form.

B.0.1 Bifurcations in systems governed by a single parameter

As far as bifurcations are concerned, most problems with a large and even infinite num-

ber of degrees of freedom, such as continuum problems, are similar to simple systems with

one or two degrees of freedom. (This may be viewed as a consequence of the center manifold

theorem; e.g., [154—157].) Of interest for this dissertation are steady-state bifurcations in

systems with one degree of freedom. Let us consider a system with one degree of freedom

governed by a single parameter µ and described by the equation

dx

dt
= F, (B.1)

where t is time (the independent variable), x is the dependent variable, and F is a known

function of µ and x, F = F (µ, x). The simplest forms of the function F that produce

bifurcations are the following:

F = µ− x2, (B.2)

F = µx− x2, (B.3)

F = µx± x3. (B.4)

The steady-state (equilibrium) solutions of differential equation (B.1) are designated x0

and governed by algebraic equation F (µ, x0) = 0. The steady-state solutions for functions
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F given by equations (B.2)-(B.4), are, respectively

x
(1)
0 = −√µ, x

(2)
0 =

√
µ; (B.5)

x
(1)
0 = 0, x

(2)
0 = µ; (B.6)

x
(1)
0 = 0, x

(2)
0 = −

√
∓µ, x

(3)
0 =

√
∓µ. (B.7)

These solutions are shown in figures B.1a-B.1d.

In all the cases, the origin µ = x0 = 0 belongs to more than one solution. This

phenomenon is called branching, or bifurcation, of solutions; the point µ = x0 = 0 is

called the bifurcation point; and figures B.1a-B.1d are called bifurcation diagrams. The

bifurcation described by equation (B.5) and shown in figure B.1a is called fold or saddle-

node. Note that functions x(1)
0 (µ) and x(2)

0 (µ) given by equation (B.5) may be viewed not

as separate solutions but rather as branches of a single solution, which at µ = 0 reaches

a boundary of its existence region, µ ≥ 0, and turns back. This is why points of fold

bifurcations are also called turning points.

The bifurcation described by equation (B.6) and shown in figure B.1b is called tran-

scritical. It may be viewed as an intersection of two solutions existing on both sides of the

bifurcation point (i.e., at both positive and negative µ).

The bifurcations described by equation (B.7) and shown in figures B.1c and B.1d are

called pitchfork bifurcations. The function F (µ, x) given by equation (B.4) is odd with

respect to x. In such cases, equation (B.1) is invariant with respect to the transformation

of inversion x → −x. Therefore, if such equation admits a solution x (t), then −x (t) is a

solution as well. Such equations always admit a trivial solution, which is symmetric with

respect to transformation x → −x; non-trivial solutions can appear only in pairs and are
related by this transformation. Indeed, the set of solutions given by equation (B.7) includes

the trivial solution x(1)
0 and two non-symmetric solutions x(2)

0 and x(3)
0 , being x

(2)
0 = −x(3)

0 .

Thus, the bifurcations described by equation (B.7) and shown in figures B.1c and B.1d

represent branching of a pair of non-symmetric solutions that exist at either µ ≥ 0 or

µ ≤ 0 from a symmetric solution that exists on both sides of the bifurcation point, and

may be viewed as breaking of symmetry.

The three bifurcations considered above are quite common and treated in all textbooks.

It is appropriate for the purposes of this work to consider also a less common bifurcation

which represents a special case of transcritical bifurcation and is introduced by a function

F slightly different from (B.3): µ is replaced with µ2 and, for convenience, the sign of the

rhs is changed, i.e.,

F = x2 − µ2x. (B.8)
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x0
(2)

µ

x0

x0
(1)

(a)

x0
(1)

x0
(2)

(b)

x0
(2)

x0
(1)

x0
(3)

(c)

x0
(2)

x0
(1)

x0
(3)

(d)

x0
(1)

x0
(2)

(e)

