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Resumo

Este trabalho é dedicado à modelização da ignição de descargas autónomas de baixa
corrente, e de caraterísticas tensão-corrente médias de descargas de coroa.

Foi desenvolvida uma abordagem para simulação de descargas quasi-estacionárias
de baixa corrente, sendo aplicável para descargas DC e também de baixa frequência.
Esta abordagem colmata a lacuna entre os métodos modernos de modelização numérica
e as abordagens de engenharia, e foi implementada como parte de um modelo numérico
que simule as descargas referidas em ar de alta pressão. O modelo inclui equações de
conservação e transporte de espécies carregadas e a equação de Poisson. Utiliza-se
um modelo cinético ’mínimo’de processos químicos no plasma, em descargas de baixa
corrente em ar de alta pressão, que tem em conta os eletrões, uma espécie eficaz de iões
positivos, e os iões negativos O−

2 , O−, e O−
3 . A implementação do modelo numérico

é baseada no uso de solvers estacionários, que oferecem vantagens importantes em
simulações de descargas quasi-estacionárias.

O modelo desenvolvido foi validado com dados experimentais numa ampla gama de
condições, e foi aplicado a diversos problemas de alto interesse científico-tecnológico.
Em primeiro lugar, investigou-se a ignição de descargas em ar de alta pressão numa
ampla gama de condições. O método desenvolvido pode ser usado como preditor da
tensão de rutura em dispositivos de alta tensão, bem como para avaliar a sensibili-
dade da tensão de ignição em relação a diferentes fatores (o esquema cinético usado, a
fotoionização, e a emissão secundária de eletrões do cátodo). O segundo problema es-
tudado foi o efeito que protuberâncias na superfície do ânodo podem ter nas descargas
pré-rutura em ar de alta pressão, podendo ser considerado como uma evidência indireta
da possível existência de micro-protuberâncias na superfície do elétrodo. O terceiro
problema lidou com a investigação de caraterísticas tensão-corrente de descargas de
coroa DC, numa ampla gama de correntes e separação entre elétrodos. Demonstra-se
que as tensões de ignição calculadas estão em concordância com os dados experimen-
tais. Micro-protuberâncias anódicas com comprimentos da ordem de 50µm ofere-
cem concordância qualitativa com a experiência em todos os casos. Os resultados
da modelização revelam que as caraterísticas tensão-corrente calculadas oferecem boa
concordância com os dados experimentais, e que os solvers estacionários permitem o
desacoplamento da estabilidade física e numérica, bem como a redução do tempo de
cálculo.

Palavras chave: Descargas de baixa corrente quasi-estacionárias. Descargas de
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coroa. Ignição de descarga autónoma. Solvers estacionários. Caraterísticas de coroa
DC.



Abstract

This work is dedicated to modelling of ignition of self-sustaining low-current discharges
and time-averaged characteristics of corona discharges.

An approach for simulation of low-current quasi-stationary discharges has been
developed, being applicable not only to DC but also to low-frequency discharges.
Such approach bridges the gap between modern methods of numerical modelling and
engineering approaches, and it has been implemented as a part of a numerical model
of low-current quasi-stationary discharges in high-pressure air, The model comprises
equations of conservation and transport of charged species and the Poisson equation.
A ’minimal’kinetic model of plasmachemical processes in low-current discharges in
high-pressure air is used, which takes into account electrons, an effective species of
positive ions, and negative ions O−

2 , O
−, and O−

3 . The implementation of the numerical
model is based on the use of stationary solvers, which offer important advantages in
simulations of quasi-stationary discharges.

The developed model has been validated against experimental data over a wide
range of conditions, and has been applied to several problems of high scientific and
technological interest. Firstly, the inception of discharges in high-pressure air has been
investigated over a wide range of conditions.The method developed can be used as a
predictor of the hold-off voltage in high-voltage devices, as well as to evaluate the
sensitivity of the ignition voltage with respect to different factors (the kinetic scheme
used, the photoionization, and the secondary electron emission from the cathode). The
second problem that has been studied was the effect that anode surface protrusions can
have on pre-breakdown discharges in high-pressure air, which can be considered as an
indirect evidence of the possible existence of microprotrusions on the electrode surface.
The third problem concerned investigation of characteristics of DC corona discharges
in a wide range of currents and gap widths. It is shown that computed inception
voltages are in good agreement with experimental data. Anode microprotrusions with
heights of the order of 50µm yield qualitative agreement with the experiment in all
the cases. It is also shown that the calculated current-voltage characteristics are in
good agreement with the measured data, and that stationary solvers allow decoupling
of physical and numerical stability and reduction of computation time.

Keywords: Low-current quasi-stationary discharges, Corona discharges, Ignition
of self-sustaining discharge, Stationary solvers, Characteristics of DC corona

ix



Contents

1 Introduction 1
1.1 Low-current gas discharges . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Theory and modelling methods in the literature . . . . . . . . . . . . . 5

1.2.1 Peek’s law and similar formulas . . . . . . . . . . . . . . . . . . 6
1.2.2 Townsend’s criterion and evaluation of the ionization integral . 8
1.2.3 Analytical description of corona current-voltage characteristics 14
1.2.4 Numerical modelling . . . . . . . . . . . . . . . . . . . . . . . . 16

1.3 This work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 The model 26
2.1 Equations and boundary conditions . . . . . . . . . . . . . . . . . . . . 26
2.2 Kinetics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.3 Numerical aspects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 Simulation of discharge inception in high-pressure air 32
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.2 Corona between concentric cylinders . . . . . . . . . . . . . . . . . . . 33
3.3 Model with local kinetics of negative ions . . . . . . . . . . . . . . . . 38
3.4 Positive corona in rod-to-plane configuration . . . . . . . . . . . . . . 42
3.5 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4 Effect of surface protrusions on pre-breakdown discharges in high-
pressure air 45
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2 Ignition field on positive corona with different types of protrusions . . 49
4.3 Ignition field on negative polarity and the effect of field emission . . . 56
4.4 Summary and concluding remarks . . . . . . . . . . . . . . . . . . . . 59

5 Study of time-averaged characteristics of positive and negative DC
corona discharges in atmospheric air 62
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
5.2 Current-voltage characteristics in different geometries . . . . . . . . . 63

5.2.1 Model validation in 1D concentric cylinders . . . . . . . . . . . 63
5.2.2 The Townsend-Kaptzov assumption in negative wire-cylinder gap 64
5.2.3 Experimental setup for point-to-plane coronas . . . . . . . . . . 68
5.2.4 Results on point-to-plane coronas . . . . . . . . . . . . . . . . . 70

x



CONTENTS xi

5.3 Summary and concluding remarks . . . . . . . . . . . . . . . . . . . . 75

6 Conclusions of the thesis 79

A Kinetic model 85

B Townsend relation 96

Bibliography 98



List of Figures

1.1 Stationary glow corona discharge in point-to-plane at atmospheric pres-
sure air. a): Positive corona; b): Negative corona. From [5]. . . . . . . 2

1.2 Relation between corona inception and spark breakdown voltages. Pos-
itive rod-to-plane configuration at atmospheric pressure air for various
gap widths d, Fig. 5.33 from [10]. . . . . . . . . . . . . . . . . . . . . . 4

1.3 Relation between corona inception and spark breakdown voltages. Pos-
itive discharge between concentric cylinders in air at various relative
pressures δ, Fig. 2 from [9]. . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Reduced inception field, concentric cylinders in air. Solid line: Peek’s
formula (1.1). Dashed line: expression (1.3). Points: experimental data.
Adapted from figure 5.28 of the book [10]. . . . . . . . . . . . . . . . . 8

1.5 Breakdown voltage in uniform field in air for various air pressures p
and gap widths d. Points: data from figure C1 of [22] (figure 5.23 of
the book [10]). Line: ignition voltage Vt by Eq. (1.6) evaluated with
A = 15 (Torr cm)−1, B = 365 V (Torr cm)−1, and γ = 10−2. . . . . . . . 9

2.1 Flowchart of the resonance method summary, used to find a solution
describing the discharge inception. . . . . . . . . . . . . . . . . . . . . 31

3.1 Reduced inception field at the surface of positive wire electrode. Circles
and solid line: experimental data [72] and the corresponding modelling,
p = 1 atm, 2R = 58.1 cm, varying inner cylinder diameter 2r0. Trian-
gles and dash-dotted line: experimental data [71] and the corresponding
modelling, 2r0 = 0.239 cm, 2R = 9.75 cm, varying pressure. Squares
and dashed line: experimental data [71] and the corresponding mod-
elling, 2r0 = 0.0178 cm, 2R = 9.75 cm, varying pressure. Dotted line:
modelling with the normal derivative of the rate of photoionization set
to zero at the electrodes, 2r0 = 0.239 cm, 2R = 9.75 cm, varying pressure. 34

3.2 Inception field at the surface of positive wire electrode in atmospheric-
pressure air. 2R = 58.1 cm, varying inner cylinder diameter 2r0. Lines:
computations with various kinetic schemes. Solid: kinetic scheme of ta-
ble 1. Dashed: kinetic scheme without account of detachment process.
Dash-dotted: kinetic scheme of table 1 with rates of attachment (reac-
tions 2 and 3) set to zero. Circles: experimental data [72]. . . . . . . . 36

xii



LIST OF FIGURES xiii

3.3 Reduced inception field at the surface of positive wire electrode. 2R =
9.75 cm, varying pressure. Lines: modelling with different values of the
secondary electron emission coeffi cient γ. Dash-dotted: modelling with
γ = 10−6 without account of photoionization. Points: experimental
data [71]. (a) 2r0 = 0.239 cm. (b) 2r0 = 0.0178 cm. . . . . . . . . . . . 37

3.4 Reduced inception field at the surface of positive wire electrode. 2R =
9.75 cm, varying pressure. Lines: modelling without account of pho-
toionization with different values of the secondary electron emission
coeffi cient γ and wire diameter 2r0. Points: experimental data [71] for
2r0 = 0.239 cm (triangles) and 2r0 = 0.0178 cm (squares). . . . . . . . 38

3.5 Reduced inception field at the surface of negative wire electrode. 2R =
9.75 cm, varying pressure. Lines: modelling with different values of
the secondary electron emission coeffi cient γ and wire diameter 2r0.
Points: experimental data [71] for 2r0 = 0.239 cm (triangles) and 2r0 =
0.0178 cm (squares). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.6 Frequencies of ion-molecular reactions (ν5 - collisional detachment from
O−

2 , ν6 - associative detachment from O−, ν7 - charge transfer from O−

toO−
2 , ν8 - conversion of O− toO−

3 ), and the inverse of the characteristic
times of drift of the ions O−

2 and O− as functions of the reduced electric
field, p = 1 atm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.7 Effective ionization coeffi cient defined by Eq. (3.5) for two values of the
plasma pressure p = 1 atm and 10 atm. . . . . . . . . . . . . . . . . . 41

3.8 Positive corona inception voltage in rod-to-plane configuration. Hemispherically-
tipped rod, diameter of 0.094 cm, 1 cm gap, plate diameter of 3.49 cm.
Lines: modelling with different values of the rod length L. Points: ex-
perimental data [8] (two separate series of experiments). . . . . . . . . 42

3.9 Positive corona inception voltage in rod-to-plane configuration. d: the
gap width. Hemispherically-tipped rod, diameter of 2 cm, plate diame-
ter of 7 cm, p = 1 atm. Triangles: modelling with different values of the
rod length L. Squares: experimental data [74]. . . . . . . . . . . . . . 43

4.1 Breakdown voltage in uniform field in air for various air pressures p
and gap widths d. Full triangles, open triangles, full circles: data from
figure C1 of [22] (figure 5.23 of the book [10]). Diamonds: data from
figure 6 of [83]. Open circles, full squares: data from figure 7 of [34].
Crosses: data from figure 15 of [84]. Open squares: data from figure 6
of [64]. Lines: modelling with account of enhanced field emission with
β = 50. Adapted from [85]. . . . . . . . . . . . . . . . . . . . . . . . . 46

4.2 Schematic representation of the conical (a) and cylindrical (b) protrusions. 51
4.3 Ignition field on a positive electrode without protrusions for two values

of the electrode radius r0. Solid: modelling, concentric cylinder elec-
trodes. Dotted: empirical Peek’s formula for the ignition field of a pos-
itive corona discharge between concentric cylinder electrodes. Dashed:
modelling, concentric sphere electrodes. . . . . . . . . . . . . . . . . . 52



LIST OF FIGURES xiv

4.4 Ignition field on a positive electrode, r0 = 1.2 mm. Lines: modelling
without account of protrusions (solid) and with account of a conical
(dashed) or cylindrical (dotted) protrusion of height h. Points: experi-
ment [9]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.5 Ignition field on a positive electrode, r0 = 3.18 mm. Lines: modelling
without account of protrusions (solid) and with account of a coni-
cal (dashed) or cylindrical (dotted) protrusion of a height of 50µm.
Crosses: modelling, concentric cylinder electrodes with a ridge protru-
sion of height h. Points: experiment [9]. . . . . . . . . . . . . . . . . . 54

4.6 Ignition field on a positive electrode, r0 = 6.35 mm. Lines: modelling
without account of protrusions (solid) and with account of a conical
(dashed) or cylindrical (dotted) protrusion of height h. Points: experi-
ment [64]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.7 Bidimensional distribution of the logarithmic density of the negative
ions O−

2 in the vicinity of a conical protrusion of a height of 50µm at
the surface of a positive electrode. Density in m−3. Discharge current
10−14 A, r0 = 3.18 mm. (a): p = 1 atm. (b): p = 5 atm. . . . . . . . . 56

4.8 Distributions of the reduced electric field (solid) and the ionization in-
tegral (dashed) along the discharge axis. Dotted: critical field. Positive
inner electrode, r0 = 1.2 mm, p = 20 atm, conical protrusions with h =
50µm, rtip = 2µm and h = 5µm, rtip = 0.2µm. . . . . . . . . . . . . . 57

4.9 Ignition field on a negative electrode, r0 = 6.35 mm. Lines: modelling
without account of protrusions (solid) and with account of a conical pro-
trusion of a height of 60µm (dashed, dotted, and dash-dotted lines), for
various values of the secondary electron emission coeffi cient γ. Points:
experiment [64]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.1 Current-voltage characteristic of positive and negative coaxial corona
discharges in concentric-cylinder geometry. Air, 1 atm, inner electrode
radius 0.070 cm, outer electrode radius 10.35 cm. Lines: modelling.
Points: experiment [42]. Solid line, squares: positive corona. Dashed
line, circles: negative corona. jL: linear current density. . . . . . . . . 64

5.2 Electric field distributions in the gap evaluated under various approx-
imations, I = 0.45 mA. Points: experiment [44]. Solid: modelling.
Dashed: Eq. (5.1), E0 from [44]. Dotted: Eq. (5.1), E0 from modelling.
Dash-dotted: Laplacian field. . . . . . . . . . . . . . . . . . . . . . . . 66

5.3 Contributions of various charged species to the current transport, I =
0.45 mA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.4 The experimental design: 1 - needle, 2 - plane electrode, 3 - spectrometer
with a light guide 4 or a camera, 5 - a DC voltage source. R is the
resistance limiting the discharge current; R1 and R2 are the resistances
of the voltage divider; R3 is the resistance of the current shunt. . . . . 69

5.5 The needle electrode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.6 Current-voltage characteristics of positive (a) and negative (b) corona

discharges in point-to-plane geometry for various values of the point-to-
plane distance d. Air, 1 atm, Points: experiment. Lines: modelling. . . 71



LIST OF FIGURES xv

5.7 Distributions of the normal electric field along the needle surface at var-
ious applied voltages in positive (a) and negative (b) corona discharges.
d = 10 mm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.8 Distributions of the axial electric field along the discharge axis at various
applied voltages in positive (a) and negative (b) corona discharges. . . 73

5.9 Distributions of normalized total (solid) and electron (dashed) current
densities in negative corona discharges over the plane electrode. . . . . 74

5.10 Distributions of normalized densities of the current transferred by the
positive ions, the negative ions, and the electrons in negative corona
discharges along the discharge axis. Dashed: d = 5 mm. Solid: d =
14 mm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.11 Images of point-to-plane corona discharges and computed distributions
of the rate of excitation of radiating N2 (C) levels (in m−3 s−1, logarith-
mic scale). Air, 1 atm, point-to-plane distance 14 mm. Upper two rows:
positive corona. Bottom two rows: negative corona. . . . . . . . . . . 76

A.1 Ionization rate constant. 1: evaluation with the use of equation (A.4).
2: experimental data for air from figure 5b of [122]. 3: evaluation with
the use of the online version of the Bolsig+ solver [116] and the cross
sections [117]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

A.2 Townsend ionization coeffi cient. Dotted: equation (A.4). Points: data
from figure 4.4 of [121]. . . . . . . . . . . . . . . . . . . . . . . . . . . 89

A.3 Dissociative attachment rate constant. 1: evaluation with the use of
equation (A.5). 2: experimental data for an N2-O2 mixture with 20%
oxygen from figure 6b of [122], recalculated to the rate constant. 3:
evaluation with the use of the online version of the Bolsig+ solver [116]
and the cross sections [117]. . . . . . . . . . . . . . . . . . . . . . . . . 90

A.4 Ion-ion recombination coeffi cient βii, evaluated with the use of equation
(A.7). Solid: recombination with O−

2 . Dashed: recombination with O−
3 .

Points: experimental data from figure 7 of [131]. a) Lower pressures; b)
extended range of pressures. . . . . . . . . . . . . . . . . . . . . . . . . 93



Chapter 1

Introduction

1.1 Low-current gas discharges

The field of gas discharge physics and the underlying phenomena related with the flow

of electric current in ionized gases has been of interest for quite some time now, e.g. [1,

2], and still receives significant attention nowadays. There are various classifications for

gas discharges according to its underlying features. Non-self-sustained discharges are

those occurring only when an external ionization source is present or electron emission

from the cathode is ensured, e.g., by an external radiation source. In contrast, self-

sustaining discharges are those that are maintained even in the absence of the external

mechanisms, when the applied electric field is such that suffi cient ionization occurs.

Another classification is related with the power supply being used: discharges may be

powered by DC, low-frequency (e.g., 50 Hz), high-frequency (e.g., radio-frequency or

microwave), and pulsed power supplies. Regarding the medium where the discharge

occurs, it can be different gases at different pressures, or, alternatively, the discharge

can also occur in vacuum. Another natural classification concerns the thermal state

of the cathodes, e.g., cold and hot cathodes, which are intrinsically related with the

discharge current. For cold cathodes, typically at lower discharge currents, the emission

mechanism is secondary electron emission upon ion impact, or excited particle impact,

or photoeffect. For hot cathodes, which are heated when a suffi ciently high current

is allowed by using a low external circuit resistance, the cathode produces thermionic

emission and an arc discharge, also DC self-sustaining, usually develops.

Although many features of plasma processes are common in different types of dis-

charges, e.g. [1, 2], there are also substantial differences. This thesis is dedicated to the

study of low-current self-sustaining DC or low-frequency discharges, with typical ex-

amples being the Townsend and corona discharges, while discharges in high-frequency

and pulsed fields are out of the scope of the thesis.

1
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a) b)

Figure 1.1: Stationary glow corona discharge in point-to-plane at atmospheric pressure
air. a): Positive corona; b): Negative corona. From [5].

Within the DC self-sustaining discharges, at lower currents there are the Townsend,

or dark, discharge, the glow and corona discharges. The former two occur in uniform,

or weakly non-uniform (e.g., in parallel-plate gaps) electric fields. The Townsend

discharge is characterized by very low currents, and the applied electric field is not

distorted. The glow discharge occurs at higher currents, and the applied electric

field is distorted by space charge accumulating in the gap. Corona discharges, which

have common features with the Townsend and glow discharges, occur in strongly non-

uniform fields at voltages insuffi cient to cause the breakdown. If the stressed electrode

is the cathode the corona is said to be negative whereas if it is the anode the corona

is called positive. Spectacular glow is typically observed in the vicinity of the sharper

electrode [3, 4], as seen in figure 1.1. The glow results from photons, which are released

from excited radiating states.

Electron avalanches are fundamental in both the Townsend and corona discharges,

and the plasmachemical processes occurring in the gas bulk are similar in both dis-

charges. For definiteness, we will refer to air, an electronegative gas where attachment

is an important mechanism since it contributes to electron losses. If the reduced elec-

tric field E/N (here E is the electric field strength and N is the number density of

neutral molecules) strength in air is above about 100 Td (1 Td = 10−21 V m2), the ion-

ization rate is higher than the attachment rate, and if it is below than about 100 Td,

the rate of ionization is lower than the attachment. This value, of about 100 Td,
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is usually called the critical field. The process of recombination plays a minor role,

particularly in very low currents. The charged particles drift toward the electrode of

opposite charge by action of the electric field and eventually reach it, being neutralized.

In the Townsend discharge the quasi-uniform electric field is equal to the critical field

in the whole gap. The electric fields in corona discharges are strongly non-uniform.

They are higher than the critical field in the so-called active zone, a thin region in

the vicinity of the sharper electrode where ionization occurs, and are lower than the

critical field in the so-called drift zone.

Primary electrons are needed so that subsequent avalanches occur in the region

of enhanced electric field [1, 6]. In the Townsend or negative corona discharges, the

primary electrons are generated mainly by the secondary electron emission from the

cathode. The electric field in positive coronas is very weak at the cathode, meaning

that secondary electron emission is a minor process. Additionally, the emitted elec-

trons will be attached to oxygen molecules in the drift zone before arriving to the

anode. Therefore, the primary electron generation in positive coronas is ensured by

photoionization. This process consists of highly energetic photons ionizing neutral

molecules in the gas near the edge of the active zone.

It is not unusual to find in the literature different terms for designating the initia-

tion of a self-sustaining DC gas discharge, and also for designating the corresponding

voltage Vt, i.e. the threshold voltage which is just suffi cient for the ionization mecha-

nisms to compensate losses of charged particles. For example, the terms ‘self-sustaining

condition’and ‘breakdown condition’are used on p. 544 of [2] and the terms ‘condition

for initiating a self-sustaining discharge’and ‘criterion of ignition (self-sustainment)’

are found on pp. 131 and 175 of [1]. The terms ‘ignition potential’and ‘breakdown

voltage’for designating Vt are referred as being equivalent in p. 133 of [1]. In electrical

engineering, the term ‘breakdown’has the meaning of a transition from low- to high-

current discharge, usually spark or arc discharge. In this thesis, the term ‘ignition’(of

a self-sustaining discharge) is used following [1] and ‘breakdown’refers to transitions

from low- to high-current discharge. The problem of finding the so-called hold-off, or

breakdown, voltage, in high-voltage electrical equipment, possibly in complex device

configurations, is of utmost importance for the industry.

The discharge ignition and breakdown voltages may coincide or be quite distant

from each other depending on the discharge conditions. The relation between these

voltages is important and has been subject of attention in the literature, e.g. in the

works [7—9] and the book [10]. If the gap width is not large enough such that the electric

field distribution is not very non-uniform, the discharge inception and breakdown

voltages either virtually coincide or breakdown occurs without a preceding low-current

discharge. This can be seen in the schematic representation in figure 1.2, which refers
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Figure 1.2: Relation between corona inception and spark breakdown voltages. Positive
rod-to-plane configuration at atmospheric pressure air for various gap widths d, Fig.
5.33 from [10].

to a positive rod-to-plane configuration at atmospheric pressure air: for gap widths

below approximately 4 cm, no corona is observed and the discharge is ignited in the

spark mode. A steady-state glow corona can be observed for longer gap widths, and

spark breakdown only occurs if the voltage is increased further.

Figure 1.3 shows experimental data for a positive discharge between concentric

cylinders of diameters of 0.239 cm and 9.75 cm in air, for various relative pressures δ

(δ = 1 corresponds to atmospheric pressure). (Note that d designates the gap width

in figure 1.2 and the diameter of the inner cylinder in figure 1.3.) The solid points

and the dashed curve represent the experimental sparking voltages, and the open

points represent the experimental corona ignition voltages. The solid line, marked

with "COR", represents calculations based on empirical Peek’s law [11] (expressed

below in Eq. (1.1)). The gap width is around 9.5 cm, which is approximately 40 times

the diameter of the inner cylinder. This means that the data shown in figure 1.3 for

δ = 1 can be compared with the data shown in figure 1.2 for a gap width of, for

example, 20 cm. A steady-state glow corona can be observed in both cases and spark

breakdown only occurs if the voltage is increased further.

Both the corona inception and spark breakdown voltages increase with increasing

gas pressure. The spark breakdown voltage exhibits a maximum at a given pressure
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Figure 1.3: Relation between corona inception and spark breakdown voltages. Positive
discharge between concentric cylinders in air at various relative pressures δ, Fig. 2 from
[9].

and then declines as pressure is further increased. The reduction in the spark break-

down voltage is related to the net charge density increasing very rapidly with pressure,

which means that a newly formed streamer can no longer be extinguished by the stabi-

lized corona [7]. Hence, from a certain pressure, the spark voltage eventually coincides

with the corona inception voltage. In figure 1.3, this is seen for δ & 3. For negative

polarity, the behaviour is similar, however the region of stable glow corona, which

precedes the spark breakdown, extends for higher pressures. The spark breakdown

voltage is typically higher than that for positive polarity, except at low pressures.

1.2 Theory and modelling methods in the literature

The physics of many gas discharge systems has been understood reasonably well by

now. High-quality data for evaluation of transport and kinetic coeffi cients and tools

performing such evaluation are publicly available, e.g., LXCat [12] and LoKI [13]. So-

phisticated ready-to-use toolkits have been developed for simulation of gas discharge

systems, e.g., nonPDPSIM [14], Plasimo [15], and Plasma module of commercial

software COMSOL Multiphysics R©, which can follow discharge development on the

subnanosecond scale, taking into account dozens of plasma species with hundreds of
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reactions. Such models are however too heavy to be routinely used in engineering

practice. Although empirical formulae stemming from an extensive amount of ex-

perimental data on breakdown exist, its application is justified only within certain

geometries and conditions, which are overly simplistic for engineering practice. On

the other hand, extrapolation of such formulae for more realistic situations can lead

to large errors. What is typically done in practice is the evaluation of the Townsend

ionization integral, e.g. reviews [16, 17], where the effective ionization should reach

a certain discharge-dependent level. Examples of empirical formulae are given in the

next section and the method based on the Townsend ionization integral is discussed in

the following section. A summary of analytical descriptions of corona current-voltage

characteristic (CVC) is given in the subsequent section. Modelling methods will be

reviewed in the final section.

1.2.1 Peek’s law and similar formulas

There are analytical formulae that give the ignition voltage or ignition field in some par-

ticular situations, especially for air. Corona discharges occur in situations of strongly

non-uniform electric fields, examples being concentric cylinders or parallel wires pro-

vided the radius r0 of the smaller electrode is much smaller than the gap width d. For

example, for parallel wires, if d/r0 < 5.85, the field is not suffi ciently non-uniform,

therefore a corona does not form and a spark discharge occurs instead, e.g. [1, 6].

The corona ignition between concentric cylinders in air is described by the well-

known empirical Peek’s formula [11]:

Ec = 31δ

[
1 +

0.308 cm1/2

(δr0)1/2

]
kV cm−1. (1.1)

Here Ec is the electric field at the surface of the inner cylinder required to ignite the

corona (the so-called inception field) and δ is the ratio of gas density to the normal

density (the one corresponding to values of temperature of 25 ◦C and pressure of 1 atm).

Note that the ignition voltage Vt is related to Ec by the formula Ec = Vt/ [r0 ln (R/r0)],

being R the radius of the outer cylinder.

An expression similar to Eq. (1.1) was derived by Frank Peek also for the spherical

geometry [18]:

Es = 19.3δ

[
1 +

0.54 cm1/2

(δrs)
1/2

]
kV cm−1. (1.2)

Here rs is the radius of the sphere. Note that the formula (1.2) is applicable for d in

the range d > 0.54
√
r0 (here d and r0 are in centimeters), d < 2r0. Es is the sparkover

field, rather than the corona inception field, and in this d range this field is virtually

independent of the gap width.
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Other forms of these expressions exist as well. For concentric cylinders, the authors

[19] evaluated the so-called ionization integral (discussed in some detail in the next

section), based on the electric field distribution across the gap and a specific depen-

dence of the ionization coeffi cient on the electric field, and derived an expression to

determine the ignition field Ec:(
Ec
δ

)2

− 2
Ec
δ
Ecr ln

(
1

Ecr

Ec
δ

)
− E2

cr =
K/C

δr0
. (1.3)

Here K/C = 42 kV2 cm−1 and Ecr is the critical field at the studied pressure. Expres-

sion (1.3) was taken from [10] and has to be solved iteratively for each value of δr0 in

order to determine Ec/δ.

Another example is the formula for the ignition field of corona in the spherical

geometry, given in [20]:

Ec = b

[
1 +

c cm1/2

(r0)1/2

]
kV cm−1, (1.4)

where r0 is the radius of the sphere, and the parameters b and c are constants. The

values of b and c depend weakly on the nature of the applied voltage, whether it is

DC or low-frequency AC. The DC inception field is on average 3− 4% higher or lower

(for positive and negative corona respectively) when compared to AC. Neglecting this

dependence, one can set b ≈ 29 kV cm−1 and c ≈ 0.45 cm0.5 to evaluate Eq. (1.4).

The fact that the difference between the DC and AC inception fields is small is very

important in the context of this thesis as will be discussed in section 1.3.

The dependence of Ec/δ on δr0 given by Eq. (1.1) is shown by the solid line in figure

1.4 along with experimental data for varying r0 and δ. It can be seen that the values

given by Peek’s formula are in good agreement with those observed experimentally

for δr0 . 1. For higher values of δr0 however, Peek’s formula gives values of Ec/δ

that are higher than experimental data, represented in figure 1.4 by open circles and

corresponding to measurements with δ = 1 for conductors of large radius. Peek’s

formula, being empirically derived from experiments on conductors of smaller radius,

is only valid within certain ranges of measurements and whence the deviation from

experiments at large δr0. The dashed line in figure 1.4 corresponds to values given by

Eq. (1.3) with Ecr = 24.36 kV cm−1, which is the value of the critical field in air at

1 bar according to [10]. This line is closer to the experimental data at high values of

δr0 whilst still being independent of d or R.

Note that the Ec for concentric cylinders is independent of outer cylinder radius R

as long as the field strength at the surface of the outer cylinder does not exceed δEcr
[10]. For higher values of the electrode radius, or, equivalently, smaller values of the
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Figure 1.4: Reduced inception field, concentric cylinders in air. Solid line: Peek’s
formula (1.1). Dashed line: expression (1.3). Points: experimental data. Adapted
from figure 5.28 of the book [10].

gap width, the field is more uniform along the gap and the region where the electric

field is higher than the critical field extends further across the gap. In these situations,

the inception field should also be a function of d or R while the discharge is still a

corona. If the non-uniformity of the field in the gap is reduced further, eventually a

spark will occur instead of a corona.

1.2.2 Townsend’s criterion and evaluation of the ionization integral

Friedrich Paschen in 1889 [21] observed the non-monotonic dependence of the ignition

voltage of gas discharges in parallel-plate gaps with varying pd, being p the gas pres-

sure. The obtained experimental data constitute the so-called Paschen curves. An

example is shown in figure 1.5, where the triangles and full circles represent measure-

ments of breakdown voltage in air in medium gaps and pressures, and constitute the

Paschen curve for air.

In 1915, John Townsend [23] proposed a theory to explain the process of ignition

of a self-sustained discharge (the Townsend dark discharge), in which electrons are
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Figure 1.5: Breakdown voltage in uniform field in air for various air pressures p
and gap widths d. Points: data from figure C1 of [22] (figure 5.23 of the book
[10]). Line: ignition voltage Vt by Eq. (1.6) evaluated with A = 15 (Torr cm)−1,
B = 365 V (Torr cm)−1, and γ = 10−2.

emitted from the cathode due to a secondary emission process and then the number

of electrons in the avalanche grows exponentially towards the anode. The theory leads

to the following self-sustainment criterion; e.g., Eq. 7.1 on p. 131 of [1] or Eq. 8 on p.

27 of [6]:

αd = ln
(
1 + γ−1

)
. (1.5)

Here α is the so-called Townsend’s ionization coeffi cient evaluated in terms of the

applied electric field and γ is the effective secondary emission coeffi cient from the

cathode. By evaluation of the Townsend criterion in Eq. (1.5) it is possible to determine

directly the value of the self-sustainment voltage Vt, since the field is constant (spatially

uniform) in this particular case and α is usually a known function on the reduced

electric field.

When the ionization coeffi cient is written as a function of the electric field, the

Townsend criterion gives a theoretical analog of the experimental Paschen curves,

yielding the ignition voltage Vt for a given pd. As an example, let us assume the ion-

ization coeffi cient as given in [1]: α = Ap exp (−Bp/E), where A and B are constants

obtained by fitting data on α, which is derived from experiments in which the discharge

current was measured for various p and constant E/p. Substituting this formula into
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Eq. (1.5), one obtains for the ignition voltage

Vt =
Bpd

ln Apd
ln(1+γ−1)

, (1.6)

The solid line in figure 1.5 depicts Vt given by Eq. (1.6) obtained withA = 15 (Torr cm)−1

(0.2 ( Pa cm)−1), B = 365 V (Torr cm)−1 (4.85 V ( Pa cm)−1), and γ = 10−2 [1].

Electron attachment can contribute significantly to electron losses in electroneg-

ative gases such as air. The so-called effective ionization coeffi cient α = α − η is

commonly used in such gases to represent the net ionization rate, where η represents

the electron attachment coeffi cient.

An accurate generalization of the classical Townsend criterion to 3D does not re-

quire additional assumptions, apart from those that need to be made for the derivation

of this criterion in 1D (no photoionization, no detachment, and negligible contribution

of negative ions to the current transport to the anode in comparison with electrons).

The generalization coincides with the classical Townsend criterion, except that the

so-called ionization integral appears instead of the product αd:∫ zc

0
αdz = ln

(
1 + γ−1

)
. (1.7)

Here zc is the coordinate measured along a field line, counted from the anode to the

cathode. Equation (1.7) represents the self-sustainment condition: the applied voltage

should ensure that the ionization integral along at least one field line attains the value

ln
(
1 + γ−1

)
. Obviously, this will happen first for the field line where the ionization

integral takes a maximum value.

For other cases (e.g., corona discharges with account of photoionization) the self-

sustainment condition commonly used is based in an empirical criterion relating the

ionization integral with a dimensionless parameter K, which is typically in the range

5− 20: ∫
l
αdl = K. (1.8)

Here l is the path for which the integral attains a maximum value (e.g., for axially

symmetric configurations l coincides with the line along the axis, starting from the

stressed electrode). For a known value of K, a known electric field distribution near

the stressed electrode, and a known dependence of α on the reduced electric field, it is

possible to solve this equation for the ignition voltage Vt. The determined value will

have nevertheless a significant error due to the somewhat arbitrary choice, dependent

on the discharge configuration and conditions, of the value of K. The value K =

ln
(
1 + γ−1

)
is typically used to determine the onset of a negative corona. Typical

values of the secondary emission coeffi cient of the cathode fall between 10−2 − 10−5,
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which yield values of K ≈ 5 − 12, respectively. The values K ≈ 18 − 20 are used to

determine the onset of a positive corona discharge; e.g., section 12.6.2 of [1] and section

4-II-B of [6]. The integral in Eq. (1.8) is also used in the literature for determining the

occurrence of breakdown through the streamer mechanism, withK around ln 108 ≈ 18;

the Meek breakdown condition [24, 25] (e.g., Eq. 12.9 on p. 336 of [1]).

There are several works in the literature both on ignition and breakdown in which

the integral in Eq. (1.8) is used and discussed. In [26] the corona inception and

breakdown in a coaxial cylindrical geometry were studied. The authors measured

corona inception (discharge voltage for currents of the order of 0.5 − 1µA) and the

breakdown potentials in dry air in the pressure range 0.025− 760Torr (3.33− 1.01×
105 Pa). The measured voltage of inception of positive corona was compared with

values given by Eq. (1.8) (evaluated in terms of assumed dependencies E (r) and

α = α (E/p); attachment was neglected), using γ = 5×10−3 and K = ln
(
1 + γ−1

)
≈ 5

and a good agreement was found over the range of pr0 = 0.001−1.5Torr m (0.133−2×
102 Pa m). Note that, as established in the literature, e.g. [1, 6], K values appropriate

for the onset of positive corona are between 18− 20, while ln
(
1 + γ−1

)
is appropriate

for the case of negative corona. Concerning the breakdown (sparking) potentials, it

was observed that at p < 100Torr (1.33 × 104 Pa) the corona inception and sparking

voltages are very close to each other. For higher pressures, a corona discharge clearly

precedes the occurrence of sparking as voltage is gradually increased. The difference

between the corona inception and sparking voltages increases as p increases (this is

seen in figure 1.3 in the range δ = 0.1 − 2). The measured sparking voltage for the

positive polarity is higher than for the negative one at p < 375Torr (5 × 104 Pa);

as pressure is increased, the reverse happens, which is in line to what is seen in the

literature, e.g. [10].

In [27] the ionization integral was evaluated for conditions of experiments in uni-

form field gaps, filled with electronegative gases, using the measured values of the

breakdown potential given in [22] and dependencies α = α (E/p) and η = η (E/p)

taken from the literature as a function of pd. It was found that K was not constant

but a function of pd. Approximate expressions were derived, where K varies between

1 and 74 for air and between 3 and 8 for nitrogen. The author identified two distinct

patterns for different ranges of pd, and claims this could be an indication of two differ-

ent breakdown mechanisms present at low and high pd: the Townsend and streamer

breakdown respectively, in accordance to what is expressed in [1]. The obtained value

for K in air at pd = 1 bar cm (1×105 Pa cm) is 20, which is in line to what is commonly

used for breakdown. At different values of pd however, the use of K ≈ 18 (which is

based on the assumption that the avalanche size has reached 108 electrons, yielding

K = ln 108) can lead to significant error in the estimation of the breakdown voltage,
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with 8− 50% difference being seen between the estimated and measured values.

The ionization integral was evaluated in [28] in conditions of experiments of break-

down in uniform gaps described in the literature using different α (E/p) dependences,

and it was concluded that using the dependence α/p = C [E/p− (E/p)M ]2 −A, with
A = 0.2873 ( mm bar)−1 (2.87 × 10−6 ( mm Pa)−1), C = 1.6053 mm bar kV−2 (1.61 ×
105 mm Pa kV−2), and (E/p)M = 2.165 kV ( mm bar)−1 (2.17 × 10−5 kV ( mm Pa)−1)

brought the results closer to the experiment, and the value K = 9.15 is suitable to

calculate the breakdown or inception voltages in uniform field air gaps. The typically

used value of K ≈ 18 is associated with higher values of α/p.

In [29] the ionization integral was evaluated with several values of K in conditions

of corona onset in air known from different experiments described in the literature,

without making distinction between different corona polarities. A good agreement was

found for K ≈ 9. In addition, it was shown that the evaluation of the ionization inte-

gral withK = 9 in cylindrical and spherical geometries, using respectively quadratic or

linear approximations for the dependence of α/N on E/N , leads to a formula close to

the classic Peek’s equation for corona onset. The best agreement with the experiment

is achieved with K equal to 9, which is significantly below the values ln
(
1 + γ−1

)
or

18, appearing in the Townsend and the streamer breakdown criteria respectively. The

potential reasons invoked by the authors for such value of K are multi-step processes

such as photo detachment and metastable detachment of electrons from negative ions

(e.g., O+
2 + O2

(
1∆g

)
→ e + 2O2), two-step ionization (e.g., A + e→ A∗ → A+ + 2e),

and associative ionization (e.g., A + A∗ → A+
2 + e). These processes are also described

in [1] for explaining breakdown at intermediate values of pd.

In [30], conditions for inception of positive corona discharges in air in spherical and

cylindrical geometries are considered. The author states that a physical mechanism

capable of providing the values of K ≈ 9 used in [29], especially for positive coronas,

has not been revealed unambiguously. The inception field is evaluated in [30] by

applying the criterion of equality of the number of ionizing photons produced by the

primary avalanche to that produced by all secondary avalanches. From this criterion,

for known dependence E (r) governed by the Laplace equation, the corona onset is

determined by calculating the value of the onset electric field at the anode. This onset

field is then used for evaluation of (1.8), which gives K. The dependence of K on r0δ

is weak for low values of r0δ and its values for cylinders are close to those for spheres.

At large r0δ, K increases with r0δ. At normal air density the results are similar to

those found in the work [29], being K ≈ 9 for 10−2 cm < r0 < 10−1 cm and then

increasing for higher values of r0. Contrary to what was suggested in [29], positive

corona inception in [30] is shown to occur under the effect of direct ionization only,

without the need to introduce multi-step processes.
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The effect of humidity on inception of positive corona in the point-to-plane config-

uration was studied in [31]. The measured inception voltage was compared with values

given by the ionization integral evaluated for different field lines with account of the

requirement of the minimal avalanche size imposed by the critical volume model. The

critical volume is defined as a volume suffi cient for an avalanche to grow and reach

a size which provides a certain minimum value of the ionization integral Eq. (1.8).

The value K = 10 provides a good agreement with the experiments at atmospheric

pressure in the range of humidity values from 1 to 20 g m−3.

In [32] the avalanche growth and streamer inception near curved (spherical and

needle-like) electrodes in air at elevated gas densities are analyzed. At elevated gas

densities corona starts as a streamer corona. An inception criterion for positive corona

is derived taking into account an "electrostatic compression", due to the curved anode,

of the avalanche head: K = K0 + ln
(
R0 cm−1

)
, being R0 the radius of the anode

curvature and K0 ≈ 18. For R0 of the order of 1 cm, this gives a value of K of

around 18, i.e., the usual streamer breakdown criterion. However, the evaluation of the

ionization integral for corona onset under conditions of numerous experiments typically

gives K ≈ 9 − 10. Thus, a discrepancy of a factor of about 2 is present. The author

mentioned that the conventional ionization coeffi cient (α− η) is not accurate enough

and has to be replaced by a coeffi cient which accounts also for electron detachment

and was introduced in another work [33].

The work [34] investigated breakdown voltages, by means of both experiments

and simulations, in quasi-uniform fields using a concentric cylinder configuration with

a gap of 5 mm, in several gases in a wide range of pressures, up to 100 bar (1 ×
107 Pa). The experiments have shown that at pressures below approximately 5 bar

(5 × 105 Pa) the breakdown voltage increases linearly with p, but at higher pressures

the breakdown voltage increases only weakly, i.e. tends to saturate. The saturation

was explained by the authors as a consequence of roughness of the electrode surface

(apparently the anode, although the authors do not indicate expressly the polarity).

The experimental data were compared with results of estimates performed by means

of an elementary electrostatic modelling: a cylindrical protrusion on the anode surface

was considered and the ionization integral was evaluated assuming that the streamer

breakdown corresponds to K = 10.5. The so-called "aspect ratio" of a protrusion is

the ratio between its height and tip radius. Protrusions with the aspect ratios of 50

and 100 were required in order to obtain agreement with the experiments. This work is

an illustration of deviations of breakdown voltage from Paschen curve observed at very

high pressures, from 5 bar up to 100 bar (the experimental data are shown with full

squares and open circles in figure 4.1). Concerning deviations of breakdown voltage

from Paschen curve observed in microgaps, analytic equations for determination of the
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breakdown voltage for any gas at atmospheric pressure in microgaps were derived in

[35], and it was obtained excellent agreement with experimental data, showing that

field emission is significant and contributes to these deviations in microgaps.

In [36] the authors rely on a matched asymptotic analysis of a simplified but

self-consistent problem, including equations of conservation and transport of charged

species and the Poisson equation, and derived an explicit analytical solution for the

current-voltage relation of corona discharge, and its onset voltage, for cylindrical elec-

trodes. The matched asymptotic analysis or, as it is commonly known, the method

of matched asymptotic expansions, is used to solve equations describing physical

processes that are dominant in some regions (boundary layers) and negligible else-

where, which is the case of the active and drift regions of corona discharges. The

analytical model allows to evaluate, for instance, the effect of different diameters of

the internal cylinder on corona current. An equation similar to Peek’s law is derived

for evaluating the onset surface electric field, which gives values in agreement with

those given by the onset criterion given in [30]. The equation is applicable to gases

other than air and different densities and can be used to validate previous approaches.

Recently in [17] it was introduced a method of calculation of breakdown voltage,

which is built upon the ionization integral and consideration of the streamer-induced

field superposed to the background electric field. The method aims to improve and

simplify calculations in air and SF6, and takes into consideration field distributions

in arbitrary non-uniform fields. Unlike several other studies, the value of K is not

pre-determined but found by means of an iterative method that runs until the ignition

condition is satisfied and the number of charge carriers tends to infinity. The back-

ground field must be calculated first by a finite element method, and for each electrode

geometry new calculations are required.

In summary, within the analytical methods for determining the ignition and break-

down voltages, the Townsend criterion given by Eq. (1.5) for the 1D case, or by Eq.

(1.7) in the general 3D case, is the only method based on the first principles. However,

it has a limited applicability and cannot be generalized to discharges where dominant

processes go beyond the electron impact ionization and secondary electron emission

by the cathode. In these cases, the criterion given by Eq. (1.8) is commonly used,

where the value of K is chosen somewhat arbitrarily and depends on the discharge

configuration and conditions.

1.2.3 Analytical description of corona current-voltage characteristics

The determination of the DC corona current-voltage characteristic is of interest for

a variety of reasons, e.g. for calculating the distributions of ion current density and
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electric field intensity on high voltage transmission lines systems. Part of the charge

carriers produced in the active zone drift towards the opposite electrode, being positive

ions in the case of positive coronas, and negative ions in negative coronas (or electrons

if the gas is not electronegative). The corona current is determined by the applied

voltage (rising above the ignition voltage) and is limited by the space charge in the

drift zone.

Initially derived by Townsend in 1914 [37], the approximate CVC of a low-current

DC corona discharge between concentric cylinders with a wide gap is expressed by the

so-called Townsend relation, usually given by the following formula:

Il =
8πµε0U (U − Vt)

R2 ln
(
R
r0

) . (1.9)

Here Il is the corona current per the unit length, µ is the mobility of the ions that are

believed to dominate current transfer in the drift region, ε0 is the permittivity of free

space, and U is the applied voltage. It should be noted that Eq. (1.9) appears vastly

in the literature, examples being [1, 6, 38]. However, in the work by Townsend in

1914 [37], the expression has the ignition voltage Vt instead of the applied voltage U in

the numerator (the derivation is detailed in Appendix B). The expression derived by

Townsend is mathematically correct and it was derived using the first approximation

for low current. One can rewrite Eq.(1.9) as:

Il = CU (U − Vt) , C =
8πµiε0

R2 ln
(
R
r0

) .
In terms of the applied voltage we have

U = Vt +
Il
CU

.

This means that for low currents (Il ≈ 0) U ≈ Vt, and as current increases there

is a correction parameter. If one expands Eq.(1.9) in the small parameter ε, where

U = Vt + ε, and neglects the second order term of the order of ε2, we have

Il = C [(Vt + ε) ε] = C [εVt] = CVt (U − Vt) ,

which is the same as the expression appearing in [37].

For point-to-ring and point-to-plane configurations, at large gap widths, a formula

similar to Eq. (1.9) gives the relation between the corona current I and the applied

voltage, I = C (U − Vt), where C is a constant determined experimentally and de-

pendent on geometrical factors and mobility of ions [39, 40]. For shorter gap widths,

the work [40] has shown that Eq. (1.9) does not hold due to increasing participation
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of current transported by electrons, and the CVC is rather described by an (empiri-

cal) formula I = C (U − Vt)2. Similar relations for the CVC of corona discharges in

point-to-plane configuration can also be found in the literature, e.g. the work [41],

where a relation I = C (U − Vt)m was proposed on the basis of experiments, with m

within the range 1.5 − 2.0. Measurements of positive and negative corona discharges

between coaxial cylinders in atmospheric pressure air were performed in [42], and the

measured data were compared with different formulae based on the Townsend relation

Eq. (1.9), showing that the current-voltage characteristics can also be expressed as

I = C (U − Vt)m, similar to the point-plane geometry at high currents.
Although there is not an explicit expression for the CVC, the works [43, 44] use

a similar procedure and give an expression relating the electric field distribution with

the corona current between concentric cylinders. The classic Townsend-Kaptzov as-

sumption is taken into consideration, which states that the steady state electric field at

the conductor surface remains at the corona onset value Ec, given by Peek’s formula,

and the following expression for the electric field distribution is given:

E2 (r) =
Il

2πε0µ

(
1− r2

0

r2

)
+

(
Ecr0

r

)2

. (1.10)

This expression is the same shown in Eq.(B.2) in Appendix B.

At very low corona currents the space charge does not distort the external field.

When increasing the current, the space charge starts perturbing the electric field distri-

bution and eventually it will completely dominate it (the so-called saturation limit). In

[45] it was investigated coaxial cylinders and point-to-plane corona discharges, under

time-dependent electric fields, and the effect of space charge on the ion current in the

drift zone (assuming only one charge carrier species), for the case where space charge

dominates the electric field in the drift zone. An approximate distribution of current

density is derived, equivalent of the so-called Warburg distribution, which describes the

current density distribution over the plane electrode for point-to-plane configurations.

Equations were derived for the upper limit of current in a given corona geometry. It

is demonstrated, building upon the unipolar charge drift formula, which describes the

distribution of charge density with time along the path of a cloud of unipolar ions

drifting with constant mobility, that corona currents in excess of that limit always

involve free electron and/or bipolar conduction phenomena, like streamers.