Figure B.1: Bifurcation diagrams of single-parameter steady-state solutions in one dimen-
sion. The origin µ = x0 = 0 is marked by a circle, axes µ and x0 in figures (b)-(e) are
the same as in figure (a). Solid: stable sections of steady-state solutions. Dotted: unstable
sections. (a) Fold bifurcation, equation (B.5). (b) Transcritical bifurcation of first order
contact, equation (B.6). (c) Supercritical pitchfork bifurcation, equation (B.7) with the
lower sign. (d) Subcritical pitchfork bifurcation, equation (B.7) with the upper sign. (e)
Transcritical bifurcation of second order contact, equation (B.9).
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There are two steady-state solutions for this function,

x
(1)
0 = 0, x

(2)
0 = µ2, (B.9)

which are shown in figure B.1e. The bifurcation is transcritical, similarly to the one de-

scribed by equation (B.6) and shown in figure B.1b. While the two solutions described

by equation (B.6) and shown in figure B.1b cross, i.e., have different first derivatives at

the bifurcation point, the two solutions described by equation (B.9) are tangent at the

bifurcation point. This bifurcation will be referred to as transcritical bifurcation of second

order contact. For consistency, the bifurcation described by equation (B.6) and shown in

figure B.1b is referred to in this work as transcritical bifurcation of first order contact.

B.0.2 Stability of bifurcating steady-state solutions

Changes of stability of steady-state solutions frequently occur at bifurcation points.

In the framework of the conventional procedure of linear stability analysis, a solution of

equation (B.1) is sought as the sum of a steady-state solution and a small perturbation

with the exponential time dependence: x (t) = x0 + x1e
λt, where x1 is an infinitesimal

constant and λ is the growth increment of the perturbation. Substituting this expression

into equation (B.1), expanding the rhs in powers of x1, and retaining only the leading term,

one finds

λ =
∂F

∂x
[µ, x0 (µ)] . (B.10)

Using this result, one finds that the increments of growth of perturbations of the steady-

state solutions x(1)
0 and x(2)

0 given by equation (B.5) are, respectively,

λ(1) = 2
√
µ, λ(2) = −2

√
µ. (B.11)

It follows that solutions x(1)
0 and x(2)

0 are unstable and, respectively, stable in the whole

region of their existence (which is µ ≥ 0) except the point µ = 0. λ(1) = λ(2) = 0 at µ = 0,

i.e., the solutions are neutrally stable at the fold bifurcation point. In fact, the latter is true

for any bifurcation: a bifurcation at the point µ = 0 means that the equation F (µ, x0) = 0

has multiple roots at small µ, which requires that ∂F
∂x

(0, 0) = 0. The above conclusions on

stability are illustrated by figure B.1a.

Figure B.1a represents an example of a scenario of fold bifurcation, which is conventional

in the bifurcation theory. It is convenient for the purposes of this work to mention also

the other scenarios, which are obtained by reflection of figure B.1a with respect to the

x0-axis (the second scenario), or with respect to the µ-axis (the third scenario), or with

respect to both x0- and µ-axes (the fourth scenario). Note that these scenarios correspond

to replacing equation (B.2) with, respectively, F = −x2−µ, or F = x2−µ, or F = x2 +µ.

The increments of growth of perturbations of solutions (B.6) are, respectively,

λ(1) = µ, λ(2) = −µ. (B.12)
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It follows that solutions x(1)
0 and x(2)

0 are stable and, respectively, unstable at µ < 0 and

vice versa at µ > 0 as shown in figure B.1b. One can say that the bifurcating solutions

exchange stability at the point of transcritical bifurcation of first order contact.

The increments of growth of perturbations of solutions (B.9) are, respectively,

λ(1) = −µ2, λ(2) = µ2. (B.13)

It follows that solutions x(1)
0 and x(2)

0 are stable and, respectively, unstable at all µ 6= 0. In

other words, the bifurcating solutions do not change stability at the point of transcritical

bifurcation of second order contact as shown in figure B.1e.