1.2.4 Numerical modelling

We can also find in the literature many studies which use numerical modelling meth-

ods to investigate gas discharge dynamics and determine the ignition and breakdown

voltages. The studies described here are those in which the employed numerical meth-
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ods are of general use for studying low-current discharges, or those in which corona

discharges or breakdown conditions (e.g., deviations from Paschen curve) are studied.

Time-dependent solvers are virtually universally employed in gas discharge mod-

elling, including popular ready-to-use software such as the nonPDPSIM code [14],

the Plasma module of COMSOL Multiphysics, and the Plasimo code [15]. The non-

PDPSIM code is based on a previous model (LAMPSIM) that was used in partic-

ular for studying the dynamics of microdischarge devices, and is a time-dependent

two-dimensional multifluid hydrodynamics model in which the Poisson equation and

conservation equations are solved for densities and momenta of charged and neutral

particles, and for radiation transport. The Plasma module of COMSOL Multiphysics

is a specialized tool for modelling low temperature gas discharges, and although it

is intended to work with time-dependent solvers, it can still be used with stationary

solvers [46]. The work [15] illustrates the features of the Plasimo code, a toolkit for the

numerical simulation of plasma sources of various degrees of equilibrium. It comes with

a number of electromagnetic modules, flow solvers, modules for calculating transport

coeffi cients, radiation transport and for the generation of ortho-curvilinear coordinate

systems (those in which vectors aligned with the three coordinate directions are mu-

tually perpendicular, and in which the variation of a single coordinate will generate

a curve in space). Plasimo supports transient and steady-state simulations of plasma

sources in one-, two and three-dimensional geometries. The code was used recently in

[47] as one of six different codes being compared for simulation of positive streamers

in air.

The work [48] is concerned with modelling positive glow corona between concentric

spheres or cylindrical electrodes in air at atmospheric pressure. The model comprised

conservation equations for electrons, positive ions, negative ions and metastable oxygen

molecules, coupled with the Poisson equation, and the non-stationary 1D equations

were solved. The simulation results showed the occurrence of onset streamers prior to

positive glow current pulses with ’saw-tooth’shape. The corresponding light intensity

was in the form of sharp pulses which coincided with the sharp rise in current near

the anode.

In [49] it was investigated ion generation processes and breakdown characteristics

in atmospheric air between two parallel plates in microscale gaps. The numerical

simulation was performed by means of particle-in-cell and Monte Carlo (PIC-MC)

techniques and allowed the evaluation of ionization coeffi cients, discharge current, and

breakdown voltage. The deviation of the breakdown voltage from the Paschen curve

for microscale gaps is shown by results of simulations with account of electron field

emission.

In [50], a so-called 1.5-D numerical calculation is performed in order to study the
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physics of the temporal and spatial evolution from the negative corona to diffusive glow

discharge, and transition to spark, in a pin-to-plane discharge. Three conservation

equations of charged species along with the Poisson and the electric circuit equations

are solved. The model is considered 1.5-D since it studies the evolution of the discharge

parameters changing only along the axial direction. For this purpose, the plasma

parameters are considered to be constant within the current cross section with area

S (x), being this area a known function of the axial location x. It was found that Trichel

pulses features (amplitude and repetition frequency) can be controlled effectively by

geometrical and gas-dynamical effects, and the diffusive glow discharge in the pin-to-

plane corona necessarily occurs before transition to a spark as transient discharge in

static air.

The work [51] is dedicated to simulation of a negative corona discharge in air in a

2D blade-to-plane geometry. The model was implemented using the COMSOL Multi-

physics platform, by solving conservation equations for the transport of three charged

species coupled with the Poisson equation for the electric field. Electron field emis-

sion was taken into account by incorporating the Fowler-Nordheim current into the

electron current at the cathode. The diffusion component in fluxes of charged species

was neglected, as well as photoionization, and the authors mention the use of artifi-

cial diffusion to avoid numerical instabilities. The temporal evolution of the species

densities and the discharge current were monitored until a steady-state is reached.

Successively increasing step in voltages were applied until the corona discharge onset

was established, which was defined by calculation of a discharge current of the or-

der of milliampere. The authors mention that the applied voltage was higher than

that observed in experiments because it was not considered a magnification factor for

the applied electric field at the cathode in order to take into account the microscopic

field-effect emission at the cathode surface. A similar method was employed in [52]

for computing the electric field change due to the ion flow generated by corona dis-

charges under a high-voltage DC bipolar transmission line. In the work [52] a field

enhancement factor β was introduced to describe effects of roughness of the conductor

surface. The real geometry used in high-voltage transmission lines (composed of many

stranded sub-conductors) was simulated directly, which was possible by means of the

simulations being 2D. The numerical results agreed well with those of experiments in

the electric field strength and the ionic current density when the used value of β is

between 5 and 6.

In [53] simulations of the temporal evolution of corona current and space-charge

density in air in point—plane geometry were performed, under step and pulsed ap-

plied voltages. The model accounts for single-species charge carriers and neglects the

ionization zone (positive ions are assumed injected from the corona electrode). The
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electric field is calculated by means of finite-element method and the space-charge

density calculated with the flux-corrected transport technique (discretization and co-

effi cient matrix are manipulated), which can capture the steep density gradients while

avoiding spurious oscillations and introduction of artificial diffusion. Later the same

authors expanded the model to three charged species in order to study Trichel pulse

regime of corona discharge in air and the effect of different parameters on Trichel pulse

characteristics [54].

A finite element model was developed in [55] to perform 2D axisymmetric simu-

lations of negative corona discharge in point-to-plane configuration with and without

a dielectric barrier over the plane electrode, and to study the dynamics of volume

charge generation, electric field variations and charge accumulation over the dielec-

tric surface. The model comprises conservation equations for the transport of three

charged species coupled with the Poisson equation for the electrostatic potential. It

was found that before the occurrence of the first Trichel pulse (electron multiplication

stage) the maxima of both positive ion and electron densities are not at the symmetry

axis but situated at some distance away and the plasma actually forms a charged torus

ring rather than a charged ellipsoid. Trichel pulses characteristics were studied and

validated by comparison with experimental data. In the case of the dielectric barrier

only one pulse is produced rather than a pulse sequence as is the case of the corona

discharge, due to accumulated surface charge distorting the electric field.

The work [56] is dedicated to investigation of formation of Trichel pulses in neg-

ative DC corona in atmospheric air for a needle-plane configuration. The numerical

model was implemented using the COMSOL Multiphysics platform and comprises

three charged species transport equations as well as the Poisson equation. A thorough

analysis of distribution of charged species in the gap during the different stages of

Trichel pulse formation was done, as well as the evaluation of time variation of peak

densities and total number of charged species. The transition of the discharge from the

Trichel pulse regime to glow discharge occurred when increasing the applied voltage,

at which the current waveform becomes flat and a plasma channel is formed from the

cathode to the anode.

In [42] it was studied numerically stationary positive and negative DC corona dis-

charges between coaxial cylinders in atmospheric pressure air. The model comprises

1D conservation and transport equations of electrons, positive and negative ions, cou-

pled with the Poisson equation. Diffusion was neglected in the transport of charged

species and the considered reactions were ionization and attachment. The surface onset

fields given by the model were close to those given by Peek’s formula. Also considered

was a simplified model, which neglects the electrons, and considers only the transport

equation of one ion species (positive or negative depending on the corona polarity),
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coupled with the Poisson equation. The simulation results given by both models are

almost the same for low corona currents, but differ significantly for higher currents.

The ionization region has no significant effect on the current-voltage characteristic

provided that the corona current is low.

In [57] a model is proposed to simulate stable glow corona discharges in coaxial-

cylinder and point-to-plane geometries, and a transition of the corona between coaxial

cylinders to streamers, in atmospheric air, and validated the model by comparison

of simulation results with those given by a more complex model and experimental

data. The numerical simulations performed employed a two-step segregated procedure

where the stationary conservation equation for electrons was solved followed by time-

dependent conservation equations for ions. Due to the characteristics of stable glow

corona discharges, which allow to assume that electrons reach a quasi-steady state

within the characteristic time of ion drift, the electron conservation equation was

written in the quasi-stationary approximation. Jointly with the use of simplifications

of the physical model, these features eliminated the constraint on the time step imposed

by the electron drift time and thus allowed the time step to be significantly increased.

However, the ion conservation equation included the time-dependent term, hence the

constraint imposed by the ion drift time remained.

PIC simulations for computing the breakdown voltage for any gas at atmospheric

pressure in microgaps were performed in [35]. The PIC code utilized was a modification

of the XPDP1 (1-D in space and 3-D in velocity) which incorporates field emission.

The simulation results are in excellent agreement with experimental data, showing that

field emission can be significant and contributes to deviations of breakdown voltage

from Paschen curve observed in microgaps.

The work [58] is concerned with simulations of positive and negative corona dis-

charges in dry air at atmospheric pressure in a wire-cylinder gap. The 1D-axisymmetric

model was implemented using the COMSOL Multiphysics platform and the considered

hydrodynamic plasma model comprises 12 charged species and 32 chemical reactions.

The conservation equation for electrons and momentum conservation equation for ions

are solved coupled with the Poisson equation, under the local-field approximation (the

electron transport and kinetic coeffi cients are assumed to be dependent on the local

reduced electric field E/N only). The discharge is triggered by applying a step voltage

with maximum of 25 kV and waiting for a steady-state to be reached, considered when

the density distribution of charged species no longer changes beyond a certain time of

the order of microsecond. The authors have also simulated the effect of gas pressure

and temperature on the distribution of the electron density and discharge current; it is

shown that the rise of temperature causes a rapid increase in the density of electrons in

negative corona whereas the increase is slower in positive corona, and also an increase
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in discharge current; the increase in pressure has an inverse influence on the current

and the electron density.

In [59] it was proposed an approximate approach for the study of needle electrode

corona discharges in atmospheric air in a large-scale space. The approximations are

suited for a large gap width being considered (25 cm). The approach is based on

finding an equipotential surface slightly bigger than the ionization region, where con-

tinuity of charged particle density and electric field is ensured. A hydrodynamic fluid

model, consisting of the Poisson equation and three conservation equations of charged

particles, is solved in the ionization region in the vicinity of the needle electrode. The

obtained charged particle distribution on the equipotential surface is assigned as a

boundary condition for the outer region (the drift zone), where the ion conservation

equation is solved jointly with the Poisson equation. The fluid model does not take

into consideration the process of photoionization, which was regarded as having little

influence on the charged particle distribution, and the diffusion component of ions

fluxes was neglected. For a given applied voltage on the corona electrode, the simu-

lation was run for 1 ms in order to reach a steady-state solution. Simulation results

were compared with experiments performed by the authors and a good agreement

was found, demonstrating the accuracy and feasibility of the proposed approach for

large-scale space corona discharges with a needle electrode.

1.3 This work

As shown in the preceding sections, there is a vast literature on the physics of low-

current and corona discharges and a number of useful theoretical results, including

analytical ones, have been obtained under various approximations. Also, there are

several well developed general-use numerical codes which allow modelling the ignition

and dynamics of low-current discharges, including the ignition and breakdown voltages.

The vast majority employ time-dependent solvers. Although stationary solvers are

available, e.g. the Plasimo code [15], their use is rarely seen. As a consequence,

modern numerical codes for modelling low-current high-pressure gas discharges are

too heavy computationally to be routinely used in engineering practice, and the hold-

off voltage in high-voltage devices is usually estimated by evaluating the ionization

integral given in Eq. (1.8). Thus, there is a gap between modern methods of numerical

modelling of low-current gas discharges and engineering approaches, which is desirable

to reduce.

Time-dependent solvers give detailed information on spatio-temporal distributions

of plasma parameters and are indispensable for studies of discharges with fast temporal

variations, such as high-frequency discharges, pulsed discharges, streamer and spark



1. Introduction 22

discharges, etc., e.g., [1, 2]. On the other hand, some discharges are quasi-stationary:

DC and low-frequency (e.g., 50 Hz) discharges, where the applied voltage varies in

time much slower than the ions drift. As an example, taking typical mobilities of 2

×10−4 m2 V−1 s−1 for ions in atmospheric pressure air, at the temperature of 300 K,

and a reduced electric field of 50 Td, one finds that the time of ion drift over a gap of

10 mm is about 0.04 ms, which is much shorter than the quarter-period of variation of

the 50 Hz applied voltage (5 ms). Hence, breakdown in 50 Hz electric fields is preceded

by a pre-breakdown discharge that is essentially quasi-stationary. As noted above,

in the work [20] the DC inception field of corona in the spherical geometry is on

average only 3 − 4% higher or lower (for positive and negative corona respectively)

when compared to the low-frequency AC field.

Up to now, such quasi-stationary discharges are simulated by means of time-

dependent solvers: an initial state of a discharge is specified and its relaxation over

time is followed until a steady state has been attained. An alternative is to use sta-

tionary solvers, which solve steady-state equations describing a stationary discharge

by means of an iterative process unrelated to time relaxation. Stationary solvers offer

important advantages in simulations of steady-state discharges. In particular, they are

not subject to the Courant—Friedrichs—Lewy criterion or analogous limitations on the

mesh element size and they allow decoupling of physical and numerical stability. The

removal of limitations on the mesh element size allows one to speed up simulations,

with huge improvement in some cases, by orders of magnitude, and is particularly

important for modelling of discharges with strongly varying length scales, e.g., corona

discharges, where a variation of the mesh element size by orders of magnitude is indis-

pensable. The first step in this direction was taken in the work [57] by eliminating the

constraint on the time step imposed by the electron drift time; however, the ion con-

servation equation included the time-dependent term, hence the constraint imposed by

the ion drift time remained. Although no mention was made concerning the effi ciency

of simulations, the authors [42] solved stationary 1D equations within the scope of a

simplified model.

In face of the above, it is beneficial to develop an approach for simulation of low-

current discharges with the use of stationary solvers, being applicable not only to DC

but also to low-frequency discharges. The main goals of this work are to develop

such approach, to implement it as a part of a numerical model of low-current quasi-

stationary discharges in high-pressure air, to validate the developed model against

experimental data over a wide range of conditions, and to apply it to several problems

of high scientific and technological interest. Firstly, the inception of discharges in high-

pressure air will be investigated over a wide range of conditions. The method developed

can be used as a predictor of the hold-off voltage in high-voltage devices, as well as
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to evaluate the sensitivity of the ignition voltage with respect to different factors (the

kinetic scheme used, the photoionization, and the secondary electron emission from

the cathode). The second problem to be studied is the effect that anode surface

protrusions can have on pre-breakdown discharges in high-pressure air, which can be

considered as an indirect evidence of the possible existence of microprotrusions on the

electrode surface. The third problem concerns investigation of characteristics of DC

corona discharges in a wide range of currents and gap widths.

The research leading to this thesis was conducted at the Department of Physics of

Universidade da Madeira and at the Research Node of Instituto de Plasmas e Fusão

Nuclear (Instituto Superior Técnico, Universidade de Lisboa, Lisbon, Portugal) at

Universidade da Madeira, in collaboration with Professor George Naidis in the role

of a consultant, of the Joint Institute for High Temperatures, Russian Academy of

Sciences, Moscow, Russian Federation. The work was performed within activities

of the research project PlasMa-M1420-01-0145-FEDER-000016, co-financed by the

Operational Program of the Autonomous Region of Madeira 2014-2020. A part of

the work was supported by a research grant from Corporate Technology of Siemens

AG (Erlangen, Germany). A part of the work was performed in collaboration with

colleagues of the Institute of High Current Electronics, Tomsk, Russian Federation.

The most part of the thesis is a compilation of papers already published [5, 60—62].

The author of the thesis performed one of the simulation examples shown in [63], and

this material is included in the thesis.

The text is organized in six chapters. The first chapter is this Introduction.

In chapter 2, the numerical model of low-current quasi-stationary discharges in

high-pressure air, comprising equations of conservation and transport of charged species

and the Poisson equation, is presented. A ’minimal’kinetic model of plasmachemi-

cal processes in low-current discharges in high-pressure air is used, which takes into

account electrons, an effective species of positive ions, and three species of negative

ions (O−
2 , O−, and O−

3 ). The mathematical problem formulated is solved with the use

of stationary solvers, which offer important advantages in simulations of steady-state

discharges compared to standard approaches that rely on time-dependent solvers.

In chapter 3, corresponding to [60], the model is validated by comparison between

the computed discharge ignition voltage and several sets of experimental data on glow

coronas, or sparkover when a corona discharge was not prior observed. A good agree-

ment with the experiment has been obtained for positive coronas between concentric

cylinders in a wide range of pressures and diameters of the cylinders. The sensitivity

of the computation results with respect to different factors, e.g. the kinetic scheme

used, the photoionization, and the secondary electron emission from the cathode, is

illustrated. Inception voltages of negative discharges, computed using the values of the
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secondary electron emission coeffi cient of 10−4 to 10−3, agree well with the experimen-

tal data. A simplified kinetic model for corona discharges in air, which does not include

conservation equations for negative ion species, is proposed and validated. Modelling

of positive coronas in rod-to-plane electrode configuration has been performed and the

computed inception voltage was compared with experimental data.

Chapter 4, corresponding to [62], begins with an overview of deviations of measured

breakdown voltage in parallel-plate gaps from Paschen’s curve, observed in microgaps

and at very high pressures, p & 5 bar (5 × 105 Pa), which can be described in the

same way as deviations of field electron emission from cold cathodes in vacuum from

the Fowler-Nordheim formula, i.e., in terms of enhancement of electron emission. A

simplified 1D modelling with account of field electron emission from the surface of

the negative electrode is used to describe the deviations. An alternative explanation

for deviations from Paschen’s curve at very high pressures is specifically related to the

supposed existence of microprotrusions on the electrode surfaces, which cause enhanced

ionization of neutral gas in regions near protrusions; this alternative is explored by

means of 2D numerical modelling. In particular, results of simulations are compared

with deviations from the similarity law observed at very high pressures in corona

inception and breakdown voltages for discharges on positive cylindrical electrodes of

small radii [9, 64]: cathodic phenomena are irrelevant and enhanced ionization of

neutral gas in regions near protrusions on the anode surface appears to be the only

possible explanation. Conical or cylindrical protrusions on the surface of the inner

electrode are studied. A qualitative agreement with the experiment in all the cases

could be achieved for protrusion heights of the order of 50µm.

In chapter 5, corresponding to [5, 61, 63], time-averaged characteristics of DC

corona discharges are investigated of DC corona discharges between concentric cylin-

ders and point-to-plane gaps in ambient air. A wide range of currents of both voltage

polarities is investigated first in the case of 1D concentric cylinders, which is also typ-

ically found in the literature, and then in point-to-plane gaps with various gap widths

where all relevant geometrical parameters of the point electrode are known. The sim-

ulation results are compared with experimental results. The validity of the classic

Townsend-Kaptzov assumption, which states that the steady state electric field at the

conductor surface remains at the corona onset value, is investigated in negative corona

discharges in an axially symmetric wire-cylinder gap; contrary to a recent work [44],

which disputed the mentioned assumption at high currents based in a recent nonin-

trusive measurement method, the electric field induced second harmonic generation

(E-FISHG), it is shown that the electric field at the wire remains at the corona in-

ception level, in agreement with the Townsend-Kaptzov assumption. For the case of

point-to-plane gaps, comparisons between computed and experimental spatial distrib-
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utions of the radiation intensity are also performed. Specific features of the numerical

and experimental results at both polarities are discussed.

In chapter 6 conclusions of this work are given and possible directions of future

research discussed.

All the modelling results included in this thesis were obtained using COMSOL

Multiphysics.



Chapter 2

The model

The goal of the thesis to reduce the gap between engineering approaches and modern

methods of numerical modelling of low-current gas discharges, led to the development

of an approach for simulation of such discharges with the use of stationary solvers,

applicable to DC and low-frequency discharges. The numerical model of low-current

quasi-stationary discharges in air at pressures of the order of atmospheric and higher,

used in this thesis, is presented in this chapter.

The outline of the chapter is as follows. The equations and boundary conditions

included in the model are presented in section 2.1. In section 2.2, the kinetic scheme of

plasmachemical processes is introduced. The relevant numerical aspects are discussed

in section 2.3.

2.1 Equations and boundary conditions

The model comprises equations of conservation and transport of charged species, writ-

ten in the drift-diffusion approximation, and the Poisson equation:

∇ · Γα = Sα (α = e, O+
2 , O−

2 , O−, O−
3 ). (2.1)

ε0∇2φ = −e
∑
α

Zαnα. (2.2)

Γα = −Dα∇nα − Zαnα µα∇φ. (2.3)

Here subscript α identifies charged species; nα, Γα, Dα, µα, Sα, and Zα are, respec-

tively, number density, density of transport flux, diffusion coeffi cient, mobility, net

volume rate of production, and charge number of species α; φ is the electrostatic po-

tential; e is the elementary charge; and ε0 is the permittivity of free space. The charged

species included in the model are the electrons, one species of positive ions, which are

26
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represented mostly by O+
2 , and the negative ions O−

2 , O− and O−
3 . The conservation

equations, Eq. (2.1), are written for the steady-state case. Equations of transport of

charged species, Eq. (2.3), are written in the local-field approximation, i.e., with the

electron transport and kinetic coeffi cients being assumed to depend only on the local

reduced electric field. This assumption is valid when the macroscopic length scale is

much larger than the relevant microscopic scale (mean free path for ions and electron

energy relaxation length for electrons), and particularly for high pressure discharges

where non-local effects tend to be less important due to the very frequent collisions

between particles.

As an order-of-magnitude estimate, for atmospheric pressure air at ambient tem-

perature, with critical field of about 25 kV cm−1, and considering a characteristic dis-

tance for ion diffusion (the scale over which the ion density changes) of 1 mm, the

ratio between the diffusion and drift components of the ion flux is of the order of 10−5.

For this reason, diffusion of charged species along the direction of the electric field is

a minor effect except in the vicinity of the electrodes, however it can be significant

in the transversal direction. For completeness, diffusion should be included in the

modelling, with advantages concerning numerical computations since in mathematical

terms the density gradient, which appears in the diffusion term of conservation equa-

tions, yields to standard second order equations, easier to solve and couple with the

rest of equations.

The source terms Sα in equations for electrons and positive ions include, in addition

to terms describing production of these species in collisional processes, the photoion-

ization term Sph. The latter is evaluated by means of the three-exponential Helmholtz

model [65]:

Sph(r) =
3∑
j=1

S
(j)
ph (r), (2.4)

with each of the terms satisfying the Helmholtz partial differential equation,

∇2S
(j)
ph (r)− (λjpO2)

2 S
(j)
ph (r) = −Ajp2

O2
I(r) (j = 1, 2, 3). (2.5)

Here Aj and λj are constants (parameters of the three-exponential fit function) given

in [65], pO2 is the partial pressure of molecular oxygen, and I(r) is the product of ξ

the probability of ionization of a molecule at photon absorption and the local photon

production rate. The latter is assumed to be proportional to the rate of ionization of

neutral molecules by electron impact, Si(r), and I (r) is written as

I(r) = ξ
pq

p+ pq

νu
ν1
Si(r), (2.6)

where p is the neutral gas pressure, pq/ (p+ pq) is a quenching factor that accounts for

the probability of non-radiative de-excitation of nitrogen molecules due to collisions
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with other molecules, νu is the frequency of electron impact excitation of radiating

states producing ionizing photons, and ν1 is the electron impact ionization frequency.

Following [30, 66], the quenching pressure pq is set equal to 30 Torr (4 × 103 Pa)

and the product ξνu/ν1 is expressed in terms of the the reduced electric field E/N :

ξ
νu
ν1

= 0.03 +
15.7 Td

E/N
. (2.7)

Boundary conditions are written in the conventional form. At the cathode, the

electrons are emitted from the surface with the effective secondary emission coeffi cient

γ; the diffusion flux of the attracted particles (the positive ions) is neglected in com-

parison with the drift flux; the negative ions are repelled by the electric field and thus

their number density is defined by the chaotic flux (note that a factor of 1/2 is used

instead of the usual 1/4, since it appears to be more appropriate near an absorbing

non-emitting surface, where the velocity distribution function is strongly anisotropic

[67]); the electrostatic potential is set equal to zero; the rate of photoionization is set

to zero:

(Γe)n = −γ
(
ΓO+

2

)
n
,

∂nO+
2

∂n
= 0, (Γα)n =

nα
2

√
8kTα
πmα

(α = O−
2 , O−, O−

3 ),

(2.8)

φ = 0, S
(j)
ph = 0. (2.9)

Here and further k is Boltzmann’s constant, mα and Tα are the mass and temperature

of species α, respectively, and n is a direction locally orthogonal to the boundary of

the computation domain (the cathode surface, in this case) and directed outward of

the domain.