The increments of growth of perturbations of solutions given by equations (B.7) are,

respectively,

λ(1) = µ, λ(2) = λ(3) = −2µ. (B.14)

The solution x(1)
0 is stable at µ < 0 and unstable µ > 0. In other words, the solution x(1)

0

changes its stability at the bifurcation point. In the case depicted in figure B.1c, which

corresponds to the lower sign in equations (B.4) and (B.7), both solutions x(2)
0 and x(3)

0

are stable in the whole region of their existence (except the point µ = 0). In the case

depicted in figure B.1d, which corresponds to the upper sign, both solutions are unstable.

In other words, if the pair of bifurcating solutions branches off into the region where x(1)
0

is unstable, then both bifurcating solutions are stable; figure B.1c. Pitchfork bifurcations

of this type are said supercritical. If the pair of bifurcating solutions branches off into the

region where the solution x(1)
0 is stable, then both bifurcating solutions are unstable (figure

B.1d); a subcritical pitchfork bifurcation.

B.0.3 Perturbations of transcritical bifurcations in systems gov-
erned by two parameters

It is necessary for the purposes of this work to consider also transcritical bifurcations

of first and second order contact in systems governed by two parameters. Let us introduce

a new parameter δ and replace expression (B.3) with F = µx − x2 − δ and (B.8) with

F = x2 − µ2x+ δ. Then roots of the equation F (µ, x0) = 0 are

x
(3)
0 =

1

2

(
µ−

√
µ2 − 4δ

)
, x

(4)
0 =

1

2

(
µ+

√
µ2 − 4δ

)
(B.15)

and, respectively,

x
(3)
0 =

1

2

(
µ2 −

√
µ4 − 4δ

)
, x

(4)
0 =

1

2

(
µ2 +

√
µ4 − 4δ

)
. (B.16)

The case δ = 0 was studied in section B.0.1 and a transcritical bifurcation of first order

contact (equation (B.6) and figure B.1b) or second order contact (equation (B.9) and figure

B.1e) occurs in this case. Note that the solutions (B.9) may be obtained by setting δ = 0
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in equation (B.16), but equation (B.15) with δ = 0 assumes the form x
(3)
0 = µ, x(4)

0 = 0

at µ ≤ 0 and x(3)
0 = 0, x(4)

0 = µ at µ ≥ 0. In other words, the dependences x(3)
0 (µ) and

x
(4)
0 (µ) given by equation (B.15) become non-smooth in the case δ = 0 (the first derivative

becomes discontinuous), which is why it is natural to use equation (B.6) in this case.

In the case δ < 0, there are two solutions, one described by the dependence x(3)
0 (µ)

and the other by x(4)
0 (µ). These solutions do not have any point in common, i.e., are

isolated: the bifurcation is broken. Each of these solutions exists on both sides of the

bifurcation point, i.e., at both positive and negative µ. In the case δ > 0, there are two

isolated solutions as well, one at negative µ and the other at positive µ. Each of the new

solutions comprises two branches separated by a turning point, one branch being described

by the dependence x(3)
0 (µ) and the other by x(4)

0 (µ). The above-discussed solutions are

schematically shown in figures B.2a and B.2b.

Thus, a perturbation represented by a deviation of δ from zero destroys the bifurca-

tion and causes the bifurcating solutions to be broken into two isolated solutions. Such

perturbations are called imperfections.

The stability of each one of the steady-state solutions at δ 6= 0 may be worked out as

before [in particular, equation (B.10) applies] and is illustrated in figures B.2a and B.2b.

Regardless of sign of δ, steady states described by the dependence x(3)
0 are unstable and

states described by the dependence x(4)
0 are stable in the case of the perturbed transcritical

bifurcation of first order contact; vice versa in the case of the perturbed transcritical

bifurcation of second order contact.