At the anode, the diffusion flux of the attracted particles (the electrons and the

negative ions) is neglected in comparison with the drift flux; the positive ions are

repelled by the electric field and thus their number density is defined by the chaotic

flux; the electrostatic potential is fixed at some value U ; the rate of photoionization is

set to zero:

∂nα
∂n

= 0 (α = e, O−
2 , O−, O−

3 ),
(
ΓO+

2

)
n

=
nO+

2

2

√√√√8kTO+
2

πmO+
2

, φ = U, S
(j)
ph = 0.

(2.10)

Results reported in this chapter refer to two corona discharge configurations: a one-

dimensional corona between concentric cylinders and a two-dimensional corona in the

rod-to-plane gaps. Boundary conditions at the boundaries limiting the computation

domain need to be specified for the rod-to-plane configuration: the so-called natural

boundary conditions (zero normal derivatives) for all dependent variables (nα, φ, S
(j)
ph )

were used.
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It should be mentioned that slightly different forms of the boundary conditions

have been used in chapters 4 and 5. In chapter 4, the boundary condition for electrons

at the cathode takes into account, in addition to the secondary electron emission,

electron losses to the cathode due to the chaotic motion, and field emission, being

written as:

(Γe)n = −γ
(
ΓO+

2

)
n
− neC̄e

2
+ Γem

Here C̄e =
√

8kTe/πme is the mean speed of the electrons, and Γem is the flux density

due to field emission.

In chapters 4 and 5, the number densities of the repelled particles (negative ions

at the cathode and positive ions at the anode) were set equal to zero (nα = 0), instead

of being defined by the chaotic flux. We note that the effect of this change on the

solution was insignificant, which increases the reliability of the results, given that this

boundary condition cannot be formulated in an exact way [67].

2.2 Kinetics

Concerning the kinetic scheme of plasmachemical processes, very complex and accurate

models exist for describing the composition of air plasmas. For e.g., in [68] a kinetic

model is proposed for ion—molecular processes involving charged particles of a humid

air plasma produced by a fast electron beam, which includes more than 600 processes

involving electrons and 41 positive and 14 negative ions, including hydrated ions. In

addition, a significant amount of high-quality data for evaluation of transport and

kinetic coeffi cients and solvers, generating these coeffi cients, e.g., LXCat [69] and [13],

is available. However, the numerical implementation of such complex models is very

time-consuming, and it is very hard to simulate, if even possible, by means of a finite

element method comprising equations of conservation and transport of charged species

with drift-diffusion approximation. In agreement with the goals expressed in Intro-

duction, section 1.3, a ’minimal’kinetic model is presented and detailed in Appendix

A. Briefly, the plasmachemical processes include: electron impact ionization (reaction

1, e+M→ 2e+A+), two-body (dissociative) attachment (2, e+O2 → O−+O), three-

body attachment (3, e + O2 + M→ O−
2 + M), photoionization (4, M + hν → e + A+),

collisional detachment from O−
2 (5, O−

2 + O2 → e + 2O2), associative detachment from

O− (6, O−+ N2 → e + N2O), charge transfer from O− to O−
2 (7, O−+ O2 → O + O−

2 ),

conversion of O− to O−
3 (8, O− + O2 + M → O−

3 + M), and ion-ion (9, A+ + B− →
products) and electron-ion recombination (10, A+ + e → products). The transport

and kinetic coeffi cients were evaluated as explained in Appendix A. The modelling

of this thesis is aimed primarily at computing the discharge ignition voltage and the
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neutral gas is still cold at the discharge ignition, hence the neutral gas temperature is

set equal to 300 K.

2.3 Numerical aspects

The numerical implementation is based on the use of stationary solvers, which, as

already discussed in the Introduction, offer important advantages in simulations of

quasi-stationary discharges compared to time-dependent solvers. The computational

platform COMSOL Multiphysics R© was used. The following interfaces were employed:

Electrostatics (the Poisson equation (2.2)), Coeffi cient Form (the Helmholtz equa-

tions), and Transport of Diluted Species, so-called TDS (the species conservation

equations (2.1), supplemented with the transport equations (2.3), which were for-

mulated in logarithmic variables, i.e., new dependent variables Nα = lnnα have been

introduced). The logarithmic formulation ensures that the number density of any of

the species is never negative and is frequently used in the modelling of cold gas dis-

charges. The species conservation equations were supplemented with the consistent

streamline upwind Petrov-Galerkin weighted residual stabilization. As another stabi-

lization means, artificial source terms C/nα were added to Sα on the right-hand side

(rhs) of equations (2.1). The constant C was scaled to ensure that these terms do not

affect the solution, while still ensuring the convergence of the iterations. The reactions

considered within the kinetic scheme were taken into account as production/loss terms

in the TDS interface.

An important aspect of the developed approach for simulation of low-current dis-

charges is computing the voltage corresponding to the initiation of a self-sustaining

discharge (the ignition voltage) for each discharge geometry over a wide range of gas

pressures. A natural control parameter in the modelling is the discharge voltage U .

However, at low discharge currents I the discharge voltage remains virtually the same

(and very close to the inception voltage) as current varies over orders of magnitude.

In this situation, the discharge current is a more suitable control parameter than the

voltage. Therefore, the model allowed both discharge voltage or current serving as

a control parameter, with switching between these two parameters in an easy and

seamless way. The latter was implemented with the use of the Weak Form interface

in COMSOL Multiphysics. The solution computed for each value of the discharge

voltage or current was used as an initial approximation for the computation with the

next value; hence there is the need of finding a suitable initial approximation for the

first computed solution, which is a delicate point when using stationary solvers. In

this thesis, numerical simulation of each electrode configuration comprised the follow-

ing procedure, as depicted in figure 2.1. The first step is to find a solution describing
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Set external ionization term
(electrons and positive ions)

Find solution of discharge inception

Sweep applied voltage
(start below Uc and go beyond it)

Choose physical solution
where discharge current

changes sign

Set control parameter to current,
and recompute chosen solution
without external ionization term

1)

2)

3)

4)

Figure 2.1: Flowchart of the resonance method summary, used to find a solution
describing the discharge inception.

the discharge inception, using the eigenvalue approach developed in [63]. Briefly, a

term describing an artificial external ionization source is added to equations (2.1) for

the electrons and the positive ions. The effect of this term is the existence of a non-

trivial solution (i.e., a solution with non-zero densities of the charged particles) for

applied voltages below the inception voltage Uc. A steady-state solution is found for

the applied voltage that is supposed to be just below Uc and the corresponding value

I0 of the discharge current is computed. After this first step, the control parameter

is switched to the discharge current, which is fixed at I = I0. The external ioniza-

tion source term is then removed from the equations and the solution is recomputed.

Thus the first steady-state solution, which describes the corona discharge for I = I0,

is obtained. The corresponding discharge voltage represents the inception voltage Uc.

This solution can be used as the initial approximation for any subsequent simulations

in which parameters of interest (e.g., the plasma pressure, in chapters 3 and 4, or the

discharge current, in chapter 5) are varied.).



Chapter 3

Simulation of discharge inception
in high-pressure air

3.1 Introduction

This chapter contains the first example of application of the developed approach for

simulation of low-current discharges in high-pressure air. The developed numerical

model, based on the use of stationary solvers, is validated by comparison of inception

voltage of low-current discharges, computed in a wide range of conditions, with ex-

perimental data on inception of glow coronas, or sparkover when a corona discharge

was not prior observed. The model gives the minimum voltage required for discharge

ignition, corresponding to the condition of reproducibility of the charged species in-

side the discharge gap. The problems of stability and transitions between the corona

modes and the inception of a pulse corona can be treated with the use of the presented

plasmachemical model and a combination of stationary and time-dependent solvers as

described in [70]; eigenvalue solvers may be helpful as well.

Corona discharges occur in strongly non-uniform fields at voltages insuffi cient to

cause the breakdown. In negative corona discharges, the primary electrons are gener-

ated mainly by the secondary electron emission from the cathode. The electric field in

positive coronas is very weak at the cathode, meaning that secondary electron emis-

sion is a minor process. Additionally, the emitted electrons will be attached to oxygen

molecules in the drift zone before arriving to the anode. Therefore, the primary elec-

tron generation in positive coronas is ensured by photoionization. This process consists

of highly energetic photons ionizing neutral molecules in the gas near the edge of the

active zone.

The outline of the chapter is as follows. In section 3.2, results of computation

of discharge ignition voltage in the concentric-cylinders configuration are given and

32
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compared with the experiment. The sensitivity of the computation results with respect

to different factors is illustrated. A simplified model with local kinetics of negative

ions is presented in section 3.3. In section 3.4, results on inception voltage of positive

coronas in the rod-to-plane electrode configuration are given. Concluding remarks are

given in section 3.5.

Results reported in this chapter were published in [60].

3.2 Corona between concentric cylinders

A number of experiments on inception of glow corona in air are reported in the lit-

erature; e.g., [8, 71—75]. Typical electrode configurations are concentric cylinders and

point-to-plane. Results of computation of inception of corona between concentric

cylinders under conditions of experiments [71, 72] are reported in this section. Experi-

mental results on the inception voltage Uc in this geometry are conventionally reported

in terms of the corona inception field strength Ec, which is related to the inception

voltage as

Ec =
Uc

r0 ln (R/r0)
, (3.1)

where r0 and R are the radii of the inner and outer cylinders, respectively. The

same relation is used in order to determine the inception field in the modelling. The

discharge current I was set equal to 1 nA per centimeter of the cylinder length, which

is suffi ciently small for the discharge voltage computed to be independent of I and thus

to be considered as the corona inception voltage Uc. The effective secondary electron

emission coeffi cient γ was set equal to zero unless specified otherwise.

In the case of positive corona, where the smaller electrode (the inner cylinder)

plays the role of anode and the larger electrode (the outer cylinder) is a cathode, the

discharge is generally stable and the reproducibility of experimental data is better than

for negative coronas. Therefore, positive glow coronas are more suitable for validation

of quasi-stationary theoretical models.

In figure 3.1, values of the reduced inception field of a positive corona computed

in a wide range of conditions are plotted as a function of pr0 along with experimental

data [71, 72]. The agreement between computed and measured inception field is quite

good, except for a small deviation between the dashed line and squares appearing in

the range pr0 & 0.1 atm cm (which corresponds to the pressure range from 10 to 35 atm

(1.01× 106 to 3.55× 106 Pa)).

There is a visible difference in figure 3.1 in the range pr0 < 0.1 atm cm (1.01 ×
104 Pa cm) between the experimental data [71] for the same pr0 referring to the two

different r0 values. This effect is caused by a decrease of photoionization rate with
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Figure 3.1: Reduced inception field at the surface of positive wire electrode. Circles
and solid line: experimental data [72] and the corresponding modelling, p = 1 atm,
2R = 58.1 cm, varying inner cylinder diameter 2r0. Triangles and dash-dotted line: ex-
perimental data [71] and the corresponding modelling, 2r0 = 0.239 cm, 2R = 9.75 cm,
varying pressure. Squares and dashed line: experimental data [71] and the corre-
sponding modelling, 2r0 = 0.0178 cm, 2R = 9.75 cm, varying pressure. Dotted line:
modelling with the normal derivative of the rate of photoionization set to zero at the
electrodes, 2r0 = 0.239 cm, 2R = 9.75 cm, varying pressure.

growth of pressure, originating in collisional quenching of nitrogen radiating states

(a detailed discussion of this topic is given in [30]). Let us consider an illustrative

example. At pr0 = 0.03 atm cm (3.04 × 103 Pa cm), the gas pressure and the value of

Ec/p are 3.37 atm (3.41 × 105 Pa) and 88.93 kV cm−1 atm−1 for 2r0 = 0.0178 cm and

0.25 atm (2.53 × 104 Pa) and 81.01 kV cm−1 atm−1 for 2r0 = 0.239 cm. The value of

Ec/p for 2r0 = 0.0178 cm was recomputed with the pressure equal to 3.37 atm except in

the evaluation of the photoionization term Sph, where it was set equal to 0.25 atm. The

obtained Ec/p value was 83.23 kV cm−1 atm−1, which is much closer to the above-cited

value of 81.01 kV cm−1 atm−1. Thus, the effect of pressure on the reduced inception

field (at given pr0), observed in the experiments, could hardly be explained without

photoionization.

Modelling was performed also for the case where the boundary condition S(j)
ph = 0
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for the rate of photoionization at the inner cylinder or at both electrodes was replaced

with the zero-derivative condition ∂S(j)
ph /∂n = 0, which amounts to neglecting losses

of photons to the inner cylinder or both electrodes. The results of the two sets of

modelling were quite close, meaning that the loss of photons on the outer electrode

is a minor effect, which, of course, could be expected. These results are depicted in

figure 3.1 by the dotted line. One can see that values of the inception field are sensitive

to the choice of the boundary condition for photoionization at the anode for pressures

p . 1 atm (1.01 × 105 Pa). For higher values of pressure, the effect of the boundary

condition for photoionization at the anode is attenuated.

In figure 3.2, the experimental data [72] and the corresponding modelling results,

which are shown in figure 3.1 by the open circles and the solid line, are replotted as

functions of the diameter of the anode 2r0. The dashed line corresponds to Ec com-

puted without account of detachment (reactions 5 and 6 in Table A.1 of Appendix A).

The dash-dotted line in figure 3.2 depicts computations without account of attachment

(reactions 2 and 3 of the same table). One can see that the disregard of detachment

results in an increase of the inception voltage as it should. On the other hand, the

dash-dotted line, computed without account of both attachment and detachment, is

close to the solid one, which suggests that the detachment approximately compensates

the attachment.

The above results refer to the secondary electron emission coeffi cient γ equal to

zero. A relevant question is how sensitive the results are with respect to the value of

γ. In figure 3.3, the reduced inception field computed with different values of γ for

conditions of the experiment [71] is shown along with the experimental data. Note

that the line corresponding to γ = 0 would coincide, to the graphical accuracy, with

the (solid) line corresponding to γ = 10−6 and therefore is not shown in the graph. As

expected, the reduced inception field decreases with increase of γ. Good agreement

with the experiments is seen for γ not exceeding 10−4. Note that real values of γ in

air seem to be of this order of magnitude for low E/p values at the cathode surface

[76].

Also shown in figure 3.3 are simulations performed for γ = 10−6 without account

of photoionization. As expected, the disregard of photoionization causes an increase

of the reduced inception field. The effect is stronger for low values of pr0; for the same

value of pr0, the effect is stronger for lower pressures (figure 3.3a). There is an appre-

ciable deviation of the inception field computed without account of photoionization

from the experimental data.

The reduced inception field, computed without account of photoionization for two

values of the secondary electron emission coeffi cient, γ = 10−4 and 10−6, is shown in

figure 3.4. One can see that the effect of secondary electron emission turns more pro-
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Figure 3.2: Inception field at the surface of positive wire electrode in atmospheric-
pressure air. 2R = 58.1 cm, varying inner cylinder diameter 2r0. Lines: computations
with various kinetic schemes. Solid: kinetic scheme of table 1. Dashed: kinetic scheme
without account of detachment process. Dash-dotted: kinetic scheme of table 1 with
rates of attachment (reactions 2 and 3) set to zero. Circles: experimental data [72].

nounced if the photoionization is neglected, as it should. For γ = 10−4, the deviation

of the computed inception field from the experimental data is not very large. On the

other hand, the reduced electric field, computed as a function of pr0 without account

of photoionization, does not reveal a dependence on pressure for both γ = 10−6 and

γ = 10−4 (the solid and dashed lines in figure 3.4 are quite close, as well as the dotted

and dash-dotted ones). One can conclude once again that the effect of pressure on

the reduced inception field (at a given pr0 value), observed in the experiments, could

hardly be explained without photoionization.

The above results refer to positive coronas. In the case of negative coronas, a

steady-state regime does not usually occur and current pulses are superposed on a DC

current component, although the pulse component decreases with increasing voltage.

Due to high electric fields at the surface of the smaller electrode, values of the sec-

ondary electron emission coeffi cient appropriate for negative coronas are higher than

those for positive coronas and the secondary electron emission is likely to play a role.
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Figure 3.3: Reduced inception field at the surface of positive wire electrode. 2R =
9.75 cm, varying pressure. Lines: modelling with different values of the secondary
electron emission coeffi cient γ. Dash-dotted: modelling with γ = 10−6 without account
of photoionization. Points: experimental data [71]. (a) 2r0 = 0.239 cm. (b) 2r0 =
0.0178 cm.

Hence, characteristics of negative corona depend on the cathode material, through the

secondary electron emission coeffi cient, and on the state of the cathode surface. There

is also a problem of identification of corona inception voltage in the experiment; e.g.,

[71]. Therefore, negative coronas are not suitable for validation of quasi-stationary

models of corona discharges. On the other hand, the scatter of experimental data may

be reduced by means of appropriate filtering, and it would be of interest to compare

such filtered data with computation results.

In figure 3.5, experimental data on negative corona inception field, reported in [71],

are shown. Note that in the experiments [71] the corona electrodes with the diame-

ters of 0.0178 cm and 0.239 cm were made of tungsten and stainless steel, respectively.

Also shown is the inception field computed using two values of the secondary electron

emission coeffi cient γ, taken in agreement with [77]. One can see that the computed

reduced negative corona inception field, considered as a function of pr0, does not reveal

a visible dependence on r0 (or, equivalently, pressure), in agreement with the experi-

ment. This contrasts the case of positive coronas, treated above, and is a consequence

of the role of photoionization being minor for negative coronas. The same set of γ

values, independent of pressure, allows one to evaluate the negative corona inception

field, for both electrode radii and materials, in agreement with the experiment.
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Figure 3.4: Reduced inception field at the surface of positive wire electrode. 2R =
9.75 cm, varying pressure. Lines: modelling without account of photoionization with
different values of the secondary electron emission coeffi cient γ and wire diameter 2r0.
Points: experimental data [71] for 2r0 = 0.239 cm (triangles) and 2r0 = 0.0178 cm
(squares).

3.3 Model with local kinetics of negative ions

In figure 3.6, frequencies of ion-molecule reactions, (reactions 5-8 in Table A.1 of

Appendix A), are shown as functions of the reduced electric field. The frequencies

are defined in the usual way, ν5 = k5nO2 , ν6 = k6nN2 , ν7 = k7nO2 , ν8 = k8nO2N .

The data shown in the figure refer to the plasma pressure p = 1 atm (1.01 × 105 Pa);

for other pressures the frequencies ν5 to ν7 will be scaled proportionally to p and ν8

proportionally to p2. Note that the critical reduced electric field in the framework of

the kinetic model considered is around 100 Td.

Let us consider also characteristic times of drift of the ions O−
2 and O−: ti = l/µiE,

where i = O−, O−
2 and l is a local characteristic length scale. Under conditions

considered, l is of the order of 100µm to 1 mm in the active zone and of 1 cm to 10 cm

in the drift zone. The inverse of the characteristic times for l = 1 mm are shown in

figure 3.6.

The ions O− are produced in reaction 2 and destroyed in reactions 6-8. One can see
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Figure 3.5: Reduced inception field at the surface of negative wire electrode. 2R =
9.75 cm, varying pressure. Lines: modelling with different values of the secondary
electron emission coeffi cient γ and wire diameter 2r0. Points: experimental data [71]
for 2r0 = 0.239 cm (triangles) and 2r0 = 0.0178 cm (squares).

from figure 3.6 that the sum of frequencies of these reactions, ν6 +ν7 +ν8, significantly

exceeds 1/tO− . Hence, the left-hand side of the equation of conservation, equation

(2.1), of the ions O− may be neglected and this equation to the first approximation

assumes the form of the equation of local balance

ν2ne = (ν6 + ν7 + ν8)nO− . (3.2)

The ions O−
2 are produced in reactions 3 and 7 and destroyed in reaction 5. One

can see that the inequality ν5 � 1/tO−
2
holds in the active zone and in the adjacent

section of the drift zone. In this domain, the equation of conservation of ions O−
2 to

the first approximation assumes the form of the equation of local balance

ν3ne + ν7nO− = ν5nO2− . (3.3)

Using relations (3.2) and (3.3), one can show that

ν2ne + ν3ne − ν5nO−
2
− ν6nO− =

ν2ν8

ν6 + ν7 + ν8
ne. (3.4)
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Figure 3.6: Frequencies of ion-molecular reactions (ν5 - collisional detachment from
O−

2 , ν6 - associative detachment from O−, ν7 - charge transfer from O− to O−
2 , ν8 -

conversion of O− to O−
3 ), and the inverse of the characteristic times of drift of the ions

O−
2 and O− as functions of the reduced electric field, p = 1 atm.

The quantity on the rhs of relation (3.4) has the meaning of the effective attachment

rate, which accounts for dissociative and three-body attachment, collisional detach-

ment from O−
2 , associative detachment from O−, charge transfer from O− to O−

2 , and

conversion of O− to O−
3 . Using the Townsend coeffi cient η2 of the two-body (dissocia-

tive) attachment, reaction 2, one can introduce also the effective Townsend ionization

coeffi cient

αeff = α− η2

ν8

ν6 + ν7 + ν8
. (3.5)

The effective ionization coeffi cient defined by Eq. (3.5) is shown in figure 3.7 as a

function of reduced field for two values of the plasma pressure p = 1 atm (1.01×105 Pa)

and 10 atm (1.01×106 Pa). The critical reduced field, at which the effective ionization

coeffi cient vanishes, equals 91 Td for p = 1 atm and 101 Td for p = 10 atm and increases

with pressure. The reason for the latter is an increase in conversion of O− ions to stable

ions O−
3 at higher pressures. Note that values of critical reduced field obtained in [78]

are 93 Td for p = 1 atm and 109 Td for p = 10 atm. While the former value is close to

the above-cited value obtained in this thesis, the difference in the values for p = 10 atm

is more appreciable.
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Figure 3.7: Effective ionization coeffi cient defined by Eq. (3.5) for two values of the
plasma pressure p = 1 atm and 10 atm.

Thus, we have obtained a simplified model, which does not include equations of

conservation of negative ion species and accounts for attachment and ion-molecular

reactions by means of the effective attachment rate in the conservation equation for

electrons: the model with local kinetics of negative ions. Simulations for the whole

range of conditions of experiments [72] and [71], performed with the use of this model

and with the use of the full model (including the conservation equations for all negative

ion species), gave values of the inception field that are very close to each other (within

1% or so). This attests to the possibility of modelling discharge inception using the

model with local kinetics of negative ions, with advantages in terms of computational

costs.

In principle, the model with local kinetics of negative ions may be used also for

evaluation of the ionization integral K =
∫
αeff dr (the integration is extended over

the active zone). As an example, we note that the ionization integral, evaluated

for the inception voltage of positive corona under conditions of the experiment [71]

with 2r0 = 0.239 cm, varies from 6.7 for p = 0.08 atm (8.11 × 103 Pa) to 12.8 for

p = 17 atm (1.72× 106 Pa); values that agree well with estimates [30]. The ionization

integral at inception of negative corona varies much less; for example, for γ = 10−4

and 2r0 = 0.239 cm it equals 8.7 for p = 0.08 atm and 8.1 for p = 17 atm. These values

are not very different from ln
(
1 + γ−1

)
≈ 9.2, as could be expected. (Note that the



3. Simulation of discharge inception in high-pressure air 42

0 2 4 6 8 10 12 14
0

20

40

60 Uc (kV)

p (atm)

L = 3 cm

1.5

Figure 3.8: Positive corona inception voltage in rod-to-plane configuration.
Hemispherically-tipped rod, diameter of 0.094 cm, 1 cm gap, plate diameter of 3.49 cm.
Lines: modelling with different values of the rod length L. Points: experimental data
[8] (two separate series of experiments).

difference can be due to ion currents being non-negligible at the edge of the active

zone.)

3.4 Positive corona in rod-to-plane configuration

The computed inception voltages of the positive corona in the rod-to-plane configura-

tion in air under the conditions of the experiments [8, 74] are shown in figures 3.8 and

3.9. (The simulations have been performed for the discharge current I = 1 nA.)

The parameters of the experimental geometry, reported in [8, 74], are the rod and

plate (cathode) diameters and the rod-to-plane distance (width of the discharge gap);

the rod length is omitted. The latter is a typical situation: there seems to be no

experimental publications where the rod length would be indicated.

For this reason, the modelling results shown in figures 3.8 and 3.9 refer to different

values of the rod length L. These results show that, while the effect of the rod length

on the inception voltage is not very strong, it is still quite appreciable, especially for

large discharge gaps. Good agreement with the experimental data reported in [8, 74]

is obtained for L = 3 cm.
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Figure 3.9: Positive corona inception voltage in rod-to-plane configuration. d: the
gap width. Hemispherically-tipped rod, diameter of 2 cm, plate diameter of 7 cm,
p = 1 atm. Triangles: modelling with different values of the rod length L. Squares:
experimental data [74].

3.5 Concluding remarks

The first example of application of the developed approach for simulation of low-

current discharges in high-pressure air was given. The model is implemented as a part

of a numerical model of low-current quasi-stationary discharges in high-pressure air

based on the use of stationary solvers, which offer important advantages in simulations

of quasi-stationary discharges.