The above suggests three possible scenarios of changes of topology of steady-state solu-

tions. The first scenario occurs in the passage from δ = 0 to δ > 0 and represents breaking

of the bifurcating solutions x(1)
0 and x(2)

0 into two isolated solutions formed by joining of

branches that exist on the same side of the bifurcation point (i.e., the section of solution

x
(1)
0 in the range µ < 0 joins the section of solution x(2)

0 in the same range, the section of

x
(1)
0 in the range µ > 0 joins the section of x(2)

0 in the same range). Each one of the new

solutions manifests a turning point at which a change of stability occurs according to one

of the above-described scenarios of the fold bifurcation.

The second scenario occurs in the passage from δ = 0 to δ < 0 in the case of transcritical

bifurcation of first order contact. This scenario again represents breaking of the bifurcating

solutions x(1)
0 and x(2)

0 with exchange of branches, however in this case the isolated solutions

are formed by joining of branches that exist on the opposite sides of the bifurcation point.

Each one of the new solutions exists on both sides from the bifurcation point, one of these

solutions is stable and the other unstable. Note that no change of topology occurs in the

passage from δ = 0 to δ < 0 in the case of transcritical bifurcation of second order contact:

the bifurcating solutions separate without exchange of branches or changes of stability.

The third scenario occurs in the passage from δ < 0 to δ > 0 or vice versa: two

isolated solutions approach each other, enter in contact, i.e. a bifurcation occurs, exchange
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δ > 0

δ > 0
δ < 0

δ < 0

δ = 0

(a)

δ < 0

δ < 0

δ > 0δ > 0

δ = 0
δ = 0

(b)

δ < 0

δ > 0

δ > 0

δ = 0
δ < 0

δ = 0

(c)

Figure B.2: Diagrams of perturbed transcritical bifurcations in two-parameter systems
with one degree of freedom. The origin µ = x0 = 0 is marked by a circle, axes µ and x0

are the same as in figure B.1a. Solid: stable sections of steady-state solutions. Dotted:
unstable sections. (a) Transcritical bifurcation of first order contact, equation (B.15).
(b) Transcritical bifurcation of second order contact, equation (B.16). (c) Transcritical
bifurcation of second order contact, equation (B.17).
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branches, and then two isolated solutions appear once again. If the change occurs through

a perturbed transcritical bifurcation of first order contact, then each of the two solutions

develops a vertex (i.e., a discontinuity of the first derivative) immediately before entering

in contact, and each of the two appearing solutions also possesses a vertex immediately

after the separation. If the change occurs through a perturbed transcritical bifurcations of

second order contact, then both solutions remain smooth before entering in contact, and

each of the two appearing solutions possesses a cusp immediately after the separation (or

vice versa: a cusp before entering in contact and smooth solutions after the separation).

Therefore, smooth solutions can change their topology through transcritical bifurcations of

second (or higher) order contact but not first order contact.

It is convenient for the purposes of this work to consider also another perturbation of

transcritical bifurcation of second order contact which is introduced by replacing expression

(B.8) with F = x2 − µ2x+ δx. Steady-state solutions of equation (B.1) read

x
(3)
0 = 0, x

(4)
0 = µ2 − δ. (B.17)

These solutions are schematically shown in figure B.2c. Similarly to figure B.2b, there

is a transcritical bifurcation of second order contact in the case δ = 0 and there are two

isolated solutions in the case δ < 0. There are two bifurcations of first order contact in the

case δ > 0 (rather then two isolated solutions as in figure B.2b); the corresponding points

are marked by triangles. Note that in the case δ > 0 the section of solution x(3)
0 between

the bifurcation points is unstable, which, however, cannot be shown on the graph.

This suggests one more possible scenario of changes of topology of steady-state solutions:

two smooth isolated solutions approach each other, enter in second order contact at one

point, and remain in first order contact at two points (or vice versa).
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