The numerical model developed is validated by a comparison of inception voltage

of low-current discharges, computed in a wide range of conditions, with several sets

of experimental data. A good agreement with experimental data has been obtained

for positive coronas between concentric cylinders in a wide range of pressures and

diameters of the cylinders, which attests to the suitability of the kinetics employed.

The sensitivity of the computation results with respect to different factors is illus-

trated: the kinetic scheme used; the photoionization and a boundary condition for the

photoionization rate at solid surfaces; the secondary emission from the cathode. It is

shown, in particular, that the effect of pressure on the reduced inception field (at given

pr0), observed in the experiments, could hardly be explained without photoionization.
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Computed ignition voltages of negative coronas depend on the value of the sec-

ondary electron emission coeffi cient γ, assumed in the modelling. The voltage com-

puted with γ of 10−4 to 10−3 agrees well with the experimental data.

A simplified kinetic model for corona discharges has been proposed and validated.

The simplified model does not include conservation equations for negative ion species

and accounts for ion-molecular reactions by means of the effective attachment rate in

the conservation equation for electrons. The ionization integral evaluated with the use

of this model at corona inception voltage varies significantly for positive coronas; in

the case of negative coronas, the ionization integral varies much less and is not very

different from ln
(
1 + γ−1

)
, as could be expected.

The computed inception voltage of positive glow coronas in the rod-to-plane elec-

trode configuration qualitatively agrees with experimental data. The modelling results

show that the inception voltage is affected by the rod length, a parameter omitted in

experimental papers. A good quantitative agreement with the experiment can be

obtained by variation of the rod length in the modelling.



Chapter 4

Effect of surface protrusions on
pre-breakdown discharges in
high-pressure air

4.1 Introduction

In this chapter, the model of plasmachemical processes in low-current discharges in

high-pressure air is used for analysis of deviations from the similarity law, observed at

high and very high pressures in experiments on discharge ignition and breakdown in

corona-like configurations.

It is well known that current-voltage characteristics of field electron emission from

cold cathodes in vacuum follow approximately the Fowler-Nordheim formula with the

applied electric field being multiplied by the so-called field enhancement factor β,

which is of the order of 102 or higher; e.g., reviews [79—81] and references therein.

Various mechanisms for the enhancement have been postulated, the most popular

being amplification of the applied (average) electric field by microprotrusions present

on the cathode surface. The conventional problem with this hypothesis is that in order

to explain the aforementioned values of the enhancement factor, the microprotrusions

are assumed to be quite slender (needle-like), and such protrusions are not normally

seen on electrode surfaces; e.g., section 3.1 of [79] and [81]. Another popular mechanism

is a local reduction of the work function of the cathode material, caused by, e.g., lattice

defects or adsorbed atoms. However, this effect seems to be insuffi cient to explain the

observed values of the field emission current; e.g., [81, 82]. Other interesting hypotheses

proposed in the literature include ‘nonmetallic’electron emission mechanism [79] and

enhancement of field emission by waves confined to the metal surface (plasmons) [81].

Thus, there is still no widely accepted understanding, in spite of several decades of

45
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Figure 4.1: Breakdown voltage in uniform field in air for various air pressures p and
gap widths d. Full triangles, open triangles, full circles: data from figure C1 of [22]
(figure 5.23 of the book [10]). Diamonds: data from figure 6 of [83]. Open circles, full
squares: data from figure 7 of [34]. Crosses: data from figure 15 of [84]. Open squares:
data from figure 6 of [64]. Lines: modelling with account of enhanced field emission
with β = 50. Adapted from [85].

active research, and this hinders the prevention of the vacuum breakdown in technical

devices, e.g., in particle accelerators.

The effect of enhanced field emission from the cathode surface was considered also

in gas discharge physics, in particular, in connection with deviations of measured break-

down voltage of parallel-plate gaps from Paschen’s law. An example is shown in figure

4.1. Triangles and full circles represent measurements in medium gaps and pressures

and constitute the well-known Paschen curve. Diamonds represent measurements in

microgaps at atmospheric pressure; the breakdown voltage is substantially lower than

the voltage determined by Paschen’s law. Open circles, squares, and crosses represent

measurements at very high pressures, which are substantially lower than the voltage

determined by Paschen’s law as well. Note that the experimental data [34] have been

obtained in a concentric-cylinder geometry, rather than in the parallel-plate geometry

as all the other data shown in figure 1; however, the cylinder radii (90 mm and 95 mm)

were much larger than the gap width, thus the non-uniformity of the electric field was

negligible.

Deviations from the Paschen curve occurring at atmospheric pressure in microgaps

are important for operation of microelectromechanical and nanoelectromechanical sys-

tems and are under intensive investigation; e.g., [35, 49, 86—93]. Such deviations are

conventionally described by introducing a field enhancement factor β into the Fowler—

Nordheim field emission equation and estimating β by fitting experimental data on gas
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breakdown; e.g., values β = 50 and β = 55 are considered in [94] and [35, 49], respec-

tively. As an example, results of computations [85] of the self-sustainment (breakdown)

voltage with β = 50 are shown by the dashed line in figure 4.1 for p = 1 bar (1×105 Pa)

over a wide range of gap widths d. (Note that the computations [85] have been per-

formed by means of a model of low-current discharges in air, similar to the model

described in chapter 2, but using parallel-plate geometry. The electron emission cur-

rent was set equal to sum of the field emission current, evaluated with the electric field

at the cathode surface enhanced by a factor of β and the work function of 4.5 eV, and

the secondary electron emission with the effective coeffi cient of 10−4. The voltage cor-

responding to the initiation of a self-sustaining discharge was computed, which for the

parallel-plate geometry is usually assumed to coincide with the breakdown voltage.)

As expected, the computed breakdown voltage follows Paschen’s law for d & 20µm

and is below the Paschen values for smaller gap widths, in qualitative agreement with

the experimental data.

Note that the field enhancement factor used in such-type macroscopic modelling

is not the same as the one determined by fitting field electron emission currents from

cold cathodes in vacuum by Fowler-Nordheim plots, which refers not to the entire

cathode surface but rather to an ’emission area’, extracted from the Fowler—Nordheim

plot (e.g., [95]). On the other hand, the field enhancement factor determined by

fitting field electron emission currents by the Fowler-Nordheim plots is usually much

higher than the above-mentioned value of around 50, which should to a certain extent

compensate the difference between the areas.

Deviations from the Paschen curve occurring at very high pressures, seen in figure

4.1 in the range pd & 50 bar mm (5×106 Pa mm), have been known for several decades

[84, 94, 96]: as the air pressure p in high-voltage air insulation systems increases, the

breakdown voltage first increases proportionally to p, then the increase slows down

and starting from pressures of the order of 10 atm (1.01× 106 Pa) becomes very slow.

Recent surge of interest in this topic [34, 97] is motivated by the possibility to use

high-pressure air as a replacement for SF6 for high-voltage insulation, due to removal

of SF6 from industrial applications for environmental reasons.

The early authors [84, 94, 96] hypothesized that the reason of these deviations

is the field emission from the negative electrode enhanced by micrononuniformities.

Assuming this hypothesis, one can try to describe this effect in the same way as

indicated above for the case of microgaps, i.e., by introducing a field enhancement

factor β into the electron emission equation. As an example, the solid line in figure

4.1 depicts the breakdown voltage computed with β = 50 for d = 5 mm over a wide

range of pressures. As expected, the breakdown voltage follows Paschen’s law for

p . 10 bar (1 × 106 Pa) and saturates for higher pressures, in qualitative agreement
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with the experimental data. It should be stressed that the value β = 50, used in

these computations, is the same as the value of β that gave the qualitative agreement

with the experiment for microgaps (the dashed line). We note for completeness that

in the range pd . 10−2 bar mm (1× 103 Pa mm) the breakdown voltage computed for

d = 5 mm (the solid line) is higher than values given by the experimental Paschen’s

law (full circles). This can be attributed to the local-field approximation, used in the

modelling for evaluation of the transport and kinetic coeffi cients of electrons, loosing its

validity: d is no longer large compared with the electron energy relaxation length and

the electron distribution function has to be described by a non-local model [98—101].

The saturation of the breakdown voltage for pressures p & 10 bar (1× 106 Pa) may

be understood as follows in the framework of this hypothesis. Field emission comes

into play for cathodes with a work function of 3− 4 eV at a local field strength at the

cathode surface exceeding 109 V m−1. For β = 50, this corresponds to an average field

of the order of 2×107 V m−1 and to a breakdown voltage of the order of 200(d/ cm) kV.

For d = 5 mm, this gives the breakdown voltage of the order of 100 kV, comparable

with the value of 130 kV at which the solid line in figure 4.1 reaches saturation. It is

interesting to note that modelling for the gap d = 0.5 mm gave the saturation voltage

of 13 kV, which, on the one hand, agrees in order of magnitude with the above simple

estimate, and on the other hand means that the computed breakdown voltage starts

deviating from the Paschen law at lower pd values than the data for the 5 mm gap

shown by the solid line. Similarly, modelling for p = 10 bar gave a line which is shifted

by an order of magnitude in the direction of higher pd with respect to the dotted line,

computed for 1 bar, and approaches the Paschen curve at a larger pd, significantly to

the right of the minimum. Thus, both a decrease in the gap width d and an increase

in pressure p narrow the range of applicability of the Paschen law.

Another early author [64] made strong arguments explaining the saturation of the

breakdown voltage at high pressures not by field emission (or at least not only by field

emission), but rather by the enhanced ionization of neutral gas molecules in regions of

increased electric field near the protrusions on the surface of the positive or negative

electrodes. Recent workers [34, 97] supported this hypothesis by evaluation of the

ionization integral.

Thus, the deviations of measured breakdown voltage of parallel-plate gaps from

Paschen’s curve, observed in microgaps and at very high pressures, may be described

in the same way as deviations of field electron emission from cold cathodes in vacuum

from the Fowler-Nordheim formula, i.e., in terms of enhancement of electron emission

that may occur due a variety of reasons, such as amplification of the applied electric

field by microprotrusions present on the cathode surface, local reduction of the work

function of the cathode material, ‘nonmetallic’ electron emission mechanism, plas-



4. Effect of surface protrusions on pre-breakdown discharges in
high-pressure air 49

mons. There is an alternative explanation for deviations from Paschen’s curve at very

high pressures, and this explanation is specifically related to the supposed existence

of microprotrusions on the electrode surfaces: enhanced ionization of neutral gas in

regions near protrusions.

The situation may be clarified by considering deviations from the similarity law ob-

served at very high pressures in corona inception and breakdown voltages for discharges

on positive cylindrical electrodes of small radii [9, 64]: cathodic phenomena are irrele-

vant and enhanced ionization of neutral gas in regions near protrusions on the anode

surface appears to be the only possible explanation. In this chapter, the measurements

[9, 64] are analyzed from this point of view by means of numerical modelling. It is

shown that the deviations from the similarity law, observed in the experiment, may

indeed be attributed to enhanced ionization of air molecules in regions of enhanced

electric field near microprotrusions on the anode surface. Given the absence of any

other plausible explanation, this conclusion may be considered as an indirect evidence

of the existence of microprotrusions on the electrode surface. Moreover, analysis of the

experimental data allows estimating dimensions of the microprotrusions in conditions

of these experiments.

The outline of this chapter is as follows. Results of computation of the ignition

voltage (voltage corresponding to the initiation of a self-sustaining discharge) in high-

pressure air under conditions simulating the measurements [9, 64] for positive polarity

are reported and discussed in section 4.2. The effect of protrusions and the poten-

tial effect of field emission on the ignition voltage in the case of negative polarity is

discussed in section 4.3. Conclusions are summarized in section 4.4.

Results reported in this chapter were published in [62].

4.2 Ignition field on positive corona with different types
of protrusions

The aim of modelling of this chapter is to study qualitatively the effect of microprotru-

sions, present on the surface of the inner electrode, over the discharge ignition voltage

under conditions of experiments with concentric cylinder electrodes in high to very high

pressure air, reported in [9, 64]. While in the previous chapter, on discharge inception

between concentric cylinders, the logarithmic formulation of the species conservation

equations was used, which is a frequent choice in the modelling of cold gas discharges,

the original formulation, where the dependent variables are the species number densi-

ties, was used in this chapter. The reason for this is that the original formulation has

been found to be much more effi cient for the steady-state modelling required for the
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computation of the discharge ignition voltage, reported in this chapter. Note that it

was the use of the original formulation that made possible the above-described change

in the boundary condition for the number densities of the negative ions at the cathode

and of the positive ions at the anode.

The modelling allowed to compute the voltage corresponding to the initiation of

a self-sustaining discharge (the ignition voltage) for each discharge geometry over a

wide range of gas pressures. The initial step for each geometry was to find the ignition

voltage for one pressure value using the eigenvalue approach developed in [63]. After

that, the control parameter was switched from the discharge voltage to the discharge

current and the gas pressure was gradually varied until the whole range of pressure

values of interest has been covered. The solution computed for each value of gas

pressure was used as an initial approximation for the computation with the next value.

The discharge current was kept fixed at this stage and it was ensured that the current

is suffi ciently low not to affect the computed voltage.

If the electrodes were smooth, the concentric cylinder geometry could be simulated

using a one-dimensional (1D) model. 3D models are, strictly speaking, required in

order to study the effect of protrusions on the surface of the inner cylinder, except for

a special case of protrusions having the shape of long ridges parallel to the cylinder

axis, where a 2D model is suffi cient. However, multidimensional modelling in the

general case requires resolving a thin ionization zone along the entire surface of the

inner electrode, and this makes 3D models heavy computationally, so their use for a

qualitative investigation is unwarranted.

In this chapter, concentric sphere electrodes are considered with a single cylindrical

or conical protrusion on the surface of the inner electrode. Due to the axial symmetry,

the modelling is 2D and therefore not too heavy. Since different protrusions come

into play under different conditions, the presence of several microprotrusions acting

in close proximity is unlikely. (This may be untrue for arrays of identical protrusions,

as explained in the beginning of section 4.4 below.) On the other hand, microprotru-

sions that are not located close to each other do not interact. Since the electric field

distributions in the vicinity of small protrusions of the same geometry on cylindrical

and spherical electrodes are close to each other, the assumed computational geometry

should allow studying the influence of protrusions at least qualitatively.

Results reported in this chapter refer to conical protrusions with a 60 ◦ full aperture

angle and a spherical tip with a radius of 2µm and cylindrical protrusions of a radius

of 2µm and a (half-)spherical tip of the same radius, both of which are schematically

shown in figure 4.2. The protrusion height is several tens of micrometers in both cases.

It should be stressed that while the cylindrical protrusion is slender and in line with

protrusions usually considered in the modelling of vacuum breakdown (e.g., [102]), the
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Figure 4.2: Schematic representation of the conical (a) and cylindrical (b) protrusions.

conical protrusion, proposed in [103], is not slender and the electric field amplification

is due to high values of the ratio of the height of the protrusion to the tip radius.

Let us designate by r0 andR the radii of the inner and outer electrodes, respectively.

The results reported in this chapter simulate experiments with the following values

of these parameters: r0 = 1.2 mm, R = 48.75 mm and r0 = 3.18 mm, R = 48.75 mm,

which are geometries studied experimentally in [9], and r0 = 6.35 mm, R = 13.5 mm,

which is a geometry studied experimentally in [64]. In the modelling, the radius of the

inner sphere was chosen equal to the radius of the inner cylinder in the experiment

being simulated. The radius of the outer sphere was chosen equal to the radius of

the outer cylinder in the modelling of the experiment [64]. In the modelling of the

experiment [9], the radius of the outer sphere was chosen such that the width of the

discharge gap be equal to 10 mm, instead of about 46 − 48 mm as in the experiment.

This reduction of the computation domain allowed reducing the number of elements of

the numerical mesh. On the other hand, this reduction did not introduce a significant

error, since the effect of the radius of the outer electrode on the ignition field is weak,

which is well known (e.g., R does not appear in Peek’s formula for the ignition field
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Figure 4.3: Ignition field on a positive electrode without protrusions for two values
of the electrode radius r0. Solid: modelling, concentric cylinder electrodes. Dotted:
empirical Peek’s formula for the ignition field of a positive corona discharge between
concentric cylinder electrodes. Dashed: modelling, concentric sphere electrodes.

of a positive corona discharge between concentric cylinder electrodes) and was verified

in the modelling of this chapter.

The comparison parameter is Ec the macroscopic ignition electric field at the in-

ner electrode, defined as Ec = Uc/ [r0 ln (R/r0)] for concentric cylinders and Ec =

Uc/ [r0 (1− r0/R)] for concentric spheres, where Uc is the ignition voltage.

Let us start with verifications for the case without protrusions. The solid lines in

figure 4.3 represent the ignition field on a positive electrode between concentric cylinder

electrodes, computed by means of the model used in this thesis without account of

protrusions, for two of the above-mentioned geometries: r0 = 1.2 mm, R = 48.75 mm

and r0 = 6.35 mm, R = 13.5 mm. The dotted lines depict the corona ignition field at

the surface of a positive inner cylinder (wire) given by equation (1) of [9], which is one

of variants of empirical Peek’s formula. The solid and dotted lines are very close to

each other for both geometries; an additional validation of the model.

The dashed lines in figure 4.3 represent the ignition field calculated for concentric

sphere electrodes with r0 = 1.2 mm, R = 11.2 mm and r0 = 6.35 mm, R = 13.5 mm.

The difference between the ignition fields computed for the concentric sphere and

cylinder electrodes is relatively small. As expected, the difference is smaller for the

wider electrode, r0 = 6.35 mm; cf., e.g., figure 4 of [29].

The effect of protrusions for the case of positive polarity is illustrated by figures 4.4-
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Figure 4.4: Ignition field on a positive electrode, r0 = 1.2 mm. Lines: modelling with-
out account of protrusions (solid) and with account of a conical (dashed) or cylindrical
(dotted) protrusion of height h. Points: experiment [9].

4.6. The lines in these figures were computed for concentric sphere electrodes without

account of protrusions (solid) or with account of a conical or cylindrical protrusion of a

height h on the inner electrode (dashed and dotted, respectively). The points in figures

4.4 and 4.5 represent the discharge ignition field estimated from the experimental

corona-starting voltage reported in [9], in the pressure range p . 5 atm (5.07×105 Pa),

where a preceding corona discharge was observed prior to sparkover, and from the

sparkover voltage [9] for higher pressures, where a preceding corona discharge was not

observed. The points in figure 4.6 represent the discharge ignition field estimated from

the experimental breakdown voltage [64].

Figures 4.4-4.6 refer to the ignition field on positive electrodes of different radii.

In all the cases, the computed ignition field is close to the experimental values in

the pressure range of 0.5 − 3 atm (5.07 × 104 − 3.04 × 105 Pa), where the effect of

protrusions is negligible and the similarity law and Peek’s formula hold. As expected,

the presence of a protrusion results in a reduction of the macroscopic ignition field

due a higher local electric field and, consequently, substantially increased ionization

in the vicinity of the protrusion. The effect comes into play at pressures of the order

of 5 atm (5.07 × 105 Pa). As expected, the larger the assumed protrusion height h,

the lower the computed ignition field is. A cylindrical protrusion produces a stronger

effect than a conical protrusion of the same height, although the difference is not very

substantial. A qualitative agreement with the experiment in all the cases is achieved
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Figure 4.5: Ignition field on a positive electrode, r0 = 3.18 mm. Lines: modelling
without account of protrusions (solid) and with account of a conical (dashed) or cylin-
drical (dotted) protrusion of a height of 50µm. Crosses: modelling, concentric cylinder
electrodes with a ridge protrusion of height h. Points: experiment [9].

for protrusion heights of the order of 50µm. Such values seem rather high, however

there is no other explanation in sight at present.

For comparison purposes, also shown in figure 4.5 are results of simulations for

concentric cylinder electrodes with a long ridge at the surface of the inner cylinder,

parallel to the cylinder axis. These simulations were 2D as well, but performed in the

Cartesian coordinates (x, y), rather than in the cylindrical coordinates (r, z) as the

simulations for concentric sphere electrodes with a conical or cylindrical protrusion.

The ridge had a 60 ◦ full aperture angle and a cylindrical rounding of a radius of 2µm

at the tip, i.e., the transversal (perpendicular to the cylinder axis) cross section of the

ridge was the same as the axial cross section of the conical protrusion. The crosses in

figure 4.5 refer to two values of the ridge height, 60µm and 160µm. One can see that

ridge protrusions must have a bigger height than conical ones for a comparable effect.

The experimental data [64] shown in figure 4.6 manifest saturation of the break-

down field in the range p & 30 atm (3.04 × 106 Pa), whereas the modelling does not.

However, one should note that the author [64] mentioned that the measurements were

uncertain at higher pressures and a reproducible breakdown voltage measurement was

hard to perform.
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Figure 4.6: Ignition field on a positive electrode, r0 = 6.35 mm. Lines: modelling with-
out account of protrusions (solid) and with account of a conical (dashed) or cylindrical
(dotted) protrusion of height h. Points: experiment [64].

The effect of protrusions over the computed distribution of discharge parameters

along the electrode surface is illustrated by figure 4.7. The simulation conditions are

the same as those of figure 4.5 with a conical protrusion of a height of 50µm. For

the atmospheric pressure (figure 4.7a), the discharge is distributed along the electrode

surface in a more or less uniform way; in other words, the effect of the protrusion

is minor. The discharge ignition field is adequately described by Peek’s formula. As

pressure increases, the discharge starts concentrating in the vicinity of the protrusion

(figure 4.7b) and the ignition field is lower than the value given by Peek’s formula.

Although high values of the ratio of the protrusion height to the tip radius are

required for electric field amplification and hence represent a necessary condition for

the deviations from the similarity law at high pressures observed in [9, 64], this con-

dition alone is not suffi cient: the protrusion height must be not too small, otherwise

the electric field decays at very small distances from the protrusion tip and suffi cient

ionization is not produced. An example is shown in figure 4.8. Here z is the distance

measured along the discharge axis from the protrusion tip, E/N is the reduced elec-

tric field, shown by solid lines, and K =
∫ z

0 αeff dz is the ionization integral (αeff is

evaluated using the data in Appendix A), shown by dashed lines. Data for two conical

protrusions of different heights h with the same aspect ratio h/rtip are shown. For the

protrusion with h = 50µm, the computed ignition field, Ec ≈ 364 kV cm−1, is shown

in figure 4.4 and agrees with the experiment as seen in the latter figure. The total

(evaluated along the ionization zone) ionization integral is contributed by the region



4. Effect of surface protrusions on pre-breakdown discharges in
high-pressure air 56

a) b)

Figure 4.7: Bidimensional distribution of the logarithmic density of the negative ions
O−

2 in the vicinity of a conical protrusion of a height of 50µm at the surface of a
positive electrode. Density in m−3. Discharge current 10−14 A, r0 = 3.18 mm. (a):
p = 1 atm. (b): p = 5 atm.

of z of the order of rtip (= 2µm). For the protrusion with h = 5µm, the electric field

is higher at the protrusion tip but decays in space faster, therefore the contribution

of the region of z of the order of rtip (= 0.2µm) to the total ionization integral is no

longer dominating. Unsurprisingly, the computed ignition field, Ec ≈ 836 kV cm−1, is

much higher than the experimental value shown in figure 4.4.

It is seen from figure 4.8 that the total ionization integral characterizing the ignition

of corona-like discharges strongly depends on the geometry. This is an interesting

illustration of the limitation of the method for evaluation of ignition potential by

assuming a prescribed value for the ionization integral, which is routinely used as a

substitute for numerical modelling similar to the one used in this thesis.

4.3 Ignition field on negative polarity and the effect of
field emission

For completeness, let us consider the effect of protrusions in the case of negative

polarity (the inner cylinder being the cathode). The experimental data from [64] for

the negative polarity under conditions comparable to those of figure 4.6 are shown in

figure 4.9. As in the previous section, the lines were computed for concentric sphere

electrodes without account of protrusions (solid) or with account of a conical protrusion

of a height of 60µm on the inner electrode (dashed, dotted, and dash-dotted lines), for

various values of the secondary electron emission coeffi cient γ. The points represent
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Figure 4.8: Distributions of the reduced electric field (solid) and the ionization integral
(dashed) along the discharge axis. Dotted: critical field. Positive inner electrode,
r0 = 1.2 mm, p = 20 atm, conical protrusions with h = 50µm, rtip = 2µm and h =
5µm, rtip = 0.2µm.

the discharge ignition field estimated from the experimental breakdown voltage [64].

One can see that the deviations from the similarity law for the negative polarity

are qualitatively similar to those for the positive polarity, however at high pressures

the breakdown voltage for the negative polarity is, somewhat surprisingly, higher than

for the positive polarity. Note that a similar effect has been observed in conditioning

experiments described in [104]: at application of DC high voltage to a plane-plane

gap with a 4 mm diameter sphere at one of the electrodes in air at pressure of 30 bar

(3 × 106 Pa), the first breakdown voltages for a positive potential at the sphere were

considerably lower than the corresponding values for the negative polarity.

In the case of negative polarity, primary electrons are supplied to the ionization

zone at the inner electrode by the electron emission from the electrode surface, rather

than by photoionization as in the case of positive polarity. Two electron emission

mechanisms need to be considered: secondary electron emission and field emission.

The modelling shown in figure 4.9 was performed for various values of the effective

coeffi cient of secondary electron emission without account of the field emission. The

ignition field on the negative electrode varies with γ as one could expect, and the

presence of the protrusion significantly enhances this variation. The latter can be un-

derstood as follows. In the case without protrusions, the electric field at the cathode
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Figure 4.9: Ignition field on a negative electrode, r0 = 6.35 mm. Lines: modelling
without account of protrusions (solid) and with account of a conical protrusion of
a height of 60µm (dashed, dotted, and dash-dotted lines), for various values of the
secondary electron emission coeffi cient γ. Points: experiment [64].

surface is close to the critical field, i.e., the field value at which the electron impact

ionization is just suffi cient to balance the electron attachment. The electron impact

ionization rate coeffi cient grows very rapidly with the increasing electric field in this

field range, and minor discharge voltage variations are suffi cient to compensate signif-

icant variations in the number of primary electrons, caused by variations in γ. In the

case with the protrusion, the electric field at the protrusion is appreciably higher than

the critical field; the field dependence of the electron impact ionization rate coeffi cient

in this field range is less strong, hence variations in the discharge voltage, caused by

variations in γ, are more significant.

The maximum average electric field at the surface of the negative electrode under

conditions of the experiment [64] is 5× 107 V m−1; cf. figure 4.9. The electric field at

the tip of a protrusion of a height of 50µm, given by the axially symmetric electro-

static simulations, is higher by the factor of approximately 20 or 27 for the conical or

cylindrical protrusions, respectively, and thus is close to 109 V m−1. The latter value

is too low for the field emission to be appreciable. Indeed, the field emission current

evaluated from the axially symmetric numerical modelling for conditions of figure 4.9

for p = 40 atm (4.05× 106 Pa) is by six orders of magnitude lower than the secondary

electron emission current even for the lowest γ value considered γ = 10−8. Thus, the

enhancement factor is not high enough or, equivalently, the aspect ratio is not suf-
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ficient for appreciable field emission. One can conclude that in these conditions the

effect of the enhanced ionization of air molecules in regions of amplified electric field

near microprotrusions at the cathode surface comes into play for lower values of the

aspect ratio than the field emission.

As mentioned above, deviations from the similarity law for the negative and pos-

itive polarities, observed in the experiment [64], are qualitatively similar. Comparing

computation results shown in figures 4.9 and 4.6, one can conclude that the effect

produced by the account of the microprotrusion in the modelling for the cases of

negative and positive polarities is qualitatively similar as well, in agreement with the

experimental data. The fact that the experimental breakdown voltage for the negative

polarity at high pressures is higher than for the positive polarity, means in terms of

the modelling that the effective secondary electron emission coeffi cient at the surface

of the negative electrode is smaller than 10−6, which is a typical value characterizing

photoionization in this pressure range. Indeed, the value of γ, which ensures the best

agreement with the experiment in figure 4.9, is γ = 10−8. On the other hand, this

value is unusually low. This point clearly requires further experimental investigation.

One could imagine, as a possible reason, a decrease of γ with increasing pressure, for

example, due to the deposition of neutral gas molecules on the metal surface, or since

cluster ions with a large number of water molecules, formed at high pressures, do not

produce secondary electrons as effi ciently as light ions.

4.4 Summary and concluding remarks

The voltage corresponding to the initiation of a self-sustaining discharge was computed

in corona-like discharge configurations with microprotrusions on the surface of the

inner electrode over a wide range of pressures by means of 2D numerical modelling.

In particular, the model describes, in a natural way, the enhanced ionization of air

molecules in regions of amplified electric field near the microprotrusion. The aim

of the modelling is to find out if the latter mechanism may be responsible for the

deviations from the similarity law at high pressures, observed in the experiment.

The model was applied to conditions of corona inception and breakdown experi-

ments on concentric cylinders over a wide pressure range described in [9, 64]. An axially

symmetric geometry consisting of concentric sphere electrodes with a single cylindrical

or conical microprotrusion on the surface of the inner electrode was considered. Since

different protrusions come into play under different conditions, the presence of several

microprotrusions acting in close proximity is unlikely. (Note that this reasoning does

not apply to arrays of identical protrusions, nevertheless it is interesting to mention in

this connection the recent experiments [105], which showed little effect of the number
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of protrusions in the array for the case of SF6 but a more appreciable effect for the

case CO2; figures 7-8 and 12-13 of [105], respectively. This is an interesting point that

may need to be revisited in the future.) On the other hand, microprotrusions that

are not located close to each other do not interact. Therefore, the assumed compu-

tational geometry with a single protrusion should be suffi cient for a qualitative study

while avoiding 3D modelling, which is demanding and unwarranted at this stage. The

reported results refer to conical protrusions with a 60 ◦ full aperture angle and a spher-

ical tip with a radius of 2µm and cylindrical protrusions of a radius of 2µm with a

half-spherical tip, the protrusion heights being of several tens of micrometers in both

cases. While the cylindrical protrusion is slender, the conical protrusion is not and

the electric field amplification is due to high values of the ratio of the height of the

protrusion to the tip radius.

For lower pressures, in the range of 0.5−3 atm (5.07×104−3.04×105 Pa), the dis-

charge is not appreciably affected by the presence of the protrusion and is distributed

along the surface of the inner electrode in a more or less uniform way. The computed

ignition field is close to the experiment and to values given by empirical Peek’s formula

and increases with p approximately proportionally, in agreement with the similarity

law. For higher pressures, the discharge concentrates in the vicinity of the protrusion

and the increase of the computed ignition field with pressure slows down, in agreement

with the experimental data. The protrusion heights necessary to achieve a qualitative

agreement with the experiment are of the order of 50µm in all the cases.

In the case where the inner electrode is positive, the enhanced ionization of air

molecules in regions near microprotrusions on the electrode surface appears to be the

only possible explanation for the deviations from the similarity law at high pressures,

observed in the experiments [9, 64]. The qualitative agreement of the simulation

results with the experiment can be considered as indirect evidence of the existence of

microprotrusions and indicates what height of microprotrusion is necessary to produce

the effect: on the order of tens of micrometers. The protrusions need not necessarily

be slender; e.g., conical protrusions with a large (60 ◦) aperture angle and a small tip

curvature radius produce a similar effect. Ridge protrusions produce a similar effect

as well, however a bigger height or a smaller tip curvature radius is required. This

aspect is important since protrusions that are not slender appear to be more realistic

than needle-like ones.

It should be stressed that, although high values of the ratio of the protrusion height

to the tip radius are required for electric field amplification and hence represent a nec-

essary condition for the deviations from the similarity law at high pressures observed

in [9, 64], this condition alone is not suffi cient: the protrusion height must be not too

small, otherwise the electric field decays at very small distances from the protrusion



4. Effect of surface protrusions on pre-breakdown discharges in
high-pressure air 61

tip and suffi cient ionization is not produced. Thus, while the above-mentioned values

of microprotrusion height of several tens of micrometers may appear rather high, there

seems to be no other explanation at present.

The enhanced ionization of air molecules in regions near protrusions on the elec-

trode surface explains also the deviations from the similarity law at high pressures

observed in the experiments [64] in the case where the inner electrode is negative.

Another mechanism that may play a role in this case is the enhanced electron emis-

sion from the cathode surface; the same mechanism which causes deviations from the

Fowler-Nordheim formula in experiments on field electron emission from cold cathodes

in vacuum and which may occur due a variety of reasons, such as amplification of the

applied electric field by microprotrusions on the cathode surface, local reduction of

the work function of the cathode material, ‘nonmetallic’electron emission mechanism,

plasmons. In this work, the enhancement of the field emission due to the amplification

of the electric field was estimated and it was found that in the range of values of the

protrusion aspect ratio where the enhanced ionization of air molecules in the gas phase

comes into play the field emission is still insignificant.

Modelling results in this chapter show that the experiments on positive corona

discharge ignition and breakdown at high and very high pressures can serve as a

useful, albeit inevitably indirect, source of information about microprotrusions on the

surface of electrodes. Unfortunately, the experimental information available is clearly

insuffi cient. One of important questions to be answered is the relation between the

deviations from the similarity law and the degree of polishing of the inner electrode.

Note that experimental results reported in [9] refer to four values of the inner cylinder

radius: 0.089 mm, 0.216 mm, 1.20 mm, and 3.18 mm. Deviations from the similarity

law, found in the modelling with the same protrusion height of 50µm, were comparable

for all the four values. The deviations found in the experiment [9] were comparable

for the radii of 1.20 mm and 3.18 mm (cf. figures 4.4 and 4.5 above), were significantly

smaller for 0.216 mm, and still smaller for 0.089 mm. Of course, microprotrusions on

different cylinders need not be the same; in particular, it is unclear if 50µm protrusions

are likely to occur on a wire of a radius of 89µm. Hopefully, the relation between the

deviations from the similarity law and the degree of polishing of the inner electrode

will be addressed in future experiments.



Chapter 5

Study of time-averaged
characteristics of positive and
negative DC corona discharges in
atmospheric air

5.1 Introduction

In this chapter, the model of plasmachemical processes in low-current discharges in

high-pressure air is used for investigation of time-averaged characteristics of DC corona

discharges in ambient air. As mentioned earlier, the approach involves the use of sta-

tionary solvers instead of time-dependent ones. The latter kind of solvers are standard

tools in the modelling of corona discharges, as well as in gas discharge modelling in

general. Time-dependent computations give detailed information on spatiotemporal

distributions of plasma parameters and are indispensable for studies of pulsed coro-

nas; for example, computational studies of pulsed regimes of DC corona discharges in

point-plane air gaps in the framework of non-stationary approaches are reported in

recent works [55, 56, 106, 107]. Time-dependent solvers can be used also for the com-

putation of time-averaged characteristics of DC corona discharges in the framework of

stationary corona discharge models; e.g., [57, 108]. However, such solvers are highly,

and in many cases, prohibitively, computationally intense. Therefore, stationary char-

acteristics of DC corona discharges are calculated in most cases by means of various

approximate methods; e.g., [36, 57, 75, 109—112].

An alternative to using time-dependent solvers for stationary corona discharge

models is to employ stationary solvers, which solve steady-state equations describing

62
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the stationary discharge by means of an iterative process unrelated to time relaxation.

Stationary solvers offer important advantages in simulations of steady-state discharges.

In particular, they are not subject to the Courant—Friedrichs—Lewy criterion or analo-

gous limitations on the mesh element size, which allows one to dramatically speed up

simulations.

In chapters 3 and 4, stationary solvers were used for the computation of inception

of corona discharges. In this chapter, the same method is used to calculation of

time-averaged characteristics of DC positive and negative corona discharges in a wide

current range. Somewhat surprisingly, it seems that experimental data on corona

discharges reported in the literature beyond the simplest one-dimensional wire-cylinder

configuration are insuffi cient for an accurate quantitative comparison, since not all

relevant geometrical parameters are indicated. Therefore, special experiments have

been performed on point-to-plane coronas in a wide current range of currents of both

polarities.

The outline of this chapter is as follows. The computed current-voltage charac-

teristics of DC corona discharges in ambient air, in both 1D concentric cylinders and

point-to-plane gaps for both polarities, are reported and discussed in section 5.2. For

point-to-plane gaps, various values of the discharge gap have been used and spatial

distributions of the radiation intensity are compared with experimental results. This

section also presents an investigation of the validity of the classic Townsend-Kaptzov

assumption in negative corona discharges in an axially symmetric wire-cylinder gap.

Conclusions are summarized in section 5.3.

Results reported in this chapter were published in [5, 61, 63].

5.2 Current-voltage characteristics in different geometries

5.2.1 Model validation in 1D concentric cylinders

A wide range of discharge currents needs to be computed in the framework of the

model presented in the previous chapters. Let us start with verifications of the model

for the simplest case of 1D concentric cylinders. The CVCs of positive and negative

corona discharges in atmospheric-pressure air, computed by means of the model de-

scribed in the previous chapters, are shown in figure 5.1. Also shown are time-averaged

CVCs obtained experimentally in [42]. The agreement between the modelling and the

experiment is quite good. Although not shown, qualitatively good agreement was also

achieved with other experimental data, e.g. with the work [44].

The CVCs shown in figure 5.1 have been computed by means of stationary solvers

in the framework of the approach described in section 2. Alternatively, the CVC of the
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Figure 5.1: Current-voltage characteristic of positive and negative coaxial corona dis-
charges in concentric-cylinder geometry. Air, 1 atm, inner electrode radius 0.070 cm,
outer electrode radius 10.35 cm. Lines: modelling. Points: experiment [42]. Solid line,
squares: positive corona. Dashed line, circles: negative corona. jL: linear current
density.

positive corona could also be computed by means of time-dependent solvers, which are

the usual tool in gas discharge modelling. However, the switching from a stationary

solver to a time-dependent one causes a very significant increase of the computation

time, which can be by several orders of magnitude, specifically in 2D modelling as will

be shown further in the conclusions of this chapter.

5.2.2 The Townsend-Kaptzov assumption in negative wire-cylinder
gap

As mentioned previously, the classic Townsend-Kaptzov assumption states that the

steady state electric field at the conductor surface remains at the corona onset value.

Note that this assumption can be traced back to the foundational work of Townsend

of 1914 [37] and is a cornerstone of the corona discharge theory. Recently, the authors

[44] reported results of measurement of electric field inside negative corona discharges

in an axially symmetric wire-cylinder gap, performed using the modern electric field

induced second harmonic generation (E-FISHG) method. Based on these results, it

was concluded that the electric field at the wire surface is proportional to the current

density of the corona discharge with a negative constant of proportionality or, in

other words, appreciably decreases with increasing current, contrary to the classic
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Kaptzov assumption. The experimental results [44] are of importance since constitute

a significant advance and may be used, in particular, for validation of various corona

discharge models. Moreover, the distribution of the electric field in the drift region,

given by numerical modelling in the framework of a steady-state one-dimensional (1D)

model shown in section 2, is in a good agreement with experimental values given in

[44], which shows that this model provides a reasonably accurate averaged description

of a negative wire-cylinder corona and, in particular, justifies the use of this model for

the interpretation of experiment as done in [44]. However, it is shown here that the

conclusion that the electric field at the wire surface decreases with increasing current

stems from a misinterpretation and there are no reasons to doubt the validity of the

Townsend-Kaptzov assumption.

Values of the electric field reported in [44] have been measured in the range of axial

distances r from 0.25 cm to 2.5 cm, while the wire radius was r0 = 0.1 cm. In order

to estimate the electric field value at the surface of the wire, the measurements were

extrapolated with the use of the well-known approximate equation (e.g., [1, 37, 43])

describing the distribution of the electric field in coaxial wire-cylinder corona discharge

gaps:

E2 (r) =
Il

2πε0µ

(
1− r2

0

r2

)
+

(
E0r0

r

)2

. (5.1)

Here Il is the corona current per the unit length, µ is the mobility of the ions that are

believed to dominate current transfer in the drift region (mobility of the negative ions

was assumed in [44]), and E0 = E (r0) is the electric field at the wire surface. Based

on this extrapolation, the authors in [44] estimated E0. For example, the value of E0

obtained for I = 0.45 mA, which was the highest discharge current reported in [44],

was approximately 44 kV cm−1. The distribution of the electric field in the discharge

gap calculated by means of Eq. (5.1) with the use of this value and µ equal to 2.2

cm2 V−1 s−1 is depicted by the dashed line in figure 5.2.

There is a problem with these data that can be explained as follows. The value

of E0 at inception, given in [44], is approximately 63 kV cm−1 and the corresponding

value of the ionization integral K (that is, the integral of the effective ionization

coeffi cient over the ionization region), evaluated in terms of the Laplacian distribution

of the electric field, is 9.58. For I = 0.45 mA, the value of K, evaluated with the use of

Eq. (5.1) with the above-mentioned value E0 = 44 kV cm−1, is 1.85, i.e., much lower,

and hence, the condition of reproducibility of charges in the ionization region is grossly

violated; such discharge would not be self-sustained.

One should suspect that Eq. (5.1) cannot be used for extrapolation in these con-

ditions. Another indication in the same direction is suggested by figure 5.2: the slope

of the electric field distribution, given by Eq. (5.1), is different from that revealed by
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Figure 5.2: Electric field distributions in the gap evaluated under various approxima-
tions, I = 0.45 mA. Points: experiment [44]. Solid: modelling. Dashed: Eq. (5.1), E0

from [44]. Dotted: Eq. (5.1), E0 from modelling. Dash-dotted: Laplacian field.

the experimental data.

Equation (5.1) is an approximate relation obtained from the ion transport equa-

tion coupled with the Poisson equation, and in order to analyze its validity, one should

resort to a more accurate theoretical model, comprising these and other relevant equa-

tions. A number of such models are described in the literature. Here, the model

described in section 2 was used. The results below refer to r0 = 0.1 cm, the inner

radius of the cylinder equal to 3 cm, and the secondary electron emission coeffi cient

equal to 10−5. The computed distribution of the electric field in the gap is in good

agreement with the experimental data in [44], as exemplified by the solid line in figure

5.2, and the computed values of the inception field and discharge voltages for differ-

ent currents conform to the experimental values, given in [44], to the accuracy within

approximately 3%. This attests to the suitability of the used model for the discharge

conditions considered.

The computed contributions to the current transport of the electrons, positive

ions, and negative ions are shown in figure 5.3 for I = 0.45 mA. It is seen that the

main contribution in the range r = 0.2 − 0.6 cm is made by the electrons, with their

mobility being by several orders of magnitude higher than that of the ions. It follows

that Eq. (5.1) with the negative ion mobility does not describe correctly the electric

field distribution in the region r ≥ 0.2 cm. The latter is indeed the case, as shown by

figure 5.2: the distribution of the electric field given by Eq. (5.1) and depicted by the
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Figure 5.3: Contributions of various charged species to the current transport, I =
0.45 mA.

dotted line deviates for r ≥ 0.2 cm from the solid line, which represents the modelling

results. It is unsurprising that, therefore, no choice of E0 allows bringing Eq. (5.1)

into agreement with experimental data obtained over a wide range of r values, as

exemplified by the dashed line in figure 5.2.

This explains why Eq. (5.1) cannot be used for the extrapolation of the experi-

mental data to the wire surface. In fact, such extrapolation gives values of the surface

electric field that are significantly lower than those given by the modelling, as exem-

plified in figure 5.2. Note that the field at the wire surface, given by the modelling,

varies by not more than approximately 1% over the whole current range considered.

In other words, the electric field at the wire remains at the corona inception level, in

agreement with the Townsend-Kaptzov assumption. This is consistent with the fact

that the computed electric field in the ionization region is very close to the Laplacian

field at the inception (dotted-dashed line in figure 5.2), i.e., is not perturbed by the

space charge.

It is well known that the negative DC corona in air frequently operates in a pulsed

regime: the current waveform reveals the so-called Trichel pulses. Moreover, negative

wire coronas are in many cases three-dimensional: bright spots appear on the wire

surface. These spots, which are sometimes called ’tufts’, represent a self-organization

phenomenon and do not necessarily appear on the whole wire; e.g., Fig. 10 in [113] and

its discussion. Neither the images of the negative corona wire nor the waveforms of

the corona current are given in [44], and it is possible that the Trichel pulses and tufts
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were present in these experiments. If the latter is the case, the agreement between

the modelling and experimental data seen in figure 5.2 shows that a steady-state 1D

model provides a reasonably accurate averaged description of current transfer in the

drift region of a pulsed negative wire-cylinder corona, suffi ciently far away from the

highly transient near-cathode layer. In particular, this justifies the use of the steady-

state 1D model for the interpretation of measurements performed in the drift region,

as done in [44].

It is useful to emphasize that while the dependence of the wire surface field on the

DC corona discharge current in axially symmetric wire-cylinder gaps is weak, in other

corona configurations, e.g. in point-plane gaps, the field at the stressed electrode can

vary substantially with the current due to a redistribution of the current density over

the electrode surface with increase in the applied voltage. This topic requires special

consideration.

It has been shown that the agreement between modelling results and experiments

of [42] and [44], for the case of 1D concentric cylinders, is quite good (shown in figures

5.1 and 5.2 respectively). The model will now be applied in studying the time-averaged

characteristics of DC corona discharges in point-to-plane gaps in ambient air. A wide

range of currents of both voltage polarities with various gap widths, where all relevant

geometrical parameters of the point electrode are known, is investigated.

Two formulations of the species conservation equations have been tested: the

original formulation, where the dependent variables are the species number densi-

ties, and the logarithmic formulation, where the dependent variables are logarithms

of the species number densities. The original formulation has been found to be much

more effi cient for the steady-state modelling, and was used in all the simulations re-

ported here. Calculations of the set of solutions describing a wide range of corona

voltages/currents for each gap were performed separately for the positive and negative

polarities. For each polarity, the first step was to find a solution describing the corona

inception, as described in [63]. The second step was a series of computations with the

corona current serving as a control parameter and being gradually increased. When

the corona voltage has increased by about 200 V with respect to the inception volt-

age, the control parameter was switched to the corona voltage U and the computation

proceeded with U being gradually increased until the whole range of current values of

interest has been covered.

5.2.3 Experimental setup for point-to-plane coronas

Somewhat surprisingly, it seems that experimental data on corona discharges reported

in the literature beyond the simplest one-dimensional wire-cylinder configuration are
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Figure 5.4: The experimental design: 1 - needle, 2 - plane electrode, 3 - spectrometer
with a light guide 4 or a camera, 5 - a DC voltage source. R is the resistance limiting
the discharge current; R1 and R2 are the resistances of the voltage divider; R3 is the
resistance of the current shunt.

insuffi cient for an accurate quantitative comparison: not all relevant geometrical pa-

rameters are indicated. For example, the rod length is a parameter omitted in experi-

mental publications on corona discharges in the rod-to-plane configuration, e.g. works

[8, 74], which can affect appreciably the inception voltage as seen in section 3.4.of

chapter 3. As another example, one can mention wire coronas: they are very sensitive

to the environment (e.g., [114]), meaning that the electrostatic boundary conditions

are not well defined.

Therefore, special experiments have been performed (as mentioned before, not

by the author of the thesis.) on point-to-plane coronas in a wide current range of

currents of both polarities. The experimental setup was analogous to those typically

used for studying corona discharges in point-plane gaps. It consists of needle and flat

electrodes, power source, and recording equipment, and is shown in figure 5.4. A DC

voltage source 5 is connected to the needle 1 through a resistance of R = 18 MΩ. The

polarity of the voltage source could be either positive or negative and the source can

smoothly change the voltage U from 1 to 25 kV. In series with the plane electrode,

the shunt is switched on through a resistance of R3 = 1 kΩ. The voltage across the

gap is measured using a high voltage probe formed by the resistances R1 and R2. The

electrode with a small radius of curvature is made of a 50 mm long copper needle with

a diameter of 3 mm, having a tip radius of 0.2 mm (see figure 5.5). The plane electrode

is mounted at a distance from the tip of the needle varying from 5 to 14 mm.

The measured parameters were the corona current, the voltage at the tip, and

the radiation intensity distribution. The variation of voltage and current with time

was recorded using a TDS 3034 oscilloscope (Tektronics, Inc.), a high-voltage probe,

and a shunt. Moreover, when recording the discharge current, its average value was

determined using the corresponding recording mode of the TDS 3034 oscilloscope. The

average discharge current for each point was determined within 40µs at a constant
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Figure 5.5: The needle electrode.

voltage across the gap, the value of which was set with an accuracy better than 1%.

The voltage change during measurements of the average current also did not exceed

1%. Note that individual short pulses that were generated during 40µs, in particular

Trichel pulses, were taken into account when measuring the average corona discharge

current. However, the generation of individual short pulses did not have a noticeable

effect on the average corona discharge current.

Photos of the corona discharge were obtained with a Canon PowerShot SX 60

HS digital camera in the single-shot mode with an exposure time of 15 s. Corona

emission spectra were recorded using an assembly that included a collimating lens

with a focal length of 30 mm, an optical fiber with a known transmission spectrum,

and an HR2000 + ES spectrometer (Ocean Optics, Inc.) based on a multi-channel

CCD line Sony ILX511B (operating range 200 − 1100 nm, spectral half-width of the

hardware function ∼ 1.33 nm).

The experiments were conducted in ambient atmospheric air under normal con-

ditions. As the current-voltage characteristics (CVCs) are influenced by variation of

pressure and humidity of ambient air, depending on weather conditions, the CVCs

were measured during one day, in a time interval as short as possible.

5.2.4 Results on point-to-plane coronas

The computed (lines) and measured (points) CVCs of corona discharges both for

positive and negative polarities of the tip electrode are shown in figure 5.6 for several

values of the gap width d (i.e., the point-to-plane distance). Experimental points shown

by triangles, closed circles, squares, and diamonds were obtained in the same day at the

temperature of 21 ◦C, pressure of 747 mmHg (9.96×104 Pa), and air humidity of about

50%. For negative corona in one of the gaps, d = 8 mm, also shown are experimental

data (open circles) measured in a different day at different atmospheric conditions: the

temperature of 20 ◦C, pressure of 740 mmHg (9.87 × 104 Pa), and humidity of about
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Figure 5.6: Current-voltage characteristics of positive (a) and negative (b) corona
discharges in point-to-plane geometry for various values of the point-to-plane distance
d. Air, 1 atm, Points: experiment. Lines: modelling.

60%.

The secondary electron emission coeffi cient in the modelling was set equal to 10−4;

a value which allowed to obtain the ignition corona voltage in agreement with the

experiment. Note that the effect of variations of the secondary electron emission

coeffi cient on inception of positive and negative corona between concentric cylinders

was investigated in chapter 3 and it was seen that the agreement with experiment was

lost for values of the secondary electron emission coeffi cient higher than 10−4.

In all the cases, the calculated values agree well with the measured data. Note that

the coeffi cient of determination R2 equals 0.989, 0.967, 0.994, and 0.897 for the gaps

of 5, 8, 10, and 14 mm, respectively, in the case of positive corona and 0.920, 0.975,

0.999 and 0.967 in the case of negative corona. (Here the coeffi cient of determination is

defined as R2 = 1−SSres/SStot, where SSres is the residual sum of squares and SStot
is the total sum of squares, so that R2 = 1 corresponds to the exact match between

the modelling and the experiment.)

A comparison of CVCs of positive and negative coronas shows that their inception

voltages, for the same gap d, are rather close. However, the current In in a negative

corona is two to three times higher than the current Ip in a positive corona at the same

applied voltage U , the ratio In/Ip decreasing with increase in d. Note that a similar

effect of the gap width variation has been observed in the experiment [40]. Note also

that the differences in current for different corona polarities reported in the recent

experiment [115] were smaller than in this work, which is consistent with the longer
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Figure 5.7: Distributions of the normal electric field along the needle surface at various
applied voltages in positive (a) and negative (b) corona discharges. d = 10 mm.

gap being used in [115] (20 mm).

Results of simulation show a substantial difference in spatial distributions of time-

averaged electric field inside positive and negative corona discharges. Distributions of

the normal electric field En along the needle surface for both polarities, d = 10 mm,

and various applied voltages are shown in figure 5.7. Here r is the distance to the

discharge axis. In the case of positive coronas (figure 5.7a), the profiles broaden with

increase in U and the electric field E0 at the tip (at r = 0) decreases slightly. An

opposite trend takes place in negative coronas (figure 5.7b), where an increase in U

results in a substantial (up to four times in the voltage range considered) increase of

E0 and appearance of a pronounced maximum close to the axis. Note that similar

profiles of E have been obtained in simulations [108] of positive and negative DC air

coronas in a sphere-plane gap.

Distributions of the axial electric field Ez along the axis are shown for both polari-

ties, various applied voltages, and d = 10 mm in figure 5.8. Here z is the distance from

the tip of the needle electrode. In the case of positive corona (figure 5.8a), the electric

field in the ionization region (the region where E exceeds the critical field, of about

25 kV cm−1, which corresponds to equality of ionization and attachment coeffi cients)

depends on U rather weakly, while the electric field in the drift region increases with

increasing U . Such pattern is similar to that in corona discharges in axially symmetric

wire-cylinder gaps [1]. Note that the computed electric field in the ionization region

being virtually independent of the applied voltage is consistent with the classic Kapt-

zov assumption. This assumption, which states that the steady state electric field at
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Figure 5.8: Distributions of the axial electric field along the discharge axis at various
applied voltages in positive (a) and negative (b) corona discharges.

the wire surface in a (one-dimensional) wire-cylinder gap remains at the corona onset

value, is widely used in the corona discharge theory and can be traced back to a classic

work of Townsend of 1914 [37]. It is remarkable that in the case considered here this

assumption is valid in a two-dimensional geometry.

The computed axial distribution of the electric field in the negative corona (figure

5.8b) is quite different. The electric field in the ionization region increases appreciably

with increasing discharge voltage. Thus, the Townsend-Kaptzov assumption is not

valid in this case. The width of the ionization region decreases substantially with

increase in U . At high voltages, a local minimum in E at the outer boundary of the

ionization region is formed. Note that the ionization integral, evaluated along the

discharge axis over the ionization region, varies with voltage between 7.7 and 9.2, i.e.,

not very strongly.

Figure 5.9 shows the distributions of normalized densities j(θ)/j(0) and jel(θ)/j(0)

of the total and electron currents over the plane electrode, in negative corona discharges

at the current I = 100µA, in two gaps, with the widths of 5 and 14 mm. Here θ is

the angle between the axis and the line connecting the tip and the point of the plane

being considered. The electron current gives a substantial contribution to the total

current for both gaps. The ratio jel(0)/j(0) at the axis and the width of the jel(θ)/j(0)

distribution are larger in the smaller gap; a result that is easy to understand: fraction

of the electrons that attach, during their drift from the ionization region to the plane

electrode, to oxygen molecules is lower for the smaller gap, hence the contribution of

electron current is higher.
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Figure 5.9: Distributions of normalized total (solid) and electron (dashed) current
densities in negative corona discharges over the plane electrode.

The effect of shortening of the gap in the negative corona is demonstrated also

in figure 5.10, where axial distributions of the normalized densities of the currents

transported by the positive ions, jp(z)/j(z), the negative ions, jn(z)/j(z), and the

electrons, jel(z)/j(z), are shown for I = 100µA. The current jp dominates current

transport in the ionization region, jel gives the major contribution in a part of the

drift zone adjacent to the ionization region, and jn comes into play in the outer part of

the drift zone. The distance l from the cathode where the values of jn and jel become

comparable (the attachment length) is, for both gaps, of about 3 mm.

In long gaps, where d/l� 1, the corona current in the most part of the drift zone

is transported by the negative ions. As the mobilities of the negative and positive

ions are close to each other, the difference between the CVCs of negative and positive

coronas for longer gaps is lower than for shorter ones, as seen in figure 5.6.

Spatial distributions of the intensity of visible radiation emitted by corona dis-

charges differ substantially depending on the tip polarity. Figure 5.11 shows the com-

puted distributions (on a logarithmic scale) of the excitation rate RC of radiating

nitrogen states N2 (C), which are the main source of visible radiation emitted by air

coronas for both polarities. It was evaluated as RC = KCnN2ne, where KC is the ex-

citation rate constant, which is governed by the local reduced electric field value and

was found with the use of the online version of the Bolsig+ solver [116] and the cross

sections [117], ne is the electron density, and nN2 is the number density of the nitrogen

molecules. Also shown in figure 5.11 are images of positive and negative coronas for
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Figure 5.10: Distributions of normalized densities of the current transferred by the
positive ions, the negative ions, and the electrons in negative corona discharges along
the discharge axis. Dashed: d = 5 mm. Solid: d = 14 mm.

various applied voltages, recorded in the experiment.

According to both the computations and the experiment, radiating regions in the

positive corona have smaller sizes than those in the negative corona for comparable

applied voltages and are positioned closer to the needle. These polarity effects are

caused by the differences in spatial distributions of ne and E (governing RC values)

in the high-field zone near the tip. In particular, the maximum of ne in the ionization

regions of positive coronas occurs at the needle surface, so that RC is the highest

at the surface as well. In negative coronas, ne increases in the direction to the plane

electrode, reaching the maximum at the boundary between ionization and drift regions.

As a result, the maximum of RC in this case occurs at some distance from the tip.

A peculiar spatial distribution of the radiation intensity in negative coronas, seen in

the bottom two rows of figure 5.11, was obtained also in [108] and is governed by the

specifics of ne and E distributions. In particular, a radial constriction of the electric

field at the tip (Fig. 4b) results in a constriction of the radiation intensity.

5.3 Summary and concluding remarks

The use of a stationary solver, which solves steady-state equations by means of an

iterative process unrelated to time relaxation, allows one to develop a very fast and

robust numerical model for evaluation of time-averaged characteristics of corona dis-
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Figure 5.11: Images of point-to-plane corona discharges and computed distributions
of the rate of excitation of radiating N2 (C) levels (in m−3 s−1, logarithmic scale). Air,
1 atm, point-to-plane distance 14 mm. Upper two rows: positive corona. Bottom two
rows: negative corona.
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charges. The same model of plasmachemical processes in low-current discharges in

ambient air, detailed and employed in the previous chapters and involving positive

and several negative ion species, is applied in particular to positive and negative DC

corona discharges in point-plane gaps in air. A wide range of currents of both polari-

ties and various gap lengths are investigated and the simulation results are validated

by comparing the computed current-voltage characteristics and spatial distributions

of the radiation intensity with the experimental data.

The calculated current-voltage characteristics are in good agreement with the mea-

sured data. This supports the choice of the set of ion mobilities that are used in the

model, and detailed in Appendix A, with account of the possible formation of complex

and cluster ions in the drift zone of corona discharges in air. Note that simulations

performed with these mobility values give the current-voltage characteristics that are

in good agreement with the experiment not only in 1D concentric cylinders and point-

to-plane gaps, but also for other geometries of corona discharges in air [63]. The

time-average electric field distribution in a negative corona discharge in an axially

symmetric wire-cylinder gap in air, computed by means of this model, is in good

agreement with the measurements [44], as shown in section 5.2.2.

Computational and experimental results show that average currents In in negative

coronas are several times higher than the currents Ip in positive coronas for the same

gap length and applied voltage, the ratio In/Ip being smaller in longer gaps. Calculated

distributions, along the discharge axis and along the plane electrode, of contributions

of electrons and negative ions to the total current density in negative coronas show that

the fraction of the electrons that attach to O2 molecules during the drift of electrons,

produced in the ionization region, to the plane anode, is lower for smaller gaps, thus

ensuring a higher contribution of the current transported by the electrons to the total

current and hence a higher In/Ip ratio.

The spatial distributions of the intensity of the corona discharge radiation are

computed. While only a thin region adjacent to the tip emits radiation in positive

coronas, the radiating region in negative coronas is much wider and has a rather

complex structure. For both polarities, specific features of the calculated distributions

of radiation intensity are in a reasonable agreement with the experimental data.

One of the advantages that stationary solvers offer in simulations of steady-state

discharges, when compared to standard approaches that rely on time-dependent solvers,

is the fact that stationary solvers are not subject to the Courant-Friedrichs-Lewy crite-

rion or analogous limitations on the mesh element size. The removal of limitations on

the mesh element is particularly important for modelling of discharges with strongly

varying length scales, as is the case of corona discharges. In the modelling of point-

to-plane gaps the mesh element size varied from fractions of micrometer at the corona
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U ( kV) I (µA) SS TDS
5.0 3.76 − −

5.05 4.03 39 s 58 min

5.1 4.29 50 s 5 h20 min

Table 5.1: Computation of solutions for U = 5.05 and 5.1 kV starting from the solution
for U = 5 kV . Positive corona, gap 5 mm . SS: stationary solver computation time.
TDS: time-dependent solver computation time.

electrode surface to tens of micrometers far away from the corona electrode and the

reduction of computation time was dramatic. An example is shown in Table 5.1. The

task was to compute the solutions for U = 5.05 and 5.1 kV by means of stationary

and time-dependent solvers, using as an initial approximation or initial condition, re-

spectively, the previously computed solution for U = 5 kV. The mesh in all the

computations was the same and included 14500 finite elements. The damping factor

in all the computations and the time stepping in the time-dependent solver were set

to automatic/default. The computation times shown in the table refer to a computer

with a CPUs with four cores, having the clock rate of 4 GHz. Criterion for defin-

ing the computation time for the time-dependent solver was the discharge current to

be within 10−3 of its final value, which happened within approximately 1 ms of the

discharge development. One can see that the stationary solver is by several orders of

magnitude faster than the time-dependent solver.

It is interesting to note that it was not possible to perform similar computations

by means of the time-dependent solver for the negative corona, presumably because

the glow negative corona is unstable. In this case, the time-dependent solver can be

used to study the spatiotemporal evolution of the discharge, however it is not suitable

for a direct calculation of time-averaged characteristics. This illustrates another useful

feature of stationary solvers: they allow decoupling of physical and numerical stability.

Further examples of manifestation of this feature in gas discharge modelling can be

found in [46].



Chapter 6

Conclusions of the thesis

An approach for simulation of low-current quasi-stationary discharges in high-pressure

air has been developed. This approach is applicable not only to DC but also to low-

frequency (e.g., 50 Hz) electric fields, and bridges the gap between modern methods

of numerical modelling and engineering approaches. Such approach is implemented

as a part of a numerical model that allows determining the ignition and breakdown

voltages, a very important matter for applications. In addition, it is also of theoretical

interest since it is desirable to have first-principle based approaches complementing

the empirical ones. A ’minimal’kinetic model of plasmachemical processes has been

considered. The kinetic scheme takes into account electrons, an effective species of

positive ions, and negative ions O−
2 , O−, and O−

3 . The relevant kinetic and trans-

port coeffi cients are explained and detailed in Appendix A. The implementation of

the numerical model is based on the use of stationary solvers, which offer important

advantages in simulations of quasi-stationary discharges.

The developed numerical model is validated by a comparison of inception voltage

of glow corona discharges, computed in a wide range of conditions, with several sets of

experimental data. A good agreement with experimental data has been obtained for

positive coronas between concentric cylinders in a wide range of pressures and diam-

eters of the cylinders, which attests to the suitability of the kinetics employed. The

sensitivity of the computation results with respect to different factors is illustrated: the

kinetic scheme used; the photoionization and a boundary condition for the photoion-

ization rate at solid surfaces; the secondary emission from the cathode. Concerning

the kinetic scheme, the disregard of detachment results in an increase of the incep-

tion voltage as it should. On the other hand, computations without account of both

attachment and detachment suggest that the detachment approximately compensates

the attachment. In what concerns photoionization, it is shown that the effect of pres-

sure on the reduced inception field (at given pr0), observed in the experiments, could

79
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hardly be explained without photoionization -.there is a decrease of photoionization

rate with growth of pressure, originating in collisional quenching of nitrogen radiat-

ing states. There is an appreciable deviation of the inception field computed without

account of photoionization from the experimental data, where the reduced inception

field increases if photoionization is not taken into account. The use of the boundary

condition ∂S(j)
ph /∂n = 0 for the rate of photoionization at the inner cylinder or at both

electrodes does not change significantly the inception field, meaning that the loss of

photons on the outer electrode is a minor effect, which is expected. The values of the

inception field are sensitive to the choice of the boundary condition for photoionization

at the anode for low pressures, where the use of S(j)
ph = 0 is the only case producing

good agreement with experiments. For higher values of pressure, the effect of the

boundary condition for photoionization at the anode is attenuated. Finally, concern-

ing the sensitivity of the computation results with respect to the secondary emission

from the cathode, modelling for positive coronas shows, as expected, the decrease of

reduced inception field with increase of γ. Good agreement with the experiments is

seen for γ not exceeding 10−4, which is the order of magnitude of real values of γ in

air for low E/p values at the cathode surface [76]. In the case of negative coronas, due

to high electric fields at the surface of the smaller electrode, values of the secondary

electron emission coeffi cient appropriate for negative coronas are higher than those for

positive coronas. The voltage computed with γ of 10−4 to 10−3, taken in agreement

with [77], agrees well with the experimental data. The computed reduced inception

field, considered as a function of pr0, does not reveal a visible dependence on r0 (or,

equivalently, pressure), in agreement with the experiment. This contrasts the case of

positive coronas and is a consequence of the role of photoionization being minor for

negative coronas. Modelling with the same set of γ values, independent of pressure,

allows the evaluation of the negative corona inception field, for different electrode radii

and materials, in agreement with the experiment.

A simplified kinetic model for corona discharges has been proposed and validated.

The simplified model does not include conservation equations for negative ion species

and accounts for ion-molecular reactions by means of the effective attachment rate in

the conservation equation for electrons. The ionization integral evaluated with the use

of this model at corona inception voltage varies significantly for positive coronas; in

the case of negative coronas, the ionization integral varies much less and is not very

different from ln
(
1 + γ−1

)
, as could be expected.

The numerical model was extended to 2D simulations and the inception voltage of

positive glow coronas in the rod-to-plane electrode configuration was computed. The

simulation results qualitatively agree with experimental data and the modelling has

shown that the inception voltage is affected by the rod length, a parameter omitted
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in experimental papers. A good quantitative agreement with the experiment can be

obtained by variation of the rod length in the modelling.

The effect of microprotrusions on the surface of the inner electrode in corona-like

discharge configurations was studied by means of 2D numerical modelling. The voltage

corresponding to the initiation of a self-sustaining discharge was computed over a wide

range of pressures. The model describes, in a natural way, the enhanced ionization of

air molecules in regions of amplified electric field near the microprotrusion. The aim

was to find out if the latter mechanism may be responsible for the deviations from the

similarity law at high pressures, observed in the experiment. The model was applied to

conditions of corona inception and breakdown experiments on concentric cylinders over

a wide pressure range described in [9, 64]. An axially symmetric geometry consisting

of concentric sphere electrodes with a single cylindrical or conical microprotrusion on

the surface of the inner electrode was considered. Since different protrusions come

into play under different conditions, the presence of several microprotrusions acting

in close proximity is unlikely. (Note that this reasoning does not apply to arrays of

identical protrusions, nevertheless it is interesting to mention in this connection the

recent experiments [105], which showed little effect of the number of protrusions in

the array for the case of SF6 but a more appreciable effect for the case CO2; figures

7-8 and 12-13 of [105], respectively. This is an interesting point that may need to be

revisited in the future.) On the other hand, microprotrusions that are not located close

to each other do not interact. Therefore, the assumed computational geometry with

a single protrusion seemed to be suffi cient for a qualitative study while avoiding 3D

modelling, which is demanding and unwarranted at this stage. The reported results

refer to conical protrusions with a 60 ◦ full aperture angle and a spherical tip with a

radius of 2µm and cylindrical protrusions of a radius of 2µm with a half-spherical

tip, the protrusion heights being of several tens of micrometers in both cases. While

the cylindrical protrusion is slender, the conical protrusion is not and the electric field

amplification is due to high values of the ratio of the height of the protrusion to the

tip radius.

For pressures in the range of 0.5−3 atm (5.07×104−3.04×105 Pa), the discharge is

not appreciably affected by the presence of the protrusion and is distributed along the

surface of the inner electrode in a more or less uniform way. The computed ignition

field is close to the experiment and to values given by empirical Peek’s formula and

increases with p approximately proportionally, in agreement with the similarity law.

For higher values of the pressure, the discharge concentrates in the vicinity of the

protrusion and the increase of the computed ignition field with pressure slows down,

in agreement with the experimental data. The protrusion heights necessary to achieve

a qualitative agreement with the experiment are of the order of 50µm in all the cases.
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In the case where the inner electrode is positive, the enhanced ionization of air

molecules in regions near microprotrusions on the electrode surface appears to be the

only possible explanation for the deviations from the similarity law at high pressures,

observed in the experiments [9, 64]. The qualitative agreement of the simulation

results with the experiment can be considered as indirect evidence of the existence of

microprotrusions and indicates what height of microprotrusion is necessary to produce

the effect: on the order of tens of micrometers. The protrusions need not necessarily

be slender; e.g., conical protrusions with a large (60 ◦) aperture angle and a small tip

curvature radius produce a similar effect. Ridge protrusions produce a similar effect

as well, however a bigger height or a smaller tip curvature radius is required. This

aspect is important since protrusions that are not slender appear to be more realistic

than needle-like ones. It should be stressed that, although high values of the ratio of

the protrusion height to the tip radius are required for electric field amplification and

hence represent a necessary condition for the deviations from the similarity law at high

pressures observed in [9, 64], this condition alone is not suffi cient: the protrusion height

must be not too small, otherwise the electric field decays at very small distances from

the protrusion tip and suffi cient ionization is not produced. Thus, while the above-

mentioned values of microprotrusion height of several tens of micrometers may appear

rather high, there seems to be no other explanation at present.

The enhanced ionization of air molecules in regions near protrusions on the elec-

trode surface explains also the deviations from the similarity law at high pressures

observed in the experiments [64] in the case where the inner electrode is negative.

Another mechanism that may play a role in this case is the enhanced electron emis-

sion from the cathode surface; the same mechanism which causes deviations from the

Fowler-Nordheim formula in experiments on field electron emission from cold cathodes

in vacuum and which may occur due a variety of reasons, such as amplification of the

applied electric field by microprotrusions on the cathode surface, local reduction of

the work function of the cathode material, ‘nonmetallic’electron emission mechanism,

plasmons. The enhancement of the field emission due to the amplification of the elec-

tric field was estimated and it was found that in the range of values of the protrusion

aspect ratio where the enhanced ionization of air molecules in the gas phase comes

into play the field emission is still insignificant.

Modelling has shown that the experiments on positive corona discharge ignition

and breakdown at high and very high pressures can serve as a useful, albeit inevitably

indirect, source of information about microprotrusions on the surface of electrodes.

Unfortunately, the experimental information available is clearly insuffi cient. One of

important questions to be answered is the relation between the deviations from the

similarity law and the degree of polishing of the inner electrode. Note that experimen-
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tal results reported in [9] refer to four values of the inner cylinder radius: 0.089 mm,

0.216 mm, 1.20 mm, and 3.18 mm. Deviations from the similarity law, found in the

modelling with the same protrusion height of 50µm, were comparable for all the four

values. The deviations found in the experiment [9] were comparable for the radii of

1.20 mm and 3.18 mm (cf. figures 4.4 and 4.5 above), were significantly smaller for

0.216 mm, and still smaller for 0.089 mm. Of course, microprotrusions on different

cylinders need not be the same; in particular, it is unclear if 50µm protrusions are

likely to occur on a wire of a radius of 89µm. Hopefully, the relation between the

deviations from the similarity law and the degree of polishing of the inner electrode

will be addressed in future experiments.

The same numerical model was used for evaluation of time-averaged characteristics

of corona discharges in a robust and very fast way. This is possible through the use of a

stationary solver, which solves steady-state equations by means of an iterative process

unrelated to time relaxation. The same model of plasmachemical processes in low-

current discharges in ambient air, involving positive and several negative ion species,

was applied in particular to positive and negative DC corona discharges in point-plane

gaps in air. A wide range of currents of both polarities and various gap lengths were

investigated and the simulation results were validated by comparing the computed

current-voltage characteristics and spatial distributions of the radiation intensity with

the experimental data.

The calculated current-voltage characteristics are in good agreement with the mea-

sured data. This supports the choice of the set of ion mobilities that are used in the

model, and detailed in Appendix A, with account of the possible formation of complex

and cluster ions in the drift zone of corona discharges in air. Note that simulations

performed with these mobility values give the current-voltage characteristics that are

in good agreement with the experiment not only in 1D concentric cylinders and point-

to-plane gaps, but also for other geometries of corona discharges in air [63]. The

time-average electric field distribution in a negative corona discharge in an axially

symmetric wire-cylinder gap in air, computed by means of this model, is in good

agreement with the measurements [44], as shown in section 5.2.2.

Computational and experimental results have shown that average currents In in

negative coronas are several times higher than the currents Ip in positive coronas for

the same gap length and applied voltage, the ratio In/Ip being smaller in longer gaps.

Calculated distributions, along the discharge axis and along the plane electrode, of

contributions of electrons and negative ions to the total current density in negative

coronas show that the fraction of the electrons that attach to O2 molecules during the

drift of electrons, produced in the ionization region, to the plane anode, is lower for

smaller gaps, thus ensuring a higher contribution of the current transported by the
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electrons to the total current and hence a higher In/Ip ratio.

The spatial distributions of the intensity of the corona discharge radiation were

computed. While only a thin region adjacent to the tip emits radiation in positive

coronas, the radiating region in negative coronas is much wider and has a rather

complex structure. For both polarities, specific features of the calculated distributions

of radiation intensity are in a reasonable agreement with the experimental data.

One of the advantages that stationary solvers offer in simulations of steady-state

discharges, when compared to standard approaches that rely on time-dependent solvers,

is the fact that stationary solvers are not subject to the Courant-Friedrichs-Lewy crite-

rion or analogous limitations on the mesh element size. The removal of limitations on

the mesh element is particularly important for modelling of discharges with strongly

varying length scales, as is the case of corona discharges. In the modelling of point-

to-plane gaps the mesh element size varied from fractions of micrometer at the corona

electrode surface to tens of micrometers far away from the corona electrode and the

reduction of computation time was dramatic. An example is given for point-to-plane

positive corona in a gap of 5 mm. The computed solutions for U = 5.05 kV by means

of stationary and time-dependent solvers, using as an initial approximation or initial

condition, respectively, the previously computed solution for U = 5 kV, took 39 s

and 58 min respectively. For the solution U = 5.1 kV, the computation times for the

stationary and time-dependent solvers were 50 s and 5 h20 min respectively. One can

see that the stationary solver is by several orders of magnitude faster than the time-

dependent solver. It is interesting to note that it was not possible to perform similar

computations by means of the time-dependent solver for the negative corona, presum-

ably because the glow negative corona is unstable. In this case, the time-dependent

solver can be used to study the spatiotemporal evolution of the discharge, however it

is not suitable for a direct calculation of time-averaged characteristics. This illustrates

another useful feature of stationary solvers: they allow decoupling of physical and

numerical stability. Further examples of manifestation of this feature in gas discharge

modelling can be found in [46].

Inception of corona and time-averaged characteristics of corona discharges are only

two examples of discharges that may be studied with the model developed in this thesis;

one can hope that the model may also be used, with appropriate modifications, for

investigation of discharges of other types, for instance, in the study of ionic wind thrust

performance generated by electrohydrodynamic propulsion devices (e.g., [118, 119] and

references therein).



Appendix A

Kinetic model

This appendix concerns the details of the ’minimal’kinetic model of plasmachemical

processes in low-current discharges in high-pressure air used in this thesis. The ki-

netic scheme takes into account the electrons, one species of positive ions, which are

represented mostly by O+
2 , and three species of negative ions, O−

2 , O−, and O−
3 , and

comprises the processes shown in Table A.1: electron impact ionization (reaction 1,

e + M→ 2e + A+), two-body (dissociative) attachment (2, e + O2 → O− + O), three-

body attachment (3, e + O2 + M→ O−
2 + M), photoionization (4, M + hν → e + A+),

collisional detachment from O−
2 (5, O−

2 + O2 → e + 2O2), associative detachment from

O− (6, O−+ N2 → e + N2O), charge transfer from O− to O−
2 (7, O−+ O2 → O + O−

2 ),

conversion of O− to O−
3 (8, O− + O2 + M → O−

3 + M), and ion-ion (9, A+ + B− →
products) and electron-ion recombination (10, A+ + e → products). In reaction 4 of

Table A.1, concerning photoionization, the reaction is first written in the point of view

of the model, concerning the products generated (an electron and a positive ion), and

then, in parenthesis, the reaction is written as the sequence of steps through which

the physical process takes place.

The local-field approximation is employed, i.e., the electron transport and kinetic

coeffi cients are assumed to be dependent on the local reduced electric field E/N only.

(Here E is the electric field strength and N is the number density of gas molecules.)

The longitudinal and transversal electron diffusion coeffi cients were evaluated with

the use of the online version of the Bolsig+ solver [116] and the cross sections [117].

The diffusion coeffi cients of all ion species are related to the mobilities through Ein-

stein’s relation, which requires the corresponding effective ion temperatures. One

can consider an effective temperature Ti of an ion species i, which characterizes the

mean kinetic energy of the chaotic motion of the ions and is defined by the equation
1
2mi(vi − vdi)

2 = 3
2kTi. Here vi, mi, and vdi are the particle velocity, particle mass,

and average (drift) velocity of species i. The temperature Ti may be evaluated by
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means of the Wannier formula in the form

3

2
kTi =

3

2
kT +

1

2
Mv2

di, (A.1)

e.g., Eq. (6-2-13b) on p. 276 of [120]. Here T is the gas temperature, and M is the

particle mass of the neutral gas (in the case of air it is interpreted as a weighted

average of N2 and O2 particle masses). The two components in Eq. (A.1) are the

thermal energy acquired by collisions with the gas (3kT/2) and the part of the chaotic

energy due to the drift motion (Mv2
d/2). It is natural to use the effective temperature

Ti while evaluating Einstein’s relation for the species i. Both Einstein’s relation and

the Wannier formula are accurate in the case of ions with a constant mobility.

For evaluation of reaction rate constants, it is relevant to also evaluate the mean

kinetic energy of relative motion of particles of species i and j, which is characterized by

the effective reduced temperature Tij and is defined by the equation 1
2mij(vi − vj)

2 =
3
2kTij , where mij = mimj/ (mi +mj) is the reduced mass of the species. It can be

shown that
3

2
kTij =

3

2
k
miTj +mjTi
mi +mj

+
1

2
mij (vdi − vdj)

2 . (A.2)

The factor (miTj +mjTi) / (mi +mj) in the first term on the rhs of Eq. (A.2) is the

so-called reduced temperature of the species i and j, so the physical meaning of this

equation is clear.

Of special interest is the particular case of ion-neutral collisions, which is relevant

for evaluation of rate constants of binary ion-neutral reactions. Setting in Eq. (A.2)

vdj = 0, mj = M , and Tj = T , one obtains Tij = Ti, which shows that Eq. (A.2) is

consistent with the well-known fact that the mean kinetic energy of relative motion of

ions and neutrals is characterized by the effective ion temperature. Another special

case of particular interest is the one of collisions of positive and negative ions, which

is relevant for evaluation of rate constants of binary ion-ion recombination reactions.

In this case, one may replace the factor (vdi − vdj)
2 in Eq. (A.2) with (vdi + vdj)

2.

Thus, both Einstein’s relation and rate constants of ion-neutral reactions are gov-

erned by the ion temperature Ti, which characterizes the mean kinetic energy of chaotic

motion of the ions and may be evaluated by means of the Wannier formula in the form

of Eq. (6-2-13b) on p. 276 of [120]; see Eq. (A.1) above. The rate constants of ion-ion

recombination reactions are governed by the effective reduced temperature Tij , which

is expressed in terms of the ion temperatures Ti and Tj . Strictly speaking, the use of

the effective ion temperature Ti or the reduced temperature Tij for the evaluation of

rate constants is justified in the case of binary reactions. However, in the absence of

better alternatives it is natural to use these temperatures also in the case of three-body

reactions, where the third body is a neutral particle, in the same way as the effective
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ion temperature is used for evaluation of rate constants of three-body ion-molecular

reactions with the third body being a neutral particle.

The rates of electron impact ionization, reaction 1 in Table A.1, and two- and

three-body attachment, reactions 2 and 3, are evaluated in terms of the Townsend

coeffi cients, which are related to the corresponding reaction rate constants ki by the

conventional formulas

α =
k1N

µeE
, η2 =

k2nO2

µeE
, η3 =

k3nO2N

µeE
. (A.3)

The Townsend ionization coeffi cient is evaluated by means of an expression ap-

proximating the experimental data compiled in [121] and recent experimental data

[122]:

α

N
=

 1.64× 10−20 exp
[
− 680

(E/N)

]
m2, if E/N < 186 Td,[

1 + 6×106

(E/N)3

]
5× 10−20 exp

[
− 1010

(E/N)

]
m2, if E/N > 186 Td.

(A.4)

In figures A.1 and A.2 the ionization rate constant and the Townsend ionization

coeffi cient in air determined with the use of Eq. (A.4) are shown along with the ex-

perimental data from [122] and [121], respectively. Also shown in figure A.1 is the

ionization rate constant determined with the use of the online version of the Bol-

sig+ solver [116] and the cross sections [117]. Note that a detailed discussion of the

ionization rate constant for air at low reduced electric fields can be found in [123].

The Townsend coeffi cient of the two-body (dissociative) attachment, reaction 2 of

Table A.1, is given by Eq. (A.5) which represents a modification of the expression for

the rate constant given in [124], reaction 20 in Table A1 of [124]. (The factor of 0.8

was introduced to fit new experimental data [122]. The vibrational temperature in

typical conditions of corona discharge does not significantly exceed the translational

temperature, therefore the factor F in the expression [124], which accounts for gains in

electron energy in collisions with vibrationally excited nitrogen molecules, or, in other

words, for the effect of non-zero vibrational temperature, was dropped.)

η2

N
= 3.44× 10−23 exp

[
−1.05 |5.3− ln (E/N)|3

]
m2 (A.5)

In figure A.3 the rate constant of dissociative attachment, computed using Eq.

(A.5), is shown along with recent experimental data [122]. Also shown in figure A.3

are values determined with the use of the online version of the Bolsig+ solver [116]

and the cross sections [117]. It is seen that the approximation (A.5) is in reasonable

agreement with the data [122], however one should keep in mind that the available

experimental data have a significant scatter; e.g., figure 6 of [123].
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Figure A.1: Ionization rate constant. 1: evaluation with the use of equation (A.4). 2:
experimental data for air from figure 5b of [122]. 3: evaluation with the use of the
online version of the Bolsig+ solver [116] and the cross sections [117].

The mobility of the electrons µe was taken from [125] and is written as µeN =

3.74 × 1024(E/N)−0.25 ( V m s)−1, where E/N is in Td. Concerning the evaluation

of transport coeffi cients of the ion species, special care is required to study time-

averaged characteristics of DC corona discharges: while values of ion mobilities do not

affect appreciably the inception voltage of corona discharges, which is the parameter

computed in chapters 3 and 4, values of ion mobilities in the drift zone do affect the

corona current-voltage characteristics studied in chapter 5. The ions produced in air by

the electron impact ionization are N+
2 and O

+
2 . However, the N

+
2 ions in air at pressures

about 1 atm (1.01 × 105 Pa) and higher are rapidly converted into O+
2 . One channel

of such conversion is the fast charge transfer reaction N+
2 + O2 → O+

2 + N2. Another

channel comprises a three-body conversion process of N+
2 and N2 molecules into the

N+
4 ions, followed by the charge transfer from N+

4 to O2. Ions O+
2 are generated also

by the photoionization, which is produced by UV radiation emitted by N2 molecules

excited by electron impact. Therefore, the positive ions in the ionization (active) zone

are represented mostly by O+
2 .

The modelling of this thesis is aimed primarily at computing the discharge ignition

voltage and the neutral gas is still cold at the discharge ignition, hence the neutral

gas temperature is set equal to 300 K. If the reduced electric field E/N is suffi ciently
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Figure A.2: Townsend ionization coeffi cient. Dotted: equation (A.4). Points: data
from figure 4.4 of [121].

low and the effective ion temperature is not appreciably higher from the neutral gas

temperature T = 300 K, then the O+
2 ions may be converted into complex ions; e.g.,

[68]. In the case of humid air, also possible is the formation of cluster ions, comprising

one or several H2O molecules. This means that complex and cluster ions may appear

in the drift zone of corona discharges in air, where the reduced electric field E/N is

suffi ciently low.

One can consider, as a characteristic example, complex ions O+
4 , which are cre-

ated mostly in the reaction O+
2 + 2O2 → O+

4 + O2 and destroyed in the reverse

reaction. In [126], the reaction O+
2 + 2O2 → O+

4 + O2, where O+
2 ions are lost,

has the rate constant k167 = 2.4 × 10−30

(
300 K
T
O+2

)3.2

cm6 s−1. The inverse reaction

O+
4 + O2 → O+

2 + 2O2, where O+
2 ions are produced, has the rate constant k227 =

3.3 × 10−6

(
300 K
T
O+4

)4

exp

(
−5030 K

T
O+4

)
cm3 s−1. Using the equation for local balance,

nO+
4
k227nO2 = nO+

2
k167nO2nO2 , one obtains

z = 1.78× 10−5nO2

N0

(
TO+

4

300 K

)4(
300 K

TO+
2

)3.2

exp
5030 K

TO+
4

, (A.6)
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Figure A.3: Dissociative attachment rate constant. 1: evaluation with the use of
equation (A.5). 2: experimental data for an N2-O2 mixture with 20% oxygen from
figure 6b of [122], recalculated to the rate constant. 3: evaluation with the use of the
online version of the Bolsig+ solver [116] and the cross sections [117].

where z = nO+
4
/nO+

2
, nα and Tα are the number density and the temperature of species

α, and N0 = 2.45×1025 m−3 is the standard gas number density (the number density

corresponding to the pressure of 1 atm and the gas temperature of 300 K).

Complex ions O+
4 , O−

4 , and cluster ions, have typical mobilities in the range 2.0−
2.4 cm2 V−1 s−1 [68]. Assuming the value of 2.3 × 10−4 m2 V−1 s−1 for the reduced

mobility (the mobility rescaled to the standard number density) of ions O+
4 in air

[68], one obtains the following estimate from the Wannier formula (A.1): TO+
4

=

T + 0.037(E/N)2Td−2 K. Assuming for the reduced mobility of the O+
2 ions in air the

value of 2.8 × 10−4 m2 V−1 s−1, which corresponds to the reduced mobility given in

the Table IIb (p. 68) of compilation [127] for the reduced field of 100 Td, one obtains

TO+
2

= T + 0.054(E/N)2Td−2 K.

It follows from Eq. (A.6) that, for the atmospheric pressure and T = 300 K, z > 1

for E/N . 51 Td and z < 1 for higher reduced fields; in particular, z ≈ 0.0063

for E/N = 100 Td, which is an approximate value of the critical reduced field in

air. This example suggests that the main positive ion species in the active zone of

corona and corona-like discharges in air are the O+
2 ions, with a typical value of the
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reduced mobility of 2.8× 10−4 m2 V−1 s−1. Dominating positive ions in the drift zone

are complex and, in the case of humid air, cluster ions, except in the region adjacent

to the active zone where E/N approaches 100 Td, with typical reduced mobilities in

the range (2.0− 2.5)× 10−4 m2 V−1 s−1 [68].

The dominating process in the active zone is the electron multiplication, which is

not directly affected by the presence of positive ions. Hence, the relevant ones are val-

ues of the mobility of positive ions in the drift zone. In this work, the reduced mobility

of an effective positive ion species is set equal to 2.2 ×10−4 m2 V−1 s−1. Similarly, the

reduced mobility of the ions O−
2 is also set equal to 2.2 ×10−4 m2 V−1 s−1, reflecting

the possible formation in the drift zone of the complex and, in the case of humid air,

cluster ions [68, 128]. Although not dramatically, the set mobility for ions O+
2 and O−

2

is slightly different from the values of 2.51 and 2.16 cm2 V−1 s−1, respectively, given in

[68] for the individual mobilities of the corresponding ions.

The O− ions are present mostly at high reduced electric fields, since at low fields

these ions are rapidly destroyed by the detachment and converted into the ozone ions.

According to [127], in Table IIf (p. 81), the reduced mobility of O− varies between

3.66 and 5.24 cm2 V−1 s−1 over the reduced field range up to 100 Td (there is no data

for higher reduced fields). In principle, such variations can be readily introduced in

the numerical model. Since, however, a constant value is used for the mobility of

O−
2 (and complex/cluster ions), and given that the above variation is not huge, a

constant value of 5.2 cm2 V−1 s−1 is used for the reduced mobility of O− in order to

be consistent. According to [129], the reduced mobility of O−
3 varies between 2.5 and

3.1 cm2 V−1 s−1 over the reduced field range up to 100 Td, and varies between 3.1

and 2.9 cm2 V−1 s−1 over the reduced field range between 100 Td and 240 Td. In this

work, the reduced mobility of O−
3 was set equal to 2.7 cm2 V−1 s−1, which is a value

characteristic of reduced field of the order of 50 Td, where these ions are expected to

be most abundant.

The approximations of rate constants of reactions 5-8 shown in Table A.1 were

taken from Table 2 of [78]. For reaction 5 however, the rate constant was increased by

the factor of 5 due to the following reason: collisional detachment from O−
2 is written

in [78] in the form O−
2 + M → e + O2 + M, where M is any of the molecules N2

and O2; however, the contribution of the process O−
2 + N2 is small [130], therefore the

collisional detachment from O−
2 is written with account of collisions only with O2. The

approximations of rate constants of reactions 5-8 in Table A.1 are valid for variable

gas temperature T , in contrast to the approximations given in Appendix of [78], which

are valid for T = 300 K.

Ion-ion and electron-ion recombination are taken into account in reactions 9 and

10 of Table A.1 respectively. Due to the lack of suffi cient experimental information,
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this cannot be done in an accurate way and should be considered rather as an order-

of-magnitude estimate. The main mechanism of ion-ion recombination in air, reaction

9, at pressures of the order of 1 bar (1× 105 Pa) and higher is ion-ion recombination

with participation of neutral molecule(s), with the recombination coeffi cient in the

range (2− 2.5)×10−12 m3 s−1 [131]; the rate constant of binary ion-ion recombination

is typically of the order of 10−13 m3 s−1 (e.g., [126, 132]) and the contribution of this

mechanism is small. Hence, at pressures of the order of 1 bar and higher, the coeffi cient

of ion-ion recombination with participation of neutral molecule(s) may be estimated

by means of the expression [133, 134]

β−1
ii = (βi3N)−1 + β−1

iL , (A.7)

where βi3 is the three-body recombination rate constant and βiL is the Langevin

recombination coeffi cient. This expression is separately evaluated for each pair of

positive (A+) and negative (O−, O−
2 , O

−
3 ) ions. The Langevin recombination coeffi cient

is related to µp and µn the mobilities of the recombining positive and negative ions

by the formula ε0βiL = e
(
µp + µn

)
. The value of the three-body recombination rate

constant for T = 300 K and low reduced electric field is assumed equal to 1.5 ×
10−37 m6 s−1 for all the three negative ion species; this value ensures a reasonably

good agreement of the recombination coeffi cients for O−
2 and O−

3 , given by Eq. (A.7),

with experimental data on the recombination coeffi cient in air in a wide range of

pressures shown in figures 6 and 7 of [131], as can be seen in figures A.4a and A.4b

respectively. With increase of the temperature, βi3 varies proportionally to T
−3 [135].

Thus, one can set βi3 = 1.5 × 10−37 (300 K/Tpn)3 m6 s−1, where Tpn is the effective

reduced temperature of species p and n given by Eq. (A.2).

Electron-ion recombination, reaction 10, can occur via three channels: dissociative

recombination of molecular ions, recombination with participation of neutral mole-

cules, and three-body recombination with the third body being an electron. The

most effective dissociative electron-ion recombination process in air is the dissocia-

tive recombination of molecular ions O+
2 and O+

4 . The rate constants of recom-

bination of these ions are βe2 = 2 × 10−13 (300 K/Te)
0.7 m3 s−1 [136] and βe4 =

4 × 10−12 (300 K/Te)
0.5 m3 s−1 [137], respectively (here Te is the electron tempera-

ture, which in this thesis was evaluated in terms of the electron mean energy with the

use of the online version of the Bolsig+ solver [116] and the cross sections [117]). The

total rate of electron-ion recombination, accounting for contributions of both these

ion species, is βe2nenO+
2

+ βe4nenO+
4
and is represented in the considered model as

βeinenA+ , where nA+ = nO+
2

+nO+
4
and βei may be termed electron-ion recombination

coeffi cient. One finds

βei =
1

1 + z
βe2 +

z

1 + z
βe4, (A.8)
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Figure A.4: Ion-ion recombination coeffi cient βii, evaluated with the use of equation
(A.7). Solid: recombination with O−

2 . Dashed: recombination with O−
3 . Points:

experimental data from figure 7 of [131]. a) Lower pressures; b) extended range of
pressures.

where z is given by Eq. (A.6). The second term on the rhs of Eq. (A.8), which describes

the contribution of O+
4 to the total recombination rate, can be appreciable even in cases

where z is much lower than unity, since the recombination rate constant for this ion

is much higher than that for O+
2 ; the latter is a typical situation: rate constants of

dissociative recombination for complex and cluster ions are by an order of magnitude

higher than for diatomic ions.

The coeffi cient of electron-ion recombination with participation of neutral mole-

cules may be estimated by means of a formula similar to Eq. (A.7). The Langevin

electron-ion recombination coeffi cient may be estimated in terms of the mobility µe
of electrons, βeL = (e/ε0)µe. Since the electron mobility is high (by two orders of

magnitude higher than the ion mobility), the Langevin electron-ion recombination is

negligible up to the gas pressures of about 100 bar (1 × 107 Pa). The three-body

electron-ion recombination with the third body being a gas molecule has been studied

in several gases, including CO2 and H2O. There are no data available on the three-body

recombination of oxygen ions with electrons. In the experiment [138] on recombina-

tion of N+
4 in nitrogen at Te = T , the three-body process has not been observed up to

the gas pressure of about 2 bar. It is also known (for CO2) that the recombination

coeffi cient for the three-body process decreases with increase of Te much faster than

that of the two-body process [139]. On the basis of this information, one can expect
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that the role of three-body electron-ion recombination with the third body being a

gas molecule would not be very appreciable for air pressures up to several tens of bar,

although this point requires future study. Thus, the electron-ion recombination with

participation of neutral molecules will be neglected in this model.

The rate constant of the three-body electron-ion recombination with a third body

being electron may be estimated as 1.4 × 10−31 (Te/300 K)−4.5 m6 s−1 [140]. This

process comes into play at high electron densities, typically those exceeding 1024 m−3,

and may be accounted for by adding the corresponding term to the expression (A.8)

if appropriate.
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Appendix B

Townsend relation

This appendix concerns the derivation of the so-called Townsend relation [37], which

describes the approximate CVC of a low-current DC corona discharge between con-

centric cylinders with a wide gap. This derivation uses SI units and hence different

numerical factors may appear when compared with [37], which used the CGS system

of units.

Let us consider a corona discharge occurring between concentric cylinders, with

the radius of the inner and outer cylinder being r0 and R respectively. Let us assume

that current is transported only by ions of species i. The current density j is given by

j = eJi, where Ji is the density of transport flux and e is the elementary charge. If one

neglects diffusion, the ion flux within the cylinders is given by Jir = ni µiEr, where

µi is the ions mobility, ni its number density and Er the radial electric field. Hence,

the current density is given by jr = eni µiEr, and the current per unit cylinder length

Il across a surface of arbitrary radius r outside the active zone (a thin region in the

vicinity of the sharper electrode where ionization occurs), is given by

Il = 2πrjr = 2πreniµiEr. (B.1)

As mentioned above, the space charge between the cylinders is mainly due to the

ion species dominating the current in the drift zone, and thus the Poisson equation is

given by
1

r

d

dr
(rEr) =

eni
ε0
.

Here ε0 is the permittivity of free space. Substituting ni, given by Eq.(B.1), into

Poisson’s equation we have

d

dr
(rEr) =

Il
2πε0µiEr

.

96
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Mutiplying Poisson’s equation by rEr and integrating along r yields the field distrib-

ution:

(rEr)
2 =

Il
2πε0µi

r2 + C.

The constant of integration is obtained for r = r0 (at the surface of the inner

cylinder), assuming that the field is given by the inception field Ec = Vt/
[
r0 ln

(
R
r0

)]
in terms of the ignition voltage Vt (the classic Townsend-Kaptzov assumption, which

states that the steady state electric field at the conductor surface remains at the corona

onset value Ec):

C = r2
0E

2
c −

Ilr
2
0

2πε0µi
.

Thus the field distribution is given by

(rEr)
2 = r2

0E
2
c −

Il
2πε0µi

r2
0 +

Il
2πε0µi

r2. (B.2)

When Il
2πε0µi

� E2
c , Eq.(B.2) becomes

rEr = r0Ec

(
1 +

Ilr
2

2πε0µir
2
0E

2
c

) 1
2

.

The CVC can be obtained by integration since the applied voltage U =
R∫
r0

Erdr:

U =

R∫
r0

1

r
r0Ec

(
1 +

Ilr
2

2πε0µir
2
0E

2
c

) 1
2

dr. (B.3)

Using the substitution x =
(

1 + Ilr
2

2πε0µir
2
0E

2
c

) 1
2
we have:

U = r0Ec

(
(1 + θ)

1
2 −

(
1 +

θr2
0

R2

) 1
2

)

+
1

2
r0Ec

ln


[
(1 + θ)

1
2 − 1

]2

θ

+ ln


[(

1 +
θr20
R2

) 1
2

+ 1

]2

θr20
R2


 .

Here θ = R2

r20

Il
2πε0µiE

2
c
. If one assumes Il � 2πε0µiE

2
c ,

U = r0Ec

{
(1 + θ)

1
2 − 1 + ln (2R)− ln

(
r0

[
(1 + θ)

1
2 + 1

])}
,

When θ is small, (1 + θ)
1
2 ≈ 1 + θ

2 , and thus
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ln

(
R

r0

)(
U − Vt
Vt

)
=
θ

2
− ln

(
1 +

θ

4

)
.

Using the Maclaurin’s series, one can use the approximation ln
(
1 + θ

4

)
≈ θ

4 :

ln

(
R

r0

)(
U − Vt
Vt

)
=
θ

4

Substituting θ = R2

r20

Il
2πε0µiE

2
c

= R2Il

2πε0µi

(
Vt

ln(R/r0)

)2 we finally have the expression for
the CVC given by Townsend in 1914 [37]:

Il =
8πε0µiVt (U − Vt)

R2 ln
(
R
r0

) .
